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Abstract

Partial differential equations (PDEs) are central to
scientific modeling. Modern workflows increas-
ingly rely on machine learning-based components.
Despite the emergence of various physics-aware
data-driven approaches, the field still lacks a unified
perspective to uncover their relationships, limita-
tions, and appropriate roles in scientific workflows.
To this end, we propose a unifying perspective that
places two dominant paradigms, Physics-Informed
Neural Networks (PINNs) and Neural Operators
(NOs), within a shared design space. We orga-
nize existing methods from three fundamental di-
mensions: what is learned, how physical structures
are integrated into the learning process, and how
the computational load is amortized across problem
instances. In this way, many practical challenges
can be best understood as consequences of these
structural properties of learning PDEs. By analyz-
ing recent advances through this unifying view, our
survey aims to facilitate the development of reli-
able learning-based PDE solvers and help catalyze
a deeper synthesis of physics and data.

1 Introduction

Partial differential equations (PDEs) are the core language of
scientific modeling. They are widely used in fields such as
fluid dynamics, electromagnetics, climate modeling, materi-
als science, and biological systems. Although classical nu-
merical solvers are effective for single high-fidelity simula-
tions, many modern scientific workflows increasingly require
repeated solutions to PDEs with varying parameters, bound-
ary or initial conditions, geometries, or partial observational
data. Such multi-query scenarios naturally arise in design
optimization, uncertainty quantification (UQ), inverse prob-
lems, and data assimilation. In these cases, the cost of repeat-
edly executing traditional discretization solution processes
can become a bottleneck, especially for high-dimensional,
multiscale, or geometrically complex problems, and when
sparse or noisy data are incorporated.

*Runlong Yu is the corresponding author.

These bottlenecks motivated research into learning-based
PDE solvers, methods that move from computing solutions
per instance to learning reusable representations through
physics, data, or both. Early purely data-driven approaches
can achieve good interpolation performance, but lack gener-
alizability, especially when geometry, boundary conditions,
or regimes change. In addition, they may violate physical
constraints, including conservation laws. Consequently, these
limitations led to two dominant physics-aware paradigms:
Physics-Informed Neural Networks (PINNs) and Neural Op-
erators (NOs). PINNs approximate individual solutions as
neural functions, trained to satisfy governing equations and
auxiliary conditions, optionally incorporating observational
data [Raissi et al., 2019]. NOs, in contrast, learn the mapping
between instance specifications and solution fields covering
a family of PDEs, enabling rapid amortized inference after
offline training [Lu et al., 2021; Li et al., 2021].

Typically, the community views PINNs and NOs as com-
peting methods for learning-based PDE solving. In this sur-
vey, however, we take a different perspective. We view these
two paradigms as complementary methods within a shared
physics—data continuum and a common design space shaped
by workflow requirements (see Figure 1). From this perspec-
tive, PINNs and NOs have a common objective: approxi-
mating the mapping from PDE specifications to their solu-
tions. Therefore, both paradigms face inherent constraints
imposed by PDE solution families, including multiscale rep-
resentation, geometry and boundary feasibility, and trustwor-
thiness under contract shift. Meanwhile, the two paradigms
also have systematic differences, because they stem from
their fundamental structural decisions: what is being learned
(an instance-specific solution versus a family-level operator),
how physical structure is incorporated into learning (physics-
as-supervision versus paired supervision with physics injec-
tion), and where computational cost is amortized (instance-
by-instance optimization versus amortized inference across
instances). These decisions lead to unique regimes of diffi-
culty and failure patterns for each.

Scope and contributions. This survey reviews the litera-
ture from 2017 to 2026 (primarily from top Al and machine
learning conferences and mathematics and physics journals).
It covers the emergence and recent development of PINNs,
NOs, and hybrid variants. Our contributions have three as-
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pects: (i) a unifying taxonomy based on structural design
choices and workflow contracts; (ii) a cross-paradigm anal-
ysis to examine structural properties of learning PDEs; and
(iii) application-oriented method choice, as well as open chal-
lenges and opportunities towards scientific deployment.

Organization. Section 2 defines a general PDE formulation
and the unified design space. Following this, Section 3 char-
acterizes core structural properties shared across two learn-
ing paradigms. Next, Sections 4 and 5 separately review
paradigm-specific developments of PINNs and NOs. After
that, Section 6 discusses applications and method choice.
Then, Section 7 outlines open challenges and future oppor-
tunities. Finally, Section 8 concludes the survey.

2 Problem Setup and Design Space

We introduce a consistent problem setup for learning-based
PDE solvers. Our goal is to clarify what is being solved,
what is learned, and how learning formulations relate within
a shared design space.

PDE problems. We consider PDEs defined on a spatial do-
main Q C R? and, when applicable, a time interval ¢ € [0, T'.
The unknown is a field

w:Qx[0,T] — R™, (1

with d spatial dimensions and m physical variables. Many
PDEs can be written abstractly as

F(u(x,t), Vu(x,t),. .., DFu(x,t);x,t; u, 0) =0, (2

where F denotes the governing differential operator; p col-
lects known instance specifications (e.g., coefficients, forcing,
geometry descriptors, boundary/initial data); and @ denotes
unknown quantities to be inferred in inverse settings.

For time-dependent problems, the PDE is complemented
by initial and boundary conditions

Blul(x,t) = g(x,t) on 02, (3)
where 5 is a boundary operator and 0f2 is the boundary of €.

u(x,0) = up(x),

Well-posedness and learning. Classical analysis studies
whether Eq. (2)-(3) is well-posed. In learning-based set-
tings, these conditions are often weakened or effectively vi-
olated under sparse/noisy observations, unknown parame-
ters, or out-of-contract deployment. Stability is then pro-
moted through inductive bias, regularization, and diagnos-
tics rather than guaranteed purely by the PDE. These depar-
tures from classical well-posedness are precisely what mo-
tivate learning-based formulations under partial observation
and task-specific workflow regimes.

Observations.
tial and noisy:

When data are available, they are often par-

yi = Hlul(xi, t:) + &, 4)
where H is an observation operator and ¢; denotes noise.

Workflow regimes. We will refer to: forward solving
(given u, infer w), inverse/identification (parts of 6 unknown,
infer u and @ from y), and data assimilation (recover spa-
tiotemporal state under sparse/noisy measurements with sta-
bility requirements).

Solution learning (PINN baseline). Solution-learning ap-
proaches represent the unknown field by wu(x, t) (typically a
coordinate network). Physics enters via residuals, e.g.,

T}'(Xat) = .F(U¢(X,t), VU¢(X, t)v X, 9) s (5)

with analogous residuals for Eq. (3). A canonical formulation
minimizes a composite objective

rgigl ArLF + AL + McLic + Mataldata;  (6)

where £ measures the PDE residual in Eq. (5), L5 and Li¢
measure boundary and initial-condition violations in Eq. (3),
and Lg,4, measures the mismatch to observations through H
(Eq. (4)); each term is typically an average squared resid-
ual (or misfit) over sampled collocation, boundary/initial, and
measurement points, and the weights A control their relative
importance. This baseline corresponds to the core PINN tem-
plate [Raissi et al., 2019]: learn a single instance by treating
physics (and optional observations) as supervision.

Operator learning (NO baseline). Operator learning tar-
gets a family of PDE instances. Let a denote an instance
specification encoding p as one or more input functions. An
operator is a map

u=G(a), )
trained on paired data {(a;,u;)} ?’:1. Canonical realizations
include DeepONet-style factorization [Lu et al., 2021] and
Fourier Neural Operators (FNO) [Li et al., 2021]. A defin-
ing-deployment goal is often discretization-robust inference:
evaluating G on discretizations (and sometimes geometries)
not identical to those used in training.

A unifying taxonomy. We organize the field through three
structural choices.

(T1) Object of learning. PINNs learn an instance-specific
solution u4(x, t). Neural operators learn a family-level oper-
ator G mapping specifications a to solutions.

(T2) Supervision interface. PINNs treat physics con-
straints as primary supervision. Neural operators treat paired
data as primary supervision; physics is injected through ar-
chitecture, regularization, refinement, or diagnostics [Shu et
al., 2023; Bastek et al., 2025].

(T3) Amortization locus. PINNs amortize supervision but
typically require per-instance training. Neural operators
amortize inference compute but require data generation and
offline training.

Workflow contracts. These structural choices are induced
by the workflow contract in which a solver is embedded,
and they directly shape the dominant failure modes encoun-
tered. For PINNs, physics-as-supervision combined with per-
instance optimization places numerical conditioning and stiff
multi-objective training at the center of the workflow. For
neural operators, paired supervision with amortized inference
shifts the risk toward distribution shift, discretization mis-
match, and generalization of geometry at deployment.

More generally, a learning-based PDE solver can be inter-
preted relative to a workflow contract, which specifies the per-
turbations permitted at deployment, the invariants that must
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Figure 1: A unifying view of learning-based PDE solvers. Top: three structural properties (C1-C3) that challenge all learning paradigms
(Section 3). Middle: a continuum shaped by what is learned and how physics enters supervision, organized within a unified design space
taxonomy. Bottom: paradigm-specific innovations for PINNs (left, Section 4) and neural operators (right, Section 5).

be preserved, and the operational signals required (e.g., la-
tency, reliability, and diagnostics). In scientific computing
pipelines, such contracts are typically characterized along a
small set of recurring axes: (i) instance variability, includ-
ing changes in coefficients, forcing terms, boundary or initial
conditions, and unknown parameters @ across queries; (ii) ge-
ometry and discretization variation, encompassing changes
in domain shape, boundary configuration, and grid or mesh
representations between training and evaluation; (iii) tem-
poral horizon, ranging from single-step inference to long-
horizon rollout where small biases can accumulate over time;
(iv) available supervision, spanning paired simulation data,
sparse or noisy observations via  (Eq. (4)), and physics con-
straints alone; and (v) deployment validity and trust signals,
such as boundary feasibility, conservation properties, uncer-
tainty estimates, out-of-distribution detection, and fallback or
refinement mechanisms.

Section 3 analyzes structural properties of PDE solution
families that make satisfying these workflow contracts chal-
lenging in practice, while Sections 4 and 5 examine how dif-
ferent learning paradigms expose distinct interfaces for meet-
ing a given contract.

3 Structural Properties of Learning PDEs

This section is deliberately paradigm-agnostic. Rather than
enumerating algorithms, we characterize shared structural
properties of PDE solution families that act as persistent pres-
sure points across learning-based workflows. These proper-
ties explain why learning PDE:s is difficult and which evalua-
tion signals are necessary to assess reliability beyond average
accuracy. Paradigm-specific mechanisms and design choices
are reviewed in Sections 4 and 5. We focus on three recur-

ring properties: (C1) multiscale representation, (C2) geome-
try and boundary feasibility, and (C3) trustworthiness under
workflow contract shift.

3.1 C1: Multiscale representation

PDE solutions are inherently multiscale: sharp boundary lay-
ers, intermittent structures, and broadband spectra can coexist
with smooth regions. Multiscale difficulty is not solely a mat-
ter of expressivity; it arises from the interaction between (i)
available learning signals, (ii) finite representations or basis
choices, and (iii) the deployment horizon over which predic-
tions are evaluated.

Uneven learnability across scales. Common learning sig-
nals (such as residuals, paired supervision, or partial obser-
vations) typically allocate error unevenly across frequencies.
Low-frequency components are often learned first, while
high-frequency content may be delayed, smeared, or aliased
depending on representation and discretization.

Pathologies of differential and nonlocal priors. Strong-
form differential supervision can amplify high-frequency
noise through derivatives, while operator architectures rely-
ing on global mixing may blur localized structure when fine-
scale content is poorly represented. In long-horizon settings,
small scale-dependent biases can accumulate and alter quali-
tative behavior.

Beyond global MSE, multiscale performance should be
evaluated using signals aligned with the workflow contract,
including: (i) spectral or band-limited error metrics, (ii) lo-
calized errors near interfaces or boundaries, (iii) error growth
under rollout (one-step versus multi-step), and (iv) task-level
invariants sensitive to fine-scale structure when relevant.
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3.2 C2: Geometry and boundary feasibility

Geometry and boundary conditions define the feasible solu-
tion set through the domain €2, boundary 02, and boundary
operator B (Eq. (3)). Under deployment perturbations, ge-
ometry and boundary variation are among the most common
sources of workflow contract violation.

Feasibility is an interface problem. A solver must spec-
ify how geometric and boundary information enters computa-
tion. This interface determines whether feasibility is enforced
by construction, weakly encouraged, or left implicit. Con-
cretely, this requires consistent choices for: (i) domain repre-
sentation (grid, mesh, graph, or manifold coordinates), (ii)
boundary representation (boundary identification and pre-
scribed conditions), and (iii) feasibility enforcement (how
constraints are imposed or encoded).

Mismatch can be silent. When geometry or boundary in-
formation is under-specified or inconsistently represented, vi-
olations may not appear in the average training error. Instead,
they surface abruptly under deployment perturbations, such
as new domain shapes, boundary types, or discretizations.
Geometry and boundary feasibility should be evaluated us-
ing: (i) boundary violation metrics (e.g., Dirichlet or Neu-
mann mismatch), (ii) conservation or compatibility metrics
tied to boundaries when relevant, (iii) sensitivity to geometry
perturbations, and (iv) stability under boundary variation.

3.3 C3: Trustworthiness under contract shift

Scientific deployment requires deciding when predictions re-
main trustworthy under shifts in the workflow contract. Mean
accuracy alone is insufficient, as failures can be silent and op-
erationally costly. Trustworthiness is therefore a system-level
property, encompassing both predictions and the mechanisms
used to assess their validity.

Distribution shift is structured. Contract shift typically
occurs along a small number of structured axes, including pa-
rameters or regimes, geometry or boundary types, discretiza-
tion or resolution, rollout horizon, and observation operators.
Methods that perform well under interpolation may fail under
these shifts without explicit warning signals.

Operational signals and fallback mechanisms. Trustwor-
thy systems surface uncertainty, detect out-of-contract inputs,
and couple predictions to validity checks, such as residual or
feasibility diagnostics, that can trigger refinement or fallback.

Trustworthiness evaluation should include: (i) calibration
and sharpness when probabilistic outputs are available, (ii)
out-of-distribution detection and selective prediction, (iii)
constraint violation rates and stability indicators, and (iv) the
ability to trigger refinement or fallback under stress tests.
These signals should be aligned with the workflow contract,
not only the average error.

4 Physics-Informed Neural Networks

This section reviews developments implied by the PINN
structural choice: learning an instance-specific solution
via physics-based supervision and per-instance optimization
(Eq. (6)). The shared pressures (why learning PDEs is hard)
and the recommended evaluation signals are defined once in

Section 3. Here we focus strictly on the PINN interfaces—
residual construction, constraint enforcement, representation,
optimization, and sampling—that determine whether a PINN
meets a given workflow contract.

4.1 Baseline recap and canonical failure modes

Physics-Informed Neural Networks, popularized by Raissi et
al. [Raissi et al., 2019], train an instance-specific neural so-
lution by minimizing a weighted sum of physics residuals,
auxiliary-condition violations, and optional data mismatch
(Eq. (6)). Their appeal is data efficiency, mesh-free evalu-
ation, and natural support for inverse problems and data as-
similation (unknown 6 and partial observations in Eq. (4)).

Empirically, the PINN research agenda is shaped by
training-loop failure modes: (i) strong-form residuals can be
poorly conditioned for stiff PDEs and long-time dynamics;
(i) soft penalties can converge to low average loss but leave
localized feasibility violations of Eq. (3); (iii) multi-term ob-
jectives exhibit gradient conflicts across Lr, L5, Lic, Ldata;
(iv) uniform collocation under-allocates samples to localized
complexity; (v) automatic differentiation makes residual eval-
uation expensive for high-order derivatives and large colloca-
tion sets. Most PINN variants can be interpreted as design
knobs targeting these mechanisms.

4.2 Design knobs for practical PINNs

We group the literature into five knobs that map directly to
the terms in Eq. (6) and the failure modes above.

(K1) Residuals: strong vs. weak

Pointwise strong-form residuals are simple but can be stiff
or noisy. Weak/variational/integral objectives improve con-
ditioning by aligning the learning signal with Galerkin/FEM
reasoning [Saleh er al., 2024; Gao et al., 2022].

(K2) Constraints: soft vs. hard

To meet feasibility requirements under geometry/boundary
variation (contract axis C2), many PINNs move beyond
soft penalties. Hard/semi-hard satisfaction can be achieved
by constraint-satisfying parameterizations, projection, or
physics-embedded discretized operators [Chen et al., 2021;
Chalapathi er al., 2024]. These designs directly target bound-
ary and auxiliary operators B in Eq. (3).

(K3) Representation: spectral and multiscale

Rather than re-motivating multiscale difficulty (Section 3.1),
we focus on PINN-side remedies that modify the training in-
terface: representations that reduce derivative amplification
and accelerate learning of high frequencies. This includes
Fourier encodings and multiresolution architectures [Kang et
al., 2025; Fang et al., 2024].

(K4) Optimization: balance and curvature

PINN training behaves like a numerical procedure over a dis-
cretized objective: sampling, resolution, and loss weighting
act like discretization and step-size choices. Dynamic bal-
ancing mitigates gradient conflicts across loss terms [Hwang
and Lim, 2024; Liu et al., 2025a]. Curvature-aware and
preconditioned strategies stabilize stiff dynamics and long-
time integration under PDE constraints [Dangel et al., 2024].
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Failure-mode analyses relate difficulties to loss landscape
structure [Rathore er al., 2024]. Meta-learned optimization
transfers update rules across instances [Wandel er al., 2025].

(K5) Sampling: adaptive collocation

Collocation is the discretization of the training signal in
space-time. Residual-based refinement and physics-aware
sampling allocate collocation where needed near viola-
tions [Wu et al., 2023]. Information acquisition views col-
location as experimental design [Lau er al., 2024].

4.3 Scaling and geometry for PINNs

We detail the PINN-side geometry interface: how domain and
boundary information enters the training loop through resid-
ual evaluation, constraint enforcement, and sampling.

Residual evaluation on discretizations. On meshes, point
clouds, or manifolds, the central question is how to evaluate
the operator signal consistently. This includes discretized dif-
ferential operators, weak forms on elements/patches, intrin-
sic coordinates on manifolds, and geometry-aware quadra-
ture rules. Graph-based PINNs and message passing can be
viewed as transporting local operator structure onto discrete
neighborhoods [Zeng et al., 2025; Jia et al., 2023].

Boundary and constraint enforcement. Geometry enters
PINNSs not only through F but through the practical represen-
tation of 02 and the operator 5. Hard/semi-hard approaches
build feasibility into parameterizations or enforce it via pro-
jection, reducing reliance on sampling density near bound-
aries [Chen er al., 2021; Chalapathi et al., 2024].

Sampling on geometry. Adaptive strategies must respect
geometry: boundary sampling, curvature-aware sampling on
manifolds, and refinement near interfaces where feasibility
violations concentrate spatially. Manifold-aware PINNs use
intrinsic coordinates and curvature-aware designs to reduce
coordinate-induced artifacts during training [Sahli Costabal
et al., 2024; Liao et al., 2025].

4.4 Computational efficiency

A central bottleneck is repeated residual evaluation with auto-
matic differentiation. Strategies include domain decomposi-
tion and parallelization [Shukla et al., 20211, hybrid AD and
numerical differentiation [Sharma and Shankar, 2022], and
hybrid solver/operator-splitting designs [Chen et al., 2024].

4.5 Inverse problems, uncertainty, and diagnostics

For PINNS, trustworthiness (Section 3.3) is largely mediated
by the inference interface: unknowns 0 and sparse observa-
tions can render learning ill-posed, so reliable deployment re-
quires uncertainty estimates and diagnostics tied to the con-
tract. Bayesian/variational methods and robust regression
variants quantify uncertainty under sparse/noisy data [Yang
et al., 2021; Hamelijnck et al., 2024]. Generative formula-
tions provide distributional field inference [Daw et al., 2021].
Benchmarks and certification support diagnosis and repro-
ducibility [Hao et al., 2024; Eiras ef al., 2024].

4.6 Bridging toward reuse

Although vanilla PINNs are per-instance solvers, hypernet-
works and parameter-conditioned PINNs move toward reuse
across instances [Cho et al., 2024], and meta-learning amor-
tizes adaptation across PDE families [Penwarden et al., 2023;
Psaros et al., 2022; Chen et al., 2023]. These directions con-
nect naturally to hybrids by shifting part of per-instance opti-
mization into reusable representations.

5 Neural Operators

This section reviews developments implied by the operator-
learning structural choice: learning an instance-to-solution
mapping with paired data (Eq. (7)) for amortized inference
and discretization-robust deployment.. The shared pressures
and evaluation signals are defined once in Section 3. Here
we focus strictly on operator interfaces: how a and u are
represented, how nonlocal mixing is implemented, and how
robustness is engineered under the workflow contract.

5.1 Baseline recap and dominant risks

A neural operator dearns a map v = G(a) from an input
function space to a solution function space, trained on paired
instances. A defining goal is to evaluate G on discretiza-
tions different from those used in training, shaping how in-
puts/outputs are parameterized and how nonlocal mixing is
implemented. Canonical templates include DeepONet [Lu
et al., 2021] and FNO [Li er al., 2021], but most later op-
erators can be interpreted as modifying: (i) function param-
eterization (how a and v are discretized/encoded), (ii) non-
local interaction mechanisms (how information mixes glob-
ally/locally), and (iii) geometry/boundary interfaces (how do-
mains and boundary data enter a).

The dominant risks differ from PINNs because operators
are deployed as surrogates: (i) dataset coverage and distri-
bution shift in a, (ii) discretization and geometry transfer
(contract axis C2), and (iii) long-horizon error accumulation
in dynamical rollouts (C3). Accordingly, much of the liter-
ature focuses on representation and interfaces robust under
contract transfer, and on system-level mechanisms (diagnos-
tics/refinement/fallback) for safe deployment.

5.2 Geometry, discretization, boundary interfaces

We detail the operator-side geometry interface: how to en-
code a and decode u so that u = G(a) remains well-defined
across grids/meshes/domains, and how to inject boundary in-
formation without breaking discretization robustness.

Grid vs mesh/graph operators as interface choices. Grid-
based operators (e.g., FNO-style) assume a structured dis-
cretization for efficient global mixing. Mesh/graph operators
generalize mixing to irregular discretizations and can encode
conservation and symmetry through message passing [Wang
et al., 2024b; Xu et al., 2024]. This is to make the mapping
stable when discretizations change.

Domain variation and coordinate alignment. When do-
mains vary, operators often introduce alignment mecha-
nisms: reference mappings/diffeomorphisms, intrinsic bases
on manifolds, or kernel/integral approximations that operate
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in coordinate-free ways [Lingsch et al., 2024]. Adaptive dis-
cretization complements model capacity with classical mesh-
ing choices [Hu et al., 2024].

Boundary injection. Boundary conditions can enter a as
input channels, as separate boundary fields, or via decomposi-
tions that separate boundary-driven and interior effects. Ana-
Iytical constrained representations encode boundary satisfac-
tion by construction [Dalton et al., 2024], while boundary-
aware decompositions (e.g., Green’s-function-inspired) sepa-
rate boundary and interior contributions [Wang e al., 2024b].

5.3 Multiscale and high-frequency structure

We focus on operator-side multiscale interfaces: how global
mixing and basis choices handle (or fail to handle) fine-scale
content under resolution and distribution shifts.

Spectral truncation and aliasing. Fourier-style mixing is
efficient for smooth fields but truncation can smooth local-
ized high-frequency features, and aliasing can dominate error
under resolution shifts after downsampling. Spectral operator
variants extend FNO via factorization and constrained mixing
to reduce sensitivity [Tran ef al., 2023; Xiao et al., 2024].

Locality and scale separation. Wavelet/multiwavelet and
multigrid-inspired operators introduce locality and explicit
scale separation across scales to better capture sharp features
and localized dynamics [Hu er al., 2025a; He er al., 2024al.
On non-Euclidean domains, spectral bases generalize beyond
Fourier (e.g., spherical harmonics) [Bonev er al., 2023].

5.4 Latent and attention-based operators

Latent token operators compress inputs into fixed-size la-
tent states for scalable mixing [Alkin er al., 2024]. Atten-
tion can be interpreted as learned nonlocal kernels [Yu et al.,
2024], while cross-attention enables few-shot operator learn-
ing by conditioning on context pairs [Jiao er al., 2025]. State-
space models offer linear-complexity alternatives for long se-
quences [Hu et al., 2025b].

5.5 Physics injection

Physics can be incorporated via architecture, objectives, or
correction steps to improve robustness under shift. In this
operator-side augmentation interface, physics is not the pri-
mary supervision (as in PINNSs) but an added mechanism for
validity and transfer. Importantly, these mechanisms also de-
fine the hybrid (Pl-operator) regime: an operator provides
fast, amortized proposals (Eq. (7)), while physics constraints
provide correction and validation signals (e.g., residuals
and boundary operators, Eq. (5)—(3)), optionally triggering
lightweight per-instance refinement. Representative exam-
ples include Physics-Informed Neural Operators (PINO) [Li
et al., 2024], as well as residual-regularized and refinement-
based operator pipelines.

Conservation and symmetry. Concretely, flux-form mes-
sage passing enforces conservation via antisymmetric ex-
change across edges [Horie and Mitsume, 20241, while equiv-
ariant constructions stabilize transfer by preserving physical
symmetries under shifts [Shumaylov et al., 2025].

Boundary handling. Similarly, boundary-aware decompo-
sitions separate boundary-driven and interior effects [Wang
et al., 2024b]. Analytical constrained representations encode
boundary satisfaction by construction [Dalton et al., 2024].
Physics-informed DeepONet variants add boundary channels
for improved enforcement [Cho and Son, 2025].

Residual-regularized operators and refinement. Resid-
ual penalties and physics-informed refinement connect opera-
tor learning to the hybrid zone: the operator proposes, physics
corrects and certifies, and refinement can be invoked when di-
agnostics indicate out-of-contract behavior.

5.6 Data efficiency, robustness, system-level cost

Beyond model architecture, data acquisition and system cost
often dominate operator deployment. Active learning se-
lects informative PDE instances to reduce data-generation
costs [Musekamp et al., 2025].  End-to-end efficiency is
further achieved via data generation recycling [Wang et
al., 2024c] and memory-stable mixed-precision implementa-
tions [Tu et al., 2024].

5.7 Probabilistic and generative neural operators

Probabilistic and generative operators learn distributions over
solution fields for inverse design, partial observations, and
long-horizon reliability. Complementing efficiency, proba-
bilistic operators using proper scoring rules yield calibrated
function-space uncertainty [Biilte er al., 2025]. Diffusion-
based refinement recovers fine-scale structure lost under trun-
cation or coarse representations, supports iterative error cor-
rection in long rollouts, and can incorporate physics resid-
vals during generation as guidance [Lippe et al., 2023;
Dai et al., 2026b; Oommen et al., 2025]. Generative oper-
ator pipelines support inverse design and joint inference from
partial observations at test time [Huang et al., 2024].

5.8 Foundation models for PDE operators

At a larger scale, operator foundation models aim to trans-
fer representations across multiple physics domains [Alkin
et al., 2024]. Physics-guided fine-tuning in spectral norms
improves high-frequency correctness during transfer [Cao et
al., 2025], while residual-based objectives allow adaptation
via symbolic PDE expressions as losses [Zhang e al., 2025].
To ensure deployment efficiency, spatial modulation mecha-
nisms further reduce fine-tuning costs under resolution and
domain shifts [Wang et al., 2025].

6 Applications and Method Choice

This section answers a practical question: when should one
use PINNs, NOs, or hybrids? Method choice is mainly about
supervision availability, amortization payoff, and the required
generalization contract under concrete workflow constraints.

Decision axes. We highlight five axes: (i) availability of
paired simulation data versus only sparse/indirect observa-
tions (Eq. (4)); (ii) forward surrogate vs. inverse/assimilation
objectives (unknown 6 in Eq. (2)); (iii) number of queries
over a fixed PDE family (amortization payoff for Eq. (7));
(iv) geometry/boundary complexity and how much it varies at
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deployment (Eq. (3)); (v) deployment requirements (latency,
differentiability, robustness, uncertainty).

A recurring pattern. When simulation coverage exists and
many-query evaluation is central (design loops, UQ, digital
twins), NOs are often preferred as fast surrogates. When data
are sparse, unknown parameters must be inferred, or feasibil-
ity under constraints is paramount, PINNs provide a strong
physics prior. Hybrids increasingly implement proposal—
correct—validate with uncertainty-aware diagnostics: an oper-
ator proposes (Eq. (7)), physics refines and validates (Eq. (5)).

Domain evidence. Fluid dynamics often involves many-
query workloads in design and UQ, favoring operator surro-
gates in turbulence-rich flows; geometry-aware variants en-
able prediction on complex flow geometries such as hyper-
sonic blunt bodies [Peyvan et al., 2025]. PINNs/hybrids
are frequently used for sensor-limited, boundary-sensitive, or
regime-shifted inference.

Solid mechanics and materials often split similarly:
operators amortize repeated finite-element solves across
shape/loading variation, while inverse identification of la-
tent parameters, defects, or damage states favors physics-
regularized inference; history dependence motivates hybrids
for fracture, damage [He er al., 2024b; Zhang et al., 2022].

Geophysics and climate emphasize non-Euclidean geom-
etry, scale separation, sparse observations, and long roll-
outs. Geometry-aware operators enable fast ensemble surro-
gates, while PINNs address sensing-limited inverse problems.
Long-horizon stability motivates conservative hybrids in data
assimilation [Bonev et al., 2023; Chen et al., 2023].

Energy systems foreground deployment constraints: low-
latency monitoring/dispatch/control favors surrogates, while
inverse state estimation favors physics-regularized inference;
constraint-aware hybrids maintain feasibility under shift for
real-time operation [Wang et al., 2024al.

Biomedical and molecular applications combine expen-
sive physics with scarce data: operator learning accelerates
screening, while physics-informed variants stabilize ill-posed
inference in medical imaging under measurement noise [Bal-
cerak et al., 2024]. At the molecular scale, equivariant neural
dynamics and plane-wave operators enable high-fidelity mod-
eling of protein-ligand interactions and electron densities [Liu
et al., 2025b; Kim and Ahn, 2024].

Engineering design and control embed PDE models inside
decision loops: fast differentiable surrogates favor operators;
PINNs/hybrids support monitoring and constrained inference
under sparse sensing where feasibility matters more than av-
erage error [Matada et al., 2025; Zhu et al., 2024].

7 Open Challenges and Future Opportunities

Method choice clarifies what each paradigm can deliver; open
challenges clarify what reliability still requires in deploy-
ment. As learned PDE solvers enter scientific workflows, pre-
dictability under contract shift, physical validity, algorithmic
stability, and cost transparency become central concerns.

Controlled extrapolation via explicit contracts. Most
evaluations emphasize interpolation, whereas deployment
rarely does. Boundary conditions change, geometries vary,

parameters cross regimes, and long rollouts amplify small bi-
ases. The most damaging failures are often silent. A central
challenge is therefore controlled extrapolation: specifying
a generalization contract and instrumenting solvers with di-
agnostics. Proposal—correct—validate workflows are promis-
ing, where operators generate fast candidates (Eq. (7)), and
physics-based diagnostics determine whether to accept, re-
fine, or reject them (Eq. (5)). A concrete direction is to stan-
dardize stress tests along geometry, resolution, and rollout
axes, aligned with the declared contract.

Physics-first design as an interface. Residual regulariza-
tion is insufficient: PDEs encode conservation, symmetry, ad-
missibility, and stability constraints whose violations invali-
date downstream decisions even when pointwise errors are
small. An emerging opportunity treats physics as an explicit
interface, enforcing constraints through architecture, parame-
terization, and projection, with hard/semi-hard mechanisms
ensuring correctness by construction [Chen er al., 2021;
Chalapathi et al., 2024; Dai et al., 2026a].

Training as a numerical method. Complementarily, many
limitations are algorithmic rather than representational.
PINNS s involve stiff, multi-objective optimization; neural op-
erators learn nonlocal mappings sensitive to discretization,
truncation, and data coverage. Both can fail due to poor con-
ditioning. Accordingly, a more principled view treats train-
ing as a numerical process: sampling, resolution, and loss
weighting play roles analogous to discretization and step-size
selection in classical solvers across workflows.

Scaling laws and end-to-end cost transparency. Amorti-
zation motivates operator learning, but reported benefits can
be incomplete. True cost is end-to-end: data generation,
training, adaptation under shift, and debugging. The field
lacks explicit cost models and scaling laws relating error
to data volume, resolution, and compute across PDE fami-
lies. Such transparency clarifies when operator learning out-
performs reduced-order modeling, when physics-constrained
learning outperforms adjoint-based inversion, and when hy-
brid approaches are necessary. Progress likely requires re-
porting a single cost ledger that includes simulation, training,
fine-tuning, and deployment latency.

8 Conclusion

This survey presented a unifying view of learning PDE
solvers with physics and data. By placing PINN and NO
within a shared, workflow-driven design space, we elucidate
how differences in what is learned, how physics and data
enter supervision, and where computation is amortized give
rise to distinct strengths, limitations, and failure modes. The
significance of this unification lies in the growing reliance
of modern scientific computing on reusable, data-integrated,
and decision-driven PDE solvers that operate across hetero-
geneous workflows. Progress in this area depends on moving
towards shared abstractions, contracts, and evaluation signals
that connect physics and data in a principled way. We hope
that this survey can serve as a common reference that enables
community-wide contributions towards the development of
reliable learning-based PDE solvers for scientific discovery.
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