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Abstract

The TOURNAMENT FIXING PROBLEM (TFP) asks
whether a knockout tournament can be scheduled
to guarantee that a given player v* wins. Although
TFP is NP-hard in general, it is known to be fixed-
parameter tractable (FPT) when parameterized by
the feedback arc/vertex set number, or the in/out-
degree of v*. However, it remained open whether
TFP is FPT with respect to the subset FAS num-
ber of v* — the minimum number of arcs intersect-
ing all cycles containing v* — a parameter that is
never larger than the aforementioned ones. In this
paper, we resolve this question negatively by prov-
ing that TFP stays NP-hard even when the subset
FAS number of v* is constant > 1 and either the
subgraph induced by the in-neighbors D[N, (v*)]
or the out-neighbors D[Nyt (v*)] is acyclic. Cons-
versely, when both D[Nj,(v*)] and D[Ny (v*)]
are acyclic, we show that TFP becomes FPT pa-
rameterized by the subset FAS number of v*. Fur-
thermore, we provide sufficient conditions under
which v* can win even when this parameter is un-
bounded.

1 Introduction

Knockout tournaments represent a fundamental class of com-
petition structures, characterized by a sequence of recursive
elimination rounds [Horen and Riezman, 1985; Connolly and
Rendleman, 2011; Groh et al., 2012]. In each round, play-
ers are partitioned into disjoint pairs (matches). For each
pair, the loser is eliminated, and the winner advances to
the next round. The process repeats until a single cham-
pion remains. Owing to their efficiency and simplicity, these
structures are employed in large-scale events such as the
FIFA World Cup [Scarf and Yusof, 2011] and the NCAA
Basketball Tournament [Kvam and Sokol, 2006]. Beyond
sports, they serve as critical models for elections, organi-
zational decision-making, and various game-based settings
where sequential elimination serves as a natural selection
mechanism [Kim et al., 2017; Stanton and Williams, 2011a;
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Ramanujan and Szeider, 2017]. Consequently, knockout tour-
naments have attracted considerable attention in artificial in-
telligence [Vu et al., 2009; Williams, 2010], economics, and
operations research [Rosen, 1985; Mitchell, 1983; Laslier,
19971, motivating a rich body of theoretical and applied stud-
ies.

Given a favorite player v*, a fundamental computational
challenge is to determine whether the tournament be arranged
to ensure that v* wins. Let NV denote the set of n players,
where n =2¢ players (for some ¢ € N). The structure
of a knockout tournament is represented by a complete (un-
ordered) binary tree 7" with n leaves. A seeding is a bijection
o : N — leaves(T') that assigns each player to a distinct leaf.
The tournament proceeds in rounds: in each round, for any
internal node, the winners of the subtrees rooted at its chil-
dren compete, with the winner advancing to this node. This
continues until one player remains — the tournament cham-
pion.

The question becomes meaningful when predictive infor-
mation about match outcomes is available. We model this
with a tournament digraph D = (V = N, E), where V
is the set of n players. For every distinct pair of vertices
{u,v} C V, the arc set E contains exactly one of the or-
dered pairs (u, v) or (v, u), signifying that u defeats v or vice
versa. We investigate the following problem:

TOURNAMENT FIXING PROBLEM (TFP)

Input: A tournament D and a player v* € V(D).
Question: Does there exist a seeding o for the n =
|V (D)| players such that v* wins the resulting knockout
tournament?

1.1 Related Work

The computational study of tournament manipulation was ini-
tiated by Vu et al. [2009]. The complexity of TFP, specifi-
cally its NP-hardness, remained open for several years [Vu
et al., 2009; Williams, 2010; Russell and Van Beek, 2011;
Lang et al., 2012]. Aziz et al. [2014] finally proved that
TFP is NP-complete. They also provided exact exponential-
time algorithms running in (O(2.83"™) time with exponential
space, or 4" T°(") time with polynomial space. Kim and Vas-
silevska Williams [2015] later improved this to 2"n°() time
and space, and Gupta et al. [2018b] achieved the same time
bound using only polynomial space.
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Given the intractability of TFP in general, its parameter-
ized complexity has been extensively investigated. We recall
several key parameters studied in the literature and this paper:

e fas number (resp., fvs number): the minimum number
of arc reversals (resp., vertex deletions) needed to make
the tournament acyclic;

* in-degree (resp., out-degree) of v*: the number of in-
neighbors (resp., out-neighbors) of v*;

 sfas-v number (resp., sfvs-v number): the minimum
number of arc reversals (resp., vertex deletions, exclud-
ing v*) needed to remove v* from all cycles;

* sfas-in number (resp., sfas-out number): the mini-
mum number of arc deletions required to exclude the
in-neighborhood of v*, i.e., Nj(v*) (resp., the out-
neighborhood of v*, i.e., Noy(v*)) from cycles.

These parameters share the property that TFP becomes
polynomial-time solvable when they equal zero. Their re-
lationships are illustrated in Figure 1 (an arrow from x to y
indicates = < y).

The fas number, positioned at the top of this hierarchy, was
first shown to be fixed-parameter tractable (FPT) by Ramanu-
jan and Szeider [2017], who gave an algorithm running in
pCP* )00 time, where p is the fas number. This was sub-
sequently improved to p®®n®1) by Gupta et al. [2018al.
Later, Gupta et al. [2019] gave a polynomial kernel. For
the fvs number ¢, Zehavi [2023] proved the FPT via a
@ DpOM_time algorithm. This result subsumes the fas-
number parameterization since ¢ < p.

Wang et al. [2026] established that TFP is FPT parameter-
ized by either the out-degree [ or the in-degree k of v*, with
running times 22 n®®) and 22°" RO, respectively.

It is not hard to see that when the sfas-v number or
sfvs-number is zero, TFP becomes polynomial-time solv-
able. Furthermore, the sfas-v number and the sfvs-v number
are smaller than fas and fvs, and the in-degree and out-degree
of v*. Whether TFP is FPT parameterized by the smaller pa-
rameters the sfas-v number or the sfvs-v number becomes an
interesting open problem in the literature [Wang et al., 2026].

1.2 Our Contributions

In this paper, we resolve the open problem concerning the pa-
rameterized complexity of TFP with respect to subset-based
parameters centered around the favorite player v*. Our main
contributions are:

* Negative Results: We prove that TFP remains NP-hard
when:

1. The sfas-v number (or sfvs-v number) is any con-
stant > 1, answering the open question from [Wang
et al., 2026] in the negative.

2. The sfas-in number (or sfas-out number) is 1.

* Positive Results: We identify tractable frontiers:

1. TFP is FPT when parameterized by the sum of the
sfas-in and sfas-out numbers.

2. When both D[N, (v*)] and D[Ngy(v*)] are
acyclic, TFP is FPT parameterized by the sfas-v
number.

(Ramanujan and
Szeider 2017) as num.
f in-degree

(Zehavi 2023) out-degree

FPT

(Wang et al. 2026)

Para-NP-hard

Coro. 2 Thm. 2
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~N 7
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Figure 1: An illustration of the hierarchy of the eight parameters,
where an arc from parameter x to parameter y denotes z < .
The green region (upper section) marks parameters for which TFP
is proven FPT, while the red region (lower section) indicates para-
NP-hard cases (our results).

* Structural Imsights: For an instance (D,v*) with
Nin(v*) and Nyt (v*) both acyclic, we provide new suf-
ficient conditions under which v* can be guaranteed to
win, even when the relevant parameters are unbounded.
These extend the known polynomial-time solvable cases
and offer practical structural guarantees for tournament
manipulability.

Our results complete the parameterized complexity land-
scape of TFP with respect to natural “distance-from-
acyclicity” parameters localized around v*. The hardness re-
sults demonstrate that restricting cycles to involve only spe-
cific neighborhoods of v* does not generally lead to tractabil-
ity, while the positive result identifies certain structural con-
ditions that do. The hardness results can also be interpreted as
a guarantee that this manipulation is computationally difficult
to carry out in the cases studied.

Due to space constraints, the proofs of some lemmas are
omitted, which can be found in the full version of this pa-
per [Liu et al., 2026].

2 Preliminaries

In this paper, we only focus on digraphs. Let D = (V, E)
be a digraph with n = |V| vertices and m = |E| edges.
We denote the vertex set and edge set of a digraph D’ as
V(D) and E(D'), respectively. We use (u, v) to denote an
arc from vertex u to vertex v. If there exists an arc (u,v) € E,
then we say that u is an in-neighbor of v and v is an out-
neighbor of u. The out-neighborhood and in-neighborhood
of a vertex v is denoted by Nyu(v) and Ni,(v) respec-
tively. For a vertex v, we further let out(v) = | Nout(v)| and
in(v) = |Nin(v)|. For a vertex v and a vertex subset S C V,
let outg(v) = |Nout(v) N S| and ing(v) = |Niy(v) NS|. For
a vertex subset X C V, we define its out-neighborhood as
Nout (X) = (Upex Nout(v)) \ X and its in-neighborhood as
Nin(X) = (Uyex Nin(v)) \ X. We call a vertex s a source
ifin(s) = 0.
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For a vertex subset X C V, the subgraph induced by X is
denoted by D[X]. We write D — X to denote the subgraph
D[V\X]. Foraterminal set T C V, avertex set X C V\T'is
a subset feedback vertex set of D with terminal set T if there
is no cycle containing vertices in 7" in D — X. Similarly, an
arc set A C FE'is a subset feedback arc set of D with terminal
set T if there is no cycle containing vertices in 7" in D’, where
D’ is the resultant digraph after reversing arcs in A. We will
always use v* to denote the favorite in the tournament.

A knockout tournament with n = 2P players for some in-
teger p > 0 is organized into log n successive rounds of com-
petition. In each round r € [logn], the 2!°8"~"*+1 remaining
players are paired into 2!°8™~" matches, with only the win-
ners advancing to the next round. A seeding o is a winning
seeding for v* if v* survives all log n rounds of the resulting
knockout tournament.

Following the notions established in [Wang er al., 2026],
we utilize the concepts of match sets and match set sequences
to formally characterize the matches played in each round of
a knockout tournament.

Definition 1 (match set and sequence). Let D be a tourna-
ment with n players. For a fixed seeding o, we define:

* Match Set: For each round r € [logn], the match set
M, C E(D) is the set of arcs representing matches
played in round r, where |M,| = 2'°¢"~". Each pair
(u,v) € M, indicates that player u defeated v. Let
V(M,) denote the set of players who participated in
round r;

e Match Set Sequence: A match set sequence is an or-
dered collection of match sets for all rounds, defined as
M ={M,...,Miogn}
A match set sequence {M;, ..., Mgy} is valid for D if
the following conditions hold:

 Forevery round r € [p|, M, C E(D).

« V(My) =V(D);

o Forevery round r € [logn— 1), the set of winners in M,
is exactly V(M 41).

Given a seeding o, it induces a unique match set sequence,
denoted by M(o). In contrast, if a match set sequence M*
is valid, then there exists at least one seeding c* such that
M(o*) = M*.

To formally track the progression of the tournament, we in-
troduce notation for the sets of winners and eliminated play-
ers in each round. Let D be a tournament with n players,
and let M(o) = (My,..., My) be the match set sequence
induced by a seeding o. For each round r € [logn], we
use Cr(0) = {u | (u,v) € M,} to denote the set of
players remaining after round r. By convention, we define
Co(o) = V(D). Correspondingly, for each r € [logn], we
use L,.(0) = {v | (u,v) € M,} to denote the set of players
eliminated in round r. Where the seeding o is clear from the
context, we simply write C,. and L.

3 Parameterized by the Subset FAS Number

In this section, we investigate the complexity of TFP when
parameterized by the sfas-v/in/out number. We will show

—_— ’ —_—
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Figure 2: An illustration for a special instance (D, v*).

that TFP is para-NP-hard with respect to these parameters,
thereby completing the parameterized complexity landscape
illustrated in Figure 1.

Before presenting our main results, we define a kind of re-
stricted instances, called special instances, and characterize
several properties of winning seedings for a special instance.

Definition 2. An instance (D, v*) is special with respect to
a* € Nous(v*) and b* € Ny, (v*) if
1. |Nouws(v*)] = 3|Nin (v*)| — 1, where | Nin (v*)| = 2P for
some integer.p > 0;
2. There is anarc (a*,b*) € E(D), and

3. For each vertex a € Ny (v*) and each vertex b €
Nin(v*) expect the case that a = a* and b = b*, there is
anarc (b,a) € E(D).

See Fig. 2 for an illustration for a special instance (D, v*).
We introduce the “special instance” because it serves as a
gadget utilized in the proofs of both Theorem 1 and Theo-
rem 2. Intuitively, this instance ensures that under a winning
seeding, with the exception of the specific match between
a* and b*, no other player from Ny (v*) competes against
a player from Nj,(v*). The following lemma formally intro-
duces this property.

Lemma 1. Consider a special instance (D, v*) where n =
|[Nout (v*)|.  Suppose (D,v*) is a yes-instance. Let o
be an arbitrary winner seeding for v* in tournament D
and let its corresponding match set sequence be M* =

{M5, ..., Mo, n)+2}' We have the following properties.
1. V(M(*logn)H) N Nip (v*) = {b*}.
2. V(Miogmy+1) N Now(v™)] = 2 and a* €
V(M{iogny41):

3. For each round r € [logn), every match in M, involves
either two players in AU {v*} or two players in B.

Proof. Assume that player v* beats player 1 € V(D) in
the last match, and in the second last round, v* beats o

and z beats z3; that is, M{ ., = {(v",22), (z1,23)}
and M., o = {(v", @1)} for some @1, 22,25 € V(D).
Let M{oe )41 {(v",22), (1, 23)} and M, ) 1o

{(v*,x1)} for some x1,x2,23 € V(D). Since v* beats 1
and xo, we know that 1 and x are in Nyyi(v*). Now we
show that z3 € Nj,(v*).

For round r € [logn)], let B,—; = Cy_1(c) N Niy(v*)
be the players in Nj,(v*) remain after round » — 1. By the
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definition of D, we know that for any player b € Ny, (v*)\b*,
b can only be beaten by players in Ny, (v*). If b* remains in
this round, we know there are at most | 5|B,_1 \ b*|] vertices
in B, _1 are eliminated. If b* is eliminated in this round, we
know there are at most | £|B,_1 \ b*|] vertices in B,_1 \ b*
are eliminated, which implies that there are at most | §|B,_1 \
b*|]+1 = [§|By_1|] vertices in B,_; are eliminated. Thus,
we have that in each round r € [log ], there are at most half
of the vertices with indegree of v* are eliminated, i.e.,

[L0(0) 0 Nin (07)] < [51Br ],

which means that

[Bol > B,a] ~ [31B, a1 = [31B,al)

Since | Bg| = |Nin(v*)| = n and n = 2? for some integer
p > 0, we have that |Bjog | > 1, which means that there
are at least one vertex in Nj, (v*) remains after round log n.
Thus, 23 € Niy(v*). Since 2 beats 23 and 21 € Noys(v*),
we know that 1 = a* and z3 = b*. Thus, the first two
properties hold.

Before we show the correctness of the third property. Re-
call that there are at most [ §|B,_1 \ b*[] vertices in B,_ \ b*
are eliminated in round r € [logn]. Since b* cannot be elim-
inated before round (logn) + 1, we indeed have that for each
round r € [logn],

1£:(0) 0 Nin(0")] < [51Be ),

which means that

1 1
1B 2 1Boal = L5 1Beal] = [51Boal].

Now we show that the third property holds. By contra-
diction, assume there exists a match (b, a) € M. for some
ro € [logn] such that a € Nyt (v*) and'b € Ni,(v*). Let
7 be the first round that there exists such match. We have
that | B,_1| = | Nin(v*)|/2" 1 is an even number. Since each
player in N, (v*) \ b* can only be beaten by N, (v*) and b*
remains after round log n, we have that

1
1B > 51B,-1l.

Thus, we have that
1 .
[Buogn| > 5oz INin (%)) = 1,

which means that there are at least two players in Ny, (v*)
remains after round logn. However, v*, x1 and x5 are not
in Ni,(v*), a contradiction. This completes the proof of the
third condition. ]

Consider a special yes-instance (D,v*) and an arbitrary
winning seeding o. The three properties stated in Lemma 1
hold for o. The corresponding complete binary tree I' corre-
sponding to ¢ is shown in Fig. 3. One of the main results of
this section is the following theorem:

/ ’ \

/\/\/\/

Nou (v) U {v*} Nin(

Figure 3: An illustration for the complete binary tree 1" correspond-
ing to a winner seeding o for a special instance (D, v*), where a’ is
a player in Nous(v™).

Theorem 1. For an input tournament D and a favorite player
v* € V(D), TFP is NP-hard even when the sfas-v number
equals 1.

Proof. We will show a polynomial-time reduction from TFP
to TFP with subset FAS number of »* that equals to 1. Specif-
ically, consider a TFP instance (D,v*) with n = | D|, we con-
struct an equivalent instance (D' = ({v'} U AU B, E’),v’)
as follows.

* D'[A] is an acyclic tournament with 3n — 1 vertices
where a* € A is the source vertex in D’[A].

« D'[B]isacopy of D where b* € B is the copy of v*.

* For each a € A, there is an arc (v/,a) in E’. For each
b € B, there is an arc (b,v) in E’.

* (a*,b*) € E’ and for each vertex a € A and each vertex
b € B expect the case that a = a* and b = b*, there is
an arc (b,a) € E'.

Clearly, Noui(v') = A and Ny, (v') = B, and (D’,v') is
a special instance with respect to a* and b*. Now we prove
both directions of the equivalence of (D, v*) and (D’,v").

Forward direction. Assume that there exists a winning
seeding o for v* in tournament D (also for b* in tourna-
ment D'[B]) and let its corresponding match set sequence be
M* = {M17 s 7Mlogn}-

Let (A1, Ao, A3) be a partition of D’[A] such that |A;| =
|A2‘ =n, ‘A3| =n—1,and a* € A;. So |A1‘ = |A2| =
|As U {v*}| = |B] = n. Now we construct four seedings
for D'[A1], D'[A3], D'[As U {v*}] and D'[B] respectively,
and then obtain a winning seeding for v’ in D’ based on these
four seedings.

1. Let o1 be an arbitrary seeding in tournament D’[A;].
Then a* must be the winner of D’[A;] under o7 since
a* is a source vertex in D'[A].

2. Let o2 be an arbitrary seeding in tournament D’[As)]
with winner a’.

3. Let o3 be an arbitrary seeding in tournament D’[Az U
{v'}]. Then v' must be the winner of D’[A3U{v’}]| under
o3 since for each a € A, there is an arc (v',a) € E(D’).

4. Recall that o is a winning seeding for b* in tournament
D'[B].

For o; (i = 1,2,3), the corresponding match set se-

quence is defined as M(o;) = {M],... }. Recall

log n
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that the corresponding match set sequence of o is M* =
{My,..., Miggn}
The match set sequence M is then defined as:

M’ = {M{7 Mé’ R Mllogn7 {(/U/’a/)’ (a*’ b*)}7 {('U/, a*)}}’

where M = M, U ;cqy 93y M for each r € [logn].
M’ is obtained by unioning the match set sequences of
B, Ay, Ay and A3 U {v'}, and adding two new rounds
{(v',d"), (a*,b*)},{(v',a*)}, which is a valid match set se-
quence for V(D’).

Let o’ be a corresponding seeding for M’, note that o’
ensures that v’ wins. Thus, there exists a winning seeding for
v’ in tournament D’.

Reverse direction. Assume that there exists a winning
seeding ¢’ for v’ in tournament D’ and let its corresponding
match set sequence be

M = {M{7 s 7M(/10gn)+2}'

By the third property of Lemma 1, there exists a match set
sequence M = {Mj, ..., Moz} such that for each round
r € [logn], M, C M) and M is valid for Ni,(v’). Further-
more, by the first property of Lemma 1, the corresponding
seeding o for M ensures that b* is the winner. Since B is the
copy of D and b* is the copy of v*, we have that o maintains
that v* wins. Thus, (D, v*) is a yes-instance. O

Clearly, the construction ensures that the sfvs-v number
equals 1. We have the following corollary.

Corollary 1. For an input tournament D and a favorite
player v* € V(D), TFP is NP-hard even when the size of
subset feedback vertex set of D with terminal set {v*} is-.

We  further consider two larger parameters:
the sfas-in number and the sfas-out number. Note that
both are not smaller than the sfas-v number since each cycle
traversing v* must intersect both Ni,(v*). and Noys(v*).
Nevertheless, we will show that TFP is NP-hard even when
the sfas-in number equals 1 or the sfas-out number equals
1. Notably, the reduction established in Theorem 1 already
yields the result for the sfas-out number, as the construction
ensures that D'[Nyy(v*)] is an acyclic tournament. We
directly obtain the following corollary.

Corollary 2. For an input tournament D and a favorite
player v* € V(D), TFEP is NP-hard even when the size of
subset feedback arc set of D with terminal set Noys (v*) is 1.

By modifying the construction used in Theorem 1, we have
the following theorem.

Theorem 2. For an input tournament D and a favorite player
v* € V(D), TFP is NP-hard even when the sfas-in number
equals 1.

proof sketch. We will show a polynomial-time reduction
from TFP to TFP with the sfas-in number that equals to 1.
Specifically, consider a TFP instance (D, v*) with n = |D|,
we construct an equivalent instance (D" = ({v'} U A’ U AU
B, E"),v") as follows.

e D’[A’] is an acyclic tournament with 2n — 1 vertices.

Figure 4: An illustration for the constructed tournament D’.

« D’[B] is an acyclic tournament with n vertices where
b* € B is the source vertex in D'[B].

» D’'[A] is a copy of D where a* € A is a copy of v*.

» For each a € A’ U A, there is an arc (v',a) in E’. For
each b € Bithere is anarc (b,v’) in E’.

* (a*,b*) € E'and for each vertex a € A’ U A and each
vertex b € B expect the case that a = ¢* and b = b*,
there is an arc (b,a) € E’.

See Fig. 4 for-an illustration. Clearly, No[v'] = AU A’ and
Nin[v'}'= B, and (D’,v’) is a special instance with respect
to a* and b*. The proof of the equivalence of (D,v*) and
(D’,v") is similar to that of Theorem 1 and is deferred to the
full version. O

4 Some Tractable Cases

So far, we have presented some hardness results for the TFP
problem. These results can also be understood in the follow-
ing way. We can partition the tournament, apart from vertex
v*, into three components: (i) D[Ny, (v*)], (ii) D[Now(v*)],
and (iii) the arcs between N, (v*) and Ny (v*).

When the value of the sfas-in number (resp. sfas-out num-
ber) is small, it indicates that the structure of component (i)
(resp. component (ii)) becomes relatively simple. When the
sfas-v number is small, it implies that component (iii) is rela-
tively simple. Our previous studies essentially reveal whether
the problem becomes easier to solve when certain compo-
nents among these three have simple structures. Theorem 1
shows that TFP remains NP-hard even when components (i)
and (iii) are simple in structure. Theorem 2 shows that TFP
remains NP-hard even when components (ii) and (iii) are sim-
ple in structure.

A natural remaining question is whether the problem be-
comes tractable when components (i) and (ii) are simple in
structure. In the following, we address this question by pre-
senting tractable results.

First, we show that TFP is FPT when parameterized by
the sfas-v number. Our approach leverages the following
known result about the fvs number.

Lemma 2 ([Zehavi, 2023]). TFP is solvable in time
20(tlogt) . nOM) ywhere 1 and t are the number of nodes and
the fvs number, respectively.
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By applying Lemma 2, we establish the following result.

Theorem 3. Given an instance (D,v*) of TFP, the prob-
lem can be solved in time 2°lgs) . pOM)  \here
n = |V(D)| and s is the sum of the sfas-in number and
the sfas-out number.

A proof of Theorem 3 can be found in the full version.

Next, we show that if we restrict that the in-neighborhoods
and out-neighborhoods of the favourite are both acyclic, then
TFP is FPT with respect to the sfas-v number.

Definition 3. An  instance (D,v*) is called a
neighbor-acyclic instance if the induced digraphs D[ Ni, (v*)]
and D[Ny (v*)] are both acyclic.

Theorem 4. Given a neighbor-acyclic instance (D,v*) of
TFP, the problem can be solved in time 20(klogk) . pO(1)
where n = |V (D)| and k is the sfas-v number.

A proof of Theorem 4 can be found in the full version.

5 Acyclic Neighborhood Structures

In this section, we investigate several sufficient conditions for
a neighbor-acyclic instance (D, v*) that guarantee (D, v*) is
a yes-instance. We hope these structural results can be helpful
to understand neighbor-acyclic instances.

A player v is a king if v has distance at most 2 to every
other player in the tournament graph.(i.e., for each u, v either
beats u or beats another w that beats ). Similarly, a 3-king
is a player that has distance at most 3 to every other player.
A significant research direction involves identifying broad
classes of instances that admit efficient solutions. Prior work
has established several sufficient conditions under which a
given player can be guaranteed to win [Williams, 2010;
Stanton and Williams, 2011b; Kim and Williams, 2015;
Kim et al., 2017]. Furthermore, the corresponding winning
seedings can be constructed in polynomial time, which im-
plies that the winner is susceptible to manipulation in many
practical settings. A substantial portion of these established
conditions focuses on players who are kings.

Consider a neighbor-acyclic instance (D, v*) where D
contains a source. If v* is the unique source, the instance is
trivially a yes-instance; Othervise it is trivially a no-instance.
Consequently, we focus on the case where there is no source
in D. We first establish that in this case, v* is a 3-king.

Lemma 3. Let (D, v*) be a neighbor-acyclic instance where
there is no source in D. Then, v* is a 3-king.

Proof. For each vertex a in Nyt (v*), we know that the dis-
tance from v* to a is 1. Let b* be the source of D[Ny, (v*)].
Since b* is not a source of whole tournament D, there exists
a vertex a’ in Noyi(v*) such that (a’,0*) € E(D). Thus,
we know that the distance from v* to b* is 2. Since b* is
the source of D[Ny, (v*)], for each vertex b € Ny, (v*), we
know that the distance from v* to b is at most 3. Thus, v* is a
3-king. O

The following known result provides a sufficient condition
guaranteeing the favorite player v* is a winner for the case
that v* is a 3-king.

Lemma 4 ([Kim and Williams, 2015]). Let (D, v*) be an
instance where v* is a 3-king. Let A = Nyu(v*),B =
Nout(A) N Niy(v*) and C = Ni,(v*) \ B. Then, (D, v*)
is guaranteed to be a yes-instance if the following conditions
hold.

L |Al = [V(D)]/3.
2. Vb € B,out(b) < out(v*).
3. There is a perfect matching from B onto C.

Furthermore, a winning seeding for v* can be found in poly-
nomial time.

While the equalities in Lemma 4 can simultaneously hold
for general instances, we remark that the first equality can-
not hold for neighbor-acyclic instances with no sources in
tournaments. Consider a neighbor-acyclic instance (D, v*)
where D contains no source. Let A = Ny (v*) and B =
Nout (A)NNiy (v*). Let b* be the source in D[ Nj, (v*)]. Since
b* is not a source in D, we know that b* € N, (A). Thus,
b* € B. By the second condition of Lemma 4, we know that
out(b*) < out(v*) =|A|. Note that since b* is a source
in D[N~ (v*)], its out-degree is at least |Ni,(v*)| — 1 plus
[{v*}], yielding out(b*) > |Nin(v*)|. Thus, we have that
| Nin (v*)] < | Nout (v*)], which implies that |A| > |V (D)|/2.
This gap between the 1/3 threshold in Lemma 4 and the 1/2
lower bound necessitated by the DAG structure motivates the
following theorem.

Theorem 5. Let (D, v*) be a neighbor-acyclic instance such
that D has no source. Let A = Nyt (v*) and B = N (v*).
Then (D, v*) is guaranteed to be a yes-instance if the follow-
ing conditions hold.

1. [A[ = [V(D)]/3.

[NVin (v7)] *
2. Vb S B, Out(b) S mout(ﬂ )
proof sketch. We prove the theorem by induction on the num-
ber of vertices n = |V (D)|. To this end, for any induced sub-
graph D’ of D containing v*, we define an invariant property
Z(D’) consisting of the following two conditions:

() |A'| = |V(D")]|/3, where A’ = Noyui(v*) NV (D");
(ii) Forallb € B = Ny, (v*)NV(D’), outy(pry(b) < |B'|.

Our inductive claim is that for any induced subgraph D’
containing v* whose order is a power of two, if Z(D’) holds,
then (D', v*) is a yes-instance.

For the base case n = 2, since |A’| > n/3, we have |A’| >
1, meaning v* defeats the only other player.

For the inductive step, assume that the claim holds for all
tournaments of size n/2. Now consider an arbitrary tourna-
ment of size n that satisfies the invariant. We denote this
tournament by D’. For simplicity of notation, we write in/(+)
and out’'(-) for the in-degree and out-degree within D’ (i.e.,
iny(p(-) and outy (py(-)), and let A" = Ny (v*) NV (D)
and B’ = N, (v*)NV(D").

The main idea is to construct a match set M on V(D’) to
serve as the first round of the knockout tournament. We will
then show that the set of winners of this round, denoted by
Viwin, satisfies the invariant Z(D’[Vy,in]). By the inductive hy-
pothesis, this implies that v* wins in the smaller tournament
D'[Viin], and consequently wins in D’.
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Before presenting the construction of the match set, we
first derive a useful bound for the vertices in B’. Let A’ =
{a1,...,a14} and B" = {by, ..., b/} be topologically or-
dered such that (a;,a;) € E(D’) and (b;,b;) € E(D’) for
all i < j. Consider any vertex b; € B’. We have out’(b;) =
out’y, (b;) + out’y, (b;) + |[{v*}| = out’y, (b;) + (|B'| —i) + 1.
Since out’(b;) < |B’| (Condition (ii) of the invariant), we
have out’y, (b;) + |B’| — i + 1 < |B’|, which simplifies to

out’y, (b;) <i—1. (1)

We distinguish two cases based on the parity of | A’| and | B’|.
Case 1. | B’| is odd and | A’ is even.
Let k = (|B’| + 1)/2. From Eq. (1), we have out’y, (b)) <
k — 1. Consequently, the in-degree of by, from A’ satisfies:

in/y () = |A'] — outly (by)
> 4]~ (|B] - 1)/2
— A~ ((n— 4] = 1) = 1)/2
= (3|4 —n)/2+ L.

Since |A’| > n/3, we have 3|A’| > n, which implies
in'y,(br) > 1. Thus, there exists a vertex ¢’ € A’ such that
(a’,br) € E(D"). Let M 4 be an arbitrary perfect match set
on A"\ {a’,a4} and let Mp = U;:ll (bi, biyr)}. The
match set M for the first round is constructed as

M = {(v*,aja), (', bx)} U Ma U Mp.

Clearly, the set of winners is Viyin = {v*} U Aywin U Byin,
where A, consists of a’ and the winners from M (imply-
ing |Awin| = |A/‘/2) and Bwin = {bl, ey bk—l}-

We show that the invariant Z(D’[Vyi,]) holds. Condition
(i) holds since |Awin| = |A’|/2 > (n/2)/3. Now consider
Condition (ii). For any b; € Byiy,, we have ouﬂ/wm(bi) =
out’y . (b;) + outp  (b;) + 1. Note that outy (b;) <
out'y, (b;) <i—1(byEq. (1)) and out’y . (b;) =|Byin| —i.
Thus, it holds that out, = (b;) < (i —1) +(|Bwin| —i) +1 =
| Bwin |, which proves Condition (ii).

Case 2. |B’| is even and |A’| is odd.

The proof proceeds analogously to-Case 1. The full proof
of this part can be found in the full version. O

Now we consider the case that the favorite player v* is a
king. For general instances, the following known result pro-
vides a sufficient condition for v* to be a winner.

Lemma 5 ([Kim and Williams, 2015]). Let (D,v*) be an
instance where v* is a king. Let k be the cardinality of
the maximum matching from Noyu(v*) to Nin(v*). Then,
(D, v*) is guaranteed to be a yes-instance if | Noyt (v*)|+k >
|V (D)|/2. Furthermore, a winning seeding for v* can be
found in polynomial time.

For a neighbor-acyclic instance where v* is a king, we es-
tablish the following structural result.

Theorem 6. Let (D,v*) be a neighbor-acyclic instance
where v* is a king. Then, (D,v*) is guaranteed to be a yes-
instance if ¥b € Ni,(v*), out(b) < 2o0ut(v*). Furthermore,
a winning seeding for v* can be found in polynomial time.

Proof. Let n = |V(D)|. Let A = Nyyu(v*) and B =
Nin(v*). With Lemma 5, it is sufficient to construct a match-
ing of size k from A to B such that |A| + k£ > n/2. Since
v* is a king, there should be at least one arc from A to B. If
|A] > n/2, we can construct a matching of size k¥ > 1, and
then |A| + k > n/2 follows immediately. Next, we consider
the remaining case |A| < n/2.

Let B = {b1,b2,...,bp|} such that foreach 1 <i < j <
|B|, (b;,b;) € E(D). For each b; € B, we have ing(b;) +
outp(b;) = |B| — 1 and ing(b;) =i — 1, and thus

out(b;) = out o (b;) + outp(b;) + [{v*}]
= ([A] =ina(bi) + (IB] = 1 —inp(b;)) + [{v"}]
= (|A] —ina(b;)) + (|B] =i+ 1).
Since out(b;) < 20ut(v*) = 2|A|, we'have
(JA] —ina(b:)) + (|1B]— i +1) < 2|A|.
With |[B| =n — |A] — 1, we get
ina(b;)> n—2|A| —i. )

Let p = n — 2|A|. We define the indexing function 7 :
[p] — [p] as m(q) = 1+ n — 2|A| — q. Note that for each
q € [p], it holds that

nalbrig) >n—2|A| = m(q) =¢ -1,

which implies in.4 (bx(q)) > ¢

We construct a matching M of size k = min(p, | A|) from
Ato B, where M = {(agq, br(q)) : q € [k]}, by picking an ar-
bitrary a, € Nin(br(q)) VA\{a1,...,aq-1} iteratively. The
existence of a, is guaranteed by a simple counting argument:
since |Nin (br(q)) N A| = ina(bx(q)) > ¢, there always exists
an in-neighbor of b(,) in A that has not been matched in the
previous g — 1 steps.

We then show that |A| + k& > n/2 holds under k =
min(p, |A|) = min(n —2|A], |A]). By substituting i = 1 into
Eq. (2), we obtain in4(b1) > n — 2|A| — 1. With in4(b1) <
| A, it follows that n — 2|A| — 1 < |A|, which simplifies to
n — 2|A] < |A|. Thus, k = min(n — 2|Al,|4|) = n — 2|A]|.
Since |A| < n/2, we have |A| + k = n — |A| > n/2. This
completes the proof. O

Remark. The bound Vb € Ny, (v*),out(b) < 2out(v*)
is tight. Specifically, if we replace this bound with Vb €
Nin(v*), out(b) < 20ut(v*), then there exists a no-instance.
For the detailed analysis, please refer to the full version.

6 Conclusion

In this paper, we resolved the parameterized complexity of
TFP with respect to several subset feedback set-based param-
eters centered around the favorite player v*. We showed that
TFP remains NP-hard even when the sfas-v number is con-
stant, answering an open question in the negative. We also
established hardness for constant sfas-in and sfas-out num-
bers. On the positive side, we proved that TFP becomes fixed-
parameter tractable when parameterized by the sum of the
sfas-in and sfas-out numbers, and identified sufficient condi-
tions for v* to win in the neighbor-acyclic case. It remains
open whether TFP is NP-hard when both D[Nj,(v*)] and
D[Nyt (v*)] are acyclic.
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