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Abstract

Integration of Answer Set Programming (ASP)
with neural networks has emerged as a promis-
ing tool in Neuro-symbolic Al. While existing ap-
proaches extend the capabilities of ASP to real
world domains, their reasoning pipelines depend on
classical solvers, which is a bottleneck for scala-
bility. To tackle this problem, we propose a new
method to compute stable models, called decision—
propagation (DProp), which alternates falsity de-
cisions and truth propagations. Successful DProp
computations are shown to capture the stable model
semantics. We then develop Neural DProp (ND-
Prop), a differentiable extension of DProp with
neural computation for decisions and fuzzy evalua-
tion for propagations. We evaluate the capabilities
of NDProp for learning decision heuristics as well
as neuro-symbolic integration, and compare it with
existing neuro-symbolic approaches. The results
show that NDProp can learn to efficiently compute
stable models, and it improves accuracy and scala-
bility on neuro-symbolic benchmarks:

1 Introduction

Neuro-symbolic Al aims to develop systems that bring to-
gether robust learning in neural networks with reasoning via
symbolic representations [d’Avila Garcez and Lamb, 2023;
Wang et al., 2025]. ‘There has been a growing interest in
using logic programming as a general symbolic reasoning
framework for such integrated systems [Evans and Grefen-
stette, 2018; Yang er al., 2020; Manhaeve et al., 2021]. An-
swer Set Programming (ASP), a declarative programming
paradigm widely used for knowledge representation and rea-
soning tasks [Lifschitz, 2008; Brewka et al., 20111, is used in
such systems. Neuro-symbolic integration in ASP has been
attempted in various domains such as Visual Question An-
swering [Eiter er al., 2022], compliance checking [Barbara et
al., 2023] and many more [Borroto et al., 2025].

One prominent approach to accomplishing neuro-symbolic
integration with ASP is to train neural networks with sym-
bolic knowledge expressed with ASP. NeurASP [Yang et al.,
2020] integrates neural atoms into ASP programs, allowing

neural network outputs to be directly incorporated into sym-
bolic reasoning and learning. SLASH [Skryagin et al., 2023]
extends this line of work with neural-probabilistic predicates
and removes low-probability predicate outcomes before ASP
solving, thereby reducing the number of stable models that
must be considered. However, these approaches largely fol-
low a hybrid design in which neural components and sym-
bolic ASP solvers remain separated by an interface: continu-
ous neural predictions must be translated into symbolic atom-
s/literals, constraints, or probabilistic facts before reasoning
can be performed. This introduces a combinatorial grounding
problem, as the system must reason over multiple candidate
associations between perceptual entities and symbolic objects
before being processed by an ASP solver.

To connect neural outputs and symbolic representations
smoothly, it would be desirable to compute answer sets in
continuous domains. Then, to make this connection easily,
we first propose a novel method for computing stable mod-
els called decision—-propagation (DProp). A DProp run itera-
tively alternates between the following two phases: (i) deci-
sion, which selects undecided atoms to commit to false non-
deterministically, and (ii) propagation, which updates the cur-
rent partial assignment by deriving consequences of the pro-
gram under the current assumptions. We then prove that suc-
cessful DProp computations (runs that end without contradic-
tions) capture the stable model semantics.

Subsequently, we propose Neural DProp (NDProp), a dif-
ferentiable extension of DProp. NDProp uses neural net-
works for falsity decisions and fuzzy logic operators for prop-
agations. As NDProp is identical to DProp in the crisp case,
it is able to prove stability when the outputs are binary un-
der a certain condition, making it easy to train in an un-
supervised manner. These make the integration of NDProp
into neuro-symbolic systems seamless, while still preserving
a clear connection to classical stable model semantics. Fur-
thermore, the learned decision steps and parallel capabilities
via GPUs make this approach significantly more scalable.

To demonstrate the effectiveness of NDProp, we conduct
three kinds of experiments: (1) random ASP solving to de-
termine whether NDProp can learn the solving dynamics for
given ASP problems, (2) neuro-symbolic integration to de-
termine whether using NDProp has merits over existing ap-
proaches that use classical solvers, and (3) fuzzy reasoning to
determine whether NDProp can reason and find stable mod-
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els given fuzzy values as input. The results show that ND-

Prop performs better than the respective baselines; it is supe-

rior with respect to accuracy, and has much higher inference

speed than existing ASP-based neuro-symbolic approaches.
In summary, our contributions are:

* We introduce a novel method for computing stable mod-
els called DProp, and prove that a successful DProp
computation captures stable model semantics.

* We develop NDProp, a differentiable extension of
DProp that uses neural decisions and fuzzy propaga-
tions, and show that it coincides with DProp at the crisp
case.

* We analyze the capabilities of NDProp in learning the
solving dynamics of random ASP problems, and attempt
to integrate NDProp into neuro-symbolic frameworks.

* We demonstrate that NDProp performs better than re-
spective baselines, specifically with accuracy and infer-
ence speed.

Consequently, we propose a fully-differentiable answer set
solver based on novel fixpoint semantics, yielding improved
scalability compared to previous neural approaches to ASP.!

2 Preliminaries

2.1 Answer Set Programming

Answer Set Programming (ASP) is a declarative paradigm
based on non-monotonic logic and is widely used for knowl-
edge representation and reasoning [Lifschitz, 2008; Brewka
etal.,2011]. A rule r in a (normal logic) program P has the
form

a<+by,..

.y bm,notcy, ..., notcy, @)

where a, b;, and ¢; are atoms and not denotes default nega-
tion. For a rule r of the form (1), the atom a is the head of
the rule denoted as H(r), and by, ..., b, noteyy.. ., not ¢
is the body of the rule denoted as B(r). The sets BT (r) =
{b1,...,b;m} and B~ (r) = {ec1,...,c;} tepresent the pos-
itive and default-negated body atoms of r, respectively. An
interpretation I, i.e., a subset of the set .4 of all atoms, is a
model of P if it satisfies each rule r of P, i.e., BT(r) C I
and B~(r) N1 = () imply H(r) € I. Furthermore, I is
a stable model (answer set) of P if it is the least model of
the Gelfond—Lifschitz reduct P, which is obtained from P
by deleting every rule whose negative body intersects I and
removing all negative literals from the remaining rules.

Given two interpretations I, J and a normal logic program
P, an immediate consequence operator with respect to J [Van
Gelder, 1993] is defined as

Cpy(I)={H(r)e A|B*(r)CI,B~(r)nJ =0}.

We define C% ,(I) = I and O} (1) = CP’J(C§7J(I)) for
integer k (> 0). When P™ is a definite program, i.e., a pro-
gram whose rule contains no default negation (I = 0), for
fixed J there is a least fixpoint of Cp+ ; starting from 0,

' A full version of this paper with appendices is available as [Eiter
et al., 2026]. The code is available at https://github.com/sotam2369/
NDProp.

which is the least model of P*, denoted as C2 ;(0) [van
Emden and Kowalski, 1976]. Then, the next lemma holds.

Lemma 1. S is a stable model of P iff S = C’5(0).

Proof. Let Tp be the immediate consequence operator of a
definite program P, and write 7,5°(()) for the result of iter-
ating Tp from () to its least fixpoint. By definition, S is a
stable model of P iff S = 7,52 (0), where P* is the Gelfond—
Lifschitz reduct. For normal programs, iterating Cp g from ()
coincides with iterating 7ps, so C3g() = T55(0). Hence
S'is stable iff S’ = C'Fg(0). O

2.2 Fuzzy Interpretations

In many real-world settings it is necessary to reason with
vague or incomplete information. ~Fuzzy Answer Set Pro-
gramming (FASP) extends ASP by interpreting atoms with
a truth degree in the interval [0, 1].and evaluating rule bodies,
while adopting stable-model-based semantics for fuzzy inter-
pretations [Nieuwenborgh et al., 2006; Alviano and Pefialoza,
20131

Let A be a set of propositional atoms. A fuzzy interpre-
tation is a mapping I : A — [0, 1] assigning each atom a
degree of truth. To evaluate rule bodies, FASP fixes a t-norm
® : [0,1]2 — [0,1] (fuzzy conjunction), i.e., a commuta-
tive, associative and monotone operator with unit 1. Typical
t-norms include Godel, Product, and Lukasiewicz. Similarly,
t-conorm @ : [0, 1] — [0, 1] represents fuzzy disjunction.

For a rule r of the form (1), the degree to which the body
is satisfied under I is

1B0) = (Q1) (®(1—I<cj>)),
i=1 1

j=
where default negation is interpreted using strong negation
I(notc) =1—1I(c).

3 Decision-Propagation for ASP

In this section, we describe DProp computations, and show
that successful DProp computations capture stable model se-
mantics. DProp uses a forward chaining approach similar
to [Lefevre et al., 2017; Dal Palu et al., 2009], with the
biggest difference being that the decisions are made at an
atom and not at a rule level, making the differentiable ex-
tension much simpler.

Formally, DProp operates on an atom set .A of P, with each
state splitting 4 into disjoint true, false, and undecided sets 7',
F,and U = A\ (T UF), respectively. With initial sets 79 =

ZaA0), FO =0,and U = A\ (T° U F°), a run in DProp
performs the following iterations (k > 1) until termination:

1. Decision. Select an undecided atom a € UF~! (via

some policy), then update F* = FF*~1 U {a}.
2. Propagation.  With F* fixed, compute 7% =
B\ (T*=1) and set U* = UF=1\ (T* U FF).

3. Termination. If U* = (), stop and return T*; otherwise
continue to the next decision.


https://github.com/sotam2369/NDProp
https://github.com/sotam2369/NDProp
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Figure 1: Decision—Propagation (DProp) iteration pipeline.

When a run terminates, we write k = oo, obtaining 7°°°, F'*°,
and U°. Here, both T" and F' increase monotonically because
Propagation and Decision never remove atoms from them.

Lemma 2. A DProp run always terminates for a finite atom

set A.

Proof. Decisions always remove an atom a from U* at every
iteration. Thus, the number of DProp iterations is finite, if the
atom set A is finite. O

Definition 1 (Successful DProp computation). A success-
ful DProp computation is a DProp run that terminates with

U*® =0and T NF>* = .
The following properties of the operator C'p ;(J) are not
hard to see.

Lemma 3. If F C F’, then CI%?A\F(@) C C%,DA\F’ ().

Proof. LetJ = A\ FandJ = A\ F’'. Since F C F’, we
have J' C J. If a rule satisfies B~ (r) N.J = (), then also

B~ (r)NJ’" = 0. As the reducts P/ and P’ are obtained by
removing rules whose negative body intersects .J and J’ re-
spectively, and removing negative literals from the remaining

rules, P/ C P7'. By standard properties of definite pro-
grams, their least models are monotone with respect to pro-
gram inclusion, yielding 725 (0) = C% 4, (0) € 725, (0) =
C55 4 (0): 0

Lemmad. IfTF1 C C}%?A\Fk
CI%?A\F;C ().

Proof. By assumption, T%~!

(0), then C¥

PLA\F* (TF1) =

g CE’?.A\F’C (@) Since
Cp.a\pr is monotone and CP , i (V) is its fixpoint, for

every n > 0 we have C} 4\ p(0) S CF 4 pon (T+1) C

Cpa\rr (@). Since A is finite, there exists m such that
CB A\ px (0) CF A\ rx (0).  Hence, CF A\ pr @ c
Cp A\ rr (Th=1) C C?A\Fk(@), s0 Cpa\ pr (TF1) =

CI%?A\F’C(@)' Therefore, CI%?A\F’C(T]C_I) = C?A\Fk((Z)).
O]

Theorem 1. Let P be a finite program and S C Ap, where
Ap is the set of atoms occurring in P. Then S is a stable
model of P if and only if S is the final true set of a successful
DProp computation.

Proof. (=) Let S be a stable model of P, and F*~1, TF~1
and U*~! be the sets of atoms that are true, false and unde-
fined at the beginning of the k-th iteration, where k = oo
is the final iteration. Consider a run of DProp that at each
step decides the falsity of an atom a € (A \ S) N U*"L.
The propagation step then yields 7% = O (Tk=1,

P, Ap\Fk
which by Lemma 4 equals C37 | 1 (@). Because F* C

Ap \ S, we have S C Ap \ F* and hence, by Lemma 3,
C A\ Fr (0) € Cxs(0). By Lemma 1, C5(0) = S, so

Tk C S and TF N F* = ) for all k- At termination, U™ = §),
50 7% = CF 4\ pee (0) = CF'rec (0) hence T = S from
Lemma 1. From Lemma 2, the computation will terminate as
the given program P:is finite.

(<) Let S be. the final true set of a successful DProp
computation, and T>°=1 and F> be the true and false sets
before the final propagation step. As the propagation step
does not modify F'*°, from Definition 1, S = A\ F* so
S = O p\p=(T7Y) = CFg(T>""). From Lemma 4,

(T 1) = CFg(0), and Lemma 1 implies that S is a
stable model of P. O

Remark 1 (Batch decisions). The proof only relies on the fact
that ' grows monotonically and is held fixed during propaga-
tion. Hence any variant that, in a single decision step, adds a
set E CUtoF (ie., F < F U FE) satisfies the same invari-
ants and therefore admits the same characterization: every
DProp computation of such a variant yields a stable model.

4 Neural Decision—Propagation

We now instantiate DProp with differentiable operators,
yielding a neural solver NDProp that is an extension of
DProp. The overview of the NDProp pipeline is shown in
the middle section of Figure 2. Corresponding to the true
and false sets 7" and F', we consider true and false degrees
(1,¢) € [0,1]™ x [0, 1]™. Furthermore, decisions are imple-
mented via neural decision modules that gradually increase
falsity.

4.1 Neural Extensions of DProp

Each atom a; carries a true and false degree 7; and ¢;. Literal
evaluations are done with the val operator, which outputs for
positive and negative literals

val(a;) = 7; and val(nota;) = ¢,

respectively. Regarding (7;, ¢;), values near (0,0) indicate
undecided atoms, (1, 0) denotes derived truth, (0, 1) denotes
explicit falsity, and (1,1) encodes contradiction. For ND-
Prop, we combine these into a single membership score

pi=3(mi+1—¢;)€0,1],
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Figure 2: NDProp pipeline. The neuro-symbolic integration is added for specific instantiations, and the arrow leading from the neuro-
symbolic block to the ASP program is added only when the backbone neural networks are being trained.

which serves as the atom’s soft truth value indicating whether
the atom should be included in the answer set or not. Im-
portantly, this becomes binary iff (7, ¢;) is (1,0) or (0, 1),
meaning that if the variable is either undecided (0, 0) or (1,1)
contradictory, the score will never become binary. We denote
by (7%, ¢') the degrees at iteration ¢.

Decision Phase

Decisions update only ¢ while holding 7 fixed, as in DProp.
Given a t-norm ® and t-conorm @, the undecided degree y;
for atom a; is defined as

p=1-(rted) =1 -m el -4) e

We then produce decisions via a neural decision module,
which in this case is a Recurrent Neural Network (RNN) that
takes the current input and hidden state s'~! and yields the
decision logits d* and updated hidden state s* as follows:

(d',5") = RNNaee ([ | ¢' '], s7)

where || denotes the concatenation operation. RNNs re-
tain historical information with the hidden states sf, mak-
ing it suitable for our approach that requires producing deci-
sions over multiple steps. We then apply a sigmoid function
o : R — (0,1) on the decision logits to yield the decision
scores:
5t = O'(dt) .

The falsity degrees move toward these selections via

¢ =¢'+ (u 00", @)

with ® denoting elementwise multiplication. Note that ¢'*1
remains in [0, 1], since u* < 1 — ¢' and 6° € (0,1). Because
1! becomes zero for already decided atoms, this additive rule
directly mirrors the discrete falsity decision (F* = F'"1UE
cf. Remark 1) when (7%, ¢*) and &! are binary.

Propagation Phase
Propagation updates only 7 while holding ¢ fixed, as in
DProp. Given a t-norm ® and t-conorm ¢, for each rule 7,

its rule body contributes support

p;(T/9) == ® val(£).

LeB(ry)

Each head-atom a; aggregates these supports via the soft im-
mediate consequence operator

Crom)i= @ pi(r9)

J:H(rj)=a;

Given ¢'*!, we update 7 from the current state 7¢ by iterating
Cp, 4t++1 until convergence:

Tt+1 = C?¢t+1 (’Tt).

In practice, we stop the iteration early when the maximum
change between successive applications of Cp 4++1 falls be-
low a fixed convergence threshold, or the iteration reaches a
given pre-defined value.

Crisp Case Recovers DProp

We give the proof that DProp can be emulated with a specific
constraint on NDProp, showing that NDProp is a differen-
tiable extension of DProp.

Definition 2 (Set induced by ). Let ¢p € [0,1]" be a real

valued vector with the i-th value 1); corresponding to atom
a;. The set induced by 1) is defined as

(] :=={a;i|[i=11<i<n}

In the crisp case, the operator Cp 4 makes the same atoms
true as C'p 4\ r, that is:

Lemma 5. Let (1,¢) € {0,1}" x {0,1}", T = [7] and
F = [¢]. Then, [Cp,s(7)] = Cp 4\ p(T)

Proof. With binary (7, ¢), a positive literal evaluates to 7; €
{0,1} and a default-negated literal evaluates to ¢; € {0,1}
for atom a;. Thus each rule 7;’s support p;(7,¢) is 1 ex-
actly when BT (r;) C [r] and B~ (r;) C [¢]. Aggregating
supports via t-conorm & yields exactly the heads derived by
Cp,a\r(T), so the induced true set coincides. O
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Then we obtain the following property:

Proposition 1 (Crisp Case). Let (1,¢) € {0,1}"™ x {0,1}",
§ € {0,1}™, and propagation compute the fixpoint of Cp,g.
Then, one update of NDProp coincides with one iteration of
DProp.

Proof. With binary (7, ¢), the set induced by undecided de-
gree = (1 —7)® (1 — ¢) corresponds to U = A\ (TU F)
when T = [7] and F' = [¢]. Thus, the update ¢’ = ¢+ (u®J)
coincides with F/ = F' U (U N [4]). From Remark 1, decid-
ing falsity of a set of atoms is fine, thus this exactly coincides
with the decision step of DProp when the falsity of a set of
atoms U N [d] is decided.

Since (1,¢') € {0,1}" x {0,1}", from Lemma 5
[Cpg (T)] = Cpa\p(T). When Cp g (7) is applied until
a fixpoint, this exactly coincides with the propagation step of
DProp. Furthermore, when p, d is binary, 7 and ¢ are guar-
anteed to be binary as well. O

4.2 Loss Alignment

We prove that enforcing NDProp to output binary values is
equivalent to enforcing stability. Here, ¢/’ < ) is equivalent
to Vi (1) < ;) and 0 and 1 are n-dimensional vectors of all
Os and all 1s, respectively.

Lemma 6. Let ¢ < ¢'. Then, Cpy(7) < Cpg(T), and
consequently C¥,(0) < C¥,(0).

Proof. For fixed 7, negative literals evaluate as val(not a;) =
¢;. Since the t-norm ® and t-conorm @ are monotone in
each argument, ¢ < ¢’ implies each rule support p(7, ¢) <
p(T, gf)/), hence Cp’(ﬁ(’r) S Cp@/(’l’). Because CP7¢ S Cp7¢/
pointwise, iterating from 0 yields C; ;(0) < C} , (0) forall
k, and taking the limit gives C34(0) < C5 4 (0). d

Lemma 7. Let 77! < C3,.(0).
C3,.(0).

Proof. The operator Cp 4 is monotonein 7 by monotonicity
of ® and . Since 71! < CPpe(0) and C3y. (0) is a fixpoint
of Cp 4t, for every n > 0 we have C} P 0) <C% ot (rt=hH <
C4:(0). Taking limits yields C3 (ri71) = Pt (0). O

Then, CFu(T'51) =

Theorem 2 (Binary terminal state yields stability). Let P be
a finite program and S C Ap, where Ap is the set of atoms
occurring in P. Then S is a stable model of P if and only
if propagation is applied until convergence with the resulting
membership score p; € {0,1} and S = [p).

Proof. (<) Let p € {0,1}"™ be the membership score ob-
tained from (7°°,¢>°), and let T = [7] and F' = [¢]. Since
pi = (i +1—¢;) and 7°,¢5° € [0,1], p; € {0,1}
implies (77°,¢2°) € {(1,0),(0,1)}, and thus T N F = 0,
TUF = Aand T = [p]. ¢ increases monotonically as
there are no negatives in Equation (2). As propagation is
applied until convergence 7 = CP’ (r°°~1), and from
Lemmas 6 and 7, 7°° = Cp,(0). Since [0] = 0, from
Lemma 5, [7%°] = [CF4(0)] = CF 4\ p(0) = CFr(0).

From Lemma 1, [p] = [7°°] is thus a stable model of P.

(=) Let 7°° and ¢ be the true and false degrees after
the final iteration. From Proposition 1, if we set the decision
scores to be binary and make the propagation phase compute
until a fixpoint of Cp 4, the iteration coincides with a DProp
iteration. From Theorem 1, there exists a successful DProp
computation that ends with the stable model .S, and since 7, ¢
is binary, TNF = [r°]|N[¢>*°] =P and U = 0, (7, ¢>) €
{(1,0),(0,1)} and thus p is binary and [p] = S. O

From Theorem 2, we can conclude that when the output p
of NDProp is trained with a loss function that enforces binary
outputs, it inherently forces the NDProp to learn to output
stable models, given that the final propagation is done until
convergence. This holds even with a single iteration, since the
decision step can falsify a set of atoms at once, c.f. Remark 1.

S5 Experiments

In this section, we perform experiments to answer the follow-
ing three questions:

(Q1) Can NDProp learn to solve ASP problems?

(Q2) Can NDProp compete with existing ASP-based
neuro-symbolic frameworks?

(Q3) What are novel settings in explicit need of NDProp?

5.1 Random Logic Programs

To assess NDProp’s behavior on unstructured problems, we
first evaluate it on randomly generated logic programs. Ran-
dom instances are utilized to evaluate neural approaches to
symbolic solving, e.g., in Boolean Satisfiability [Selsam et
al., 2019], where they are used to evaluate whether learned
models can learn to solve problems that are generally diffi-
cult to find heuristics for.

We follow the linear model L(N2, ¢y, ¢o) for random neg-
ative two-literal (N2L) programs [Wang er al., 2015]. For n
atoms, each pure rule a < not b (with a # b) appears inde-
pendently with probability ¢; /n and each contradiction rule
a < not a appears with probability ¢, /n. Random N2L pro-
grams are attractive for an experimental setting as they are
easy to produce, while being considerably difficult, as it in-
cludes NP-complete instances. The same setting has been
used in other work that attempted to apply GNNs to Answer
Set Computation [Ielo and Ricca, 2021].

As supported models of N2L programs are known to be
stable models as well, we look at problems that are not in this
regard. Specifically, we look at the k-LP(N, L) generator
that has been studied for phase transitions in ASP [Zhao and
Lin, 2003]. We use the 3-LP generator, which has been shown
to be hard around L/N = 5, where L and N correspond to
the number of rules and atoms respectively.

Setup

We focus on having three datasets per generator (N2L, and
3-LP) with different number n of atoms. Specifically, we
use easy (5-10), medium (11-50), and hard (51-100). We
specifically use the hard set to determine whether the model
is able to generalize to bigger problems. Each dataset con-
sists of 1000 training and 100 validating instances and 100
testing instances. As the baseline, we implement RDProp,
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Addition Addition2 Add2x2

Apply2x2 Member3 Member5

NDProp NASP SLASH NDProp NASP SLASH NDProp NASP

SLASH NDProp NASP

SLASH NDProp NASP SLASH NDProp NASP SLASH

Train 160 1612 430 235
Test 037 2425 994 1.28 3390 3.73

TO 2374 692 TO

1.15 4159 3.75

346 385 166 110 2829 TO 969 TO TO
1.52 531 432 079 513 3.08 440 4964 6.38

R.Acc 99.02 98.54 98.91 98.92 98.46 99.00 99.04 98.59 98.94 100.0 100.0 100.0 97.25 96.81 97.16 96.97 11.56 8.92
LAcc 98.20 97.11 97.83 96.10 94.57 96.47 95.73 93.70 95.17 100.0 100.0 100.0 98.97 98.57 98.73 97.53 59.67 60.30

Table 1: Neuro-symbolic MNIST results for NDProp, NeurASP (NASP) and SLASH, all trained for 10 epochs. Metrics are Train: Training
time, Test: Testing time, R.Acc: Recognition Accuracy (%), and I.Acc: Inference accuracy (%).

Method Split NaL 3-LP
E M H E M H
E 100 80 17 100 61 12

NPPIOP M 100 96 42 100 86 37

Random — 77 1 0 56 0 0
RDProp-1 - 40 9 0 7 0 0
RDProp-10 - 9% 37 4 60 3 0
RDProp-100 — 100 68 15 99 14 0

Table 2: Percentage of instances for which a stable model was found,
when trained on the easy and medium sets of each corresponding
dataset. RDProp-K corresponds to DProp with random decisions,
with a total of K restarts. Best accuracy is in bold, and second best
accuracy is underlined.

which is DProp with random decisions. We test RDProp with
1, 10, and 100 restarts, denoted as RDProp-1, RDProp-10,
and RDProp-100 respectively. We compare NDProp with
RDProp to see whether NDProp is able to learn the decision
making process to outperform random decisions.

For NDProp, we train for 1000 epochs, with the setup of
an iteration of 10 (50 at test time), a hidden dimension of 32,
a logical dimension of 32, a learning rate of 1 X 1072, and
the Godel t-norm. The logical dimension means the model
maintains multiple logical states at once, and we select the
state whose output is closest to binary at the end. For the loss
function, we use the smallest Binary Cross Entropy (BCE)
loss over all stable models as the objective function.

Results

Table 2 provides the percentage of problems in each test set
solved. The results show that NDProp is effectively learning
the decision dynamics for solving random problems. Specif-
ically, NDProp is shown to completely outperform RDProp
in the 1-shot setting, with performance on medium and easy
training datasets exceeding that of 100-shot RDProp. This
empirically supports our claim that NDProp is an extension of
DProp, and that it can learn the decision heuristics for finding
stable models for logic programs.

5.2 Neuro-Symbolic Tasks

As NDProp can approximate answer sets differentiably, it
is natural to combine with existing neural networks based
architectures to perform neuro-symbolic inference. In all
settings, the input consists of one or more MNIST images,
and supervision is provided only through arithmetic relations

between the underlying concepts, rather than through per-
image labels [Manhaeve er al., 2021; Gaunt e al., 2017,
Tsamoura et al., 2021]. The goal is therefore to jointly learn
perception using symbolic reasoning from weak, relational
supervision. This will allow us to'evaluate the merits of using
an end-to-end differentiable system, as opposed to a system
that relies on separate training of the perception module and
the reasoning module.

ASP Encodings. In contrast to prior neuro-symbolic ASP
systems that use neural predicates to interface with perception
modules [Yang et al., 2020], we adopt a different strategy.
We embed the output of neural models as fuzzy facts into
a fixed ASP program that encodes the arithmetic constraints
(Figure 2). While this may seem to force NDProp to perform
as a FASP solver, the objective is to produce binary outputs,
explicitly forcing the backbone perception model to predict
binary values as well.

Setup

In this experiment, we perform evaluations on six variants
of the MNIST-based arithmetic reasoning tasks that are com-
monly used as neuro-symbolic benchmarks [Yang et al.,
2020; Manhaeve et al., 2021]: 1 and 2 digit addition, Add2x2,
Apply2x2 (with handwritten operator images) and 3 and 5
digit membership. For NDProp, we use the setup with iter-
ation of 1, hidden dimension of 8, logical dimension of 2,
learning rate of 1 x 103, and product t-norm.

We compare the performance of NDProp with ASP-based
neuro-symbolic systems: NeurASP [Yang et al., 2020] and
SLASH [Skryagin et al., 2023]. Experiments are conducted
with a maximum of 10 epochs for all approaches, with a time-
out set to 3000 seconds; the training is cut off when the budget
is reached, and accuracy is checked at the end of the epoch.
The training setup used is identical to those given in the orig-
inal papers.

Results

Table 1 reports recognition accuracy, inference accuracy (ac-
curacy of final output), and runtime (seconds) for both train-
ing and testing splits, averaged over 3 runs. Across six neuro-
symbolic tasks, NDProp achieves higher digit and inference
accuracy than NeurASP and SLASH for five, with the excep-
tion of the Addition2 task, where SLASH has a slightly higher
recognition and inference accuracy. Empirically, this shows
the benefits of using end-to-end trainable systems: jointly op-
timizing perception and reasoning leads to more cohesive and
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consistent outputs, leading to performance similar to or bet-
ter than systems that rely on symbolic solvers. This is similar
to findings in prior works that use differentiable computation
of supported models [Takemura and Inoue, 2024], yielding
faster training time and higher accuracy in certain setups.

Furthermore, the training time for NDProp is significantly
faster than NeurASP and SLASH. Specifically, for the Mem-
ber5 task, both NeurASP and SLASH fail to train even one
epoch within the time budget, leading to very low accuracy.
On the other hand, NDProp has a longer training time for
Apply2x2; this is thought to be because there are extremely
many grounded atoms in this task, which have to be processed
at once for the forward pass of NDProp, leading to a much
higher computational cost.

The difference is more prominent in the testing speed,
where NDProp is an average of 41.8 times faster than
NeurASP, and 6.8 times faster than SLASH. This is mainly
due to the GPU capabilities of NDProp; GPUs allow for
higher parallelization, allowing our model to process multiple
instances with one forward pass, even during testing. In com-
parison, NeurASP can only process one instance at a time,
while SLASH can process multiple instances only at training
time.

5.3 Reasoning with Incomplete Data

In this experiment, we look at settings where data is incom-
plete. Given the predicted outputs of models with incomplete
training, NDProp can add a layer of reasoning on top, yield-
ing a solution that is both correct in terms of the given re-
quirements and is able to account for the information given
by the incomplete data.

Setup

Visual sudoku is a task where each cell has an image cor-
responding to a number, and the goal is to find the correct
solution for the given grid, with MNIST being the most com-
mon image used. In this experiment, we hypothesize a setting
where the neural network is fixed; we pretrain the model on
MNIST images, and reason on its predictions to find the so-
lution to the task. By having models that are trained on less
data, we can simulate a situation in which the given predic-
tions are not correct 100% of the time.

We specifically focus on the 4x4 setting with each cell con-
taining an image with a number between 0-4 (0 for empty
cell). We vary the amount of labeled training data for the
MNIST predictor (100%; 50%, 10%, 5% and 1%) with 500
steps of training, to test-whether the framework can perform
under imperfect settings. We compare against two baselines
that use the same predictions:

* ASP: Give the current predictions other than O as a fact,
and solve the ASP program.

* Neural: Train a neural classifier that takes as input the
predicted values of each cell (0 for empty cells), and pre-
dict the digit in each cell. This is trained until conver-
gence.

In this setting, our framework is used in a separate way to the
neuro-symbolic tasks. As the input facts are not trained to
become binary, we use the facts only as a heuristic to guide

100%  50% 10% 5% 1%

NDProp 9533 93.80 9243 88.07 74.30
ASP 92.77 9240 90.03 85.60 70.47
Neural 84.07 84.17 8323 80.87 73.30
Digit Acc.  99.25 99.24 99.12 98.58 96.89

Table 3: Visual sudoku accuracy (%) with different digit classifier
training sizes. Best score is bolded, and the second best is under-
lined. The row of Digit Acc. shows the prediction accuracy on
MNIST (digits 0-4) of the backbone neural model.

NDProp to a solution. This is provided through the RNN’s
initial hidden states s° for each atom, which is computed by a
single-layer MLP. We train for 100 epochs (which is sufficient
for the model to converge) using NDProp with iterations of 3,
hidden dimension of 8, logical dimension of 2, learning rate
of 1 x 1073, and Gédel t-norm.

Results

Table 3 shows the percentage of problems where all digits for
each cell were given correctly over 3 runs. In every setup, we
can see that NDProp performs the best, with constant gains
against the second best method. An interesting trend that can
be observed is that when the amount of data goes up, the ASP
baseline performs much better. This is because when the pre-
dictions are correct, a complete reasoning mechanism will al-
ways get the correct solution.

On the other hand, while increasing the performance of the
digit classifier does not have too dramatic of an impact for
the neural method, we can see that the deterioration in per-
formance is much smaller. This shows that neural models in
general are very strong with imperfect inputs, showing merits
over classical methods that completely plummet at 1%. ND-
Prop is able to achieve the best of both worlds: when the pre-
dictions are accurate, NDProp can properly reason on them
to get the correct solution, and when the predictions are less
accurate, it uses the information to find a solution that is most
compatible with the predictions.

6 Related Work
6.1 ASP Solvers

Classical ASP systems such as smodels [Niemeld and Si-
mons, 1997] and DLV [Leone er al., 2006] perform 2-
valued branching search by first examining the true case and
then the false case (or vice-versa). Later systems such as
clingo [Gebser et al., 2016] and WASP [Alviano et al., 2013]
adopt CDCL-inspired architectures that combine determinis-
tic propagation with branching decisions, allowing for more
efficient search and learning from conflicts.

DProp differs from these systems in that it focuses on
deciding only the falsity of atoms and propagating the true
atoms. Furthermore, this design treats stability as a result of
computation: when the solution is contradiction-free, stabil-
ity is guaranteed (Theorem 1). These features enable a dif-
ferentiable extension by NDProp, whose crisp case provably
retains the same theoretical properties as DProp. Such dif-



PRELIMINARY PREPRINT VERSION - DO NOT CITE
This is not the version of record. The final version will appear in the Proceedings of JCAI-ECAI 2026.

ferentiable extensions are not easily achievable with existing
ASP solvers.

Fuzzy answer set programming is an extension of ASP to
handle degrees of truth using fuzzy logic [Nieuwenborgh et
al., 2006; Alviano and Pefialoza, 2013]. These approaches
adapt the stable model semantics to allow the use of fuzzy
truth values, often employing t-norms to define rule satisfac-
tion and model construction.

6.2 Fixpoint Semantics

A wide range of fixpoint semantics for ASP have been pro-
posed in the literature. Earlier works formalized nondeter-
ministic fixpoint computation in various ways. For example,
Sacca and Zaniolo [1990] incorporate a backtracking mech-
anism into bottom-up search, and Inoue and Sakama [1996]
characterize a parallel procedure to compute stable models
[Inoue er al., 1992; Shirai and Hasegawa, 2004] by a fix-
point operator with case splitting and constraints. Efficient
search strategies to limit the number of case splitting during
fixpoint computation could be learned by machine learning
techniques, but there has been no such attempt yet.

Fages [1991] shows a non-contradictory strategy for
justification-based derivation like truth maintenance system
yields a stable model at a fixpoint. Similarly, the notion of
persistent computation by Liu et al. [2010] selects applicable
rules to compute stable models, and the idea leads to ASP
solvers GASP [Dal Palu et al., 2009] and ASPeRiX [Lefevre
et al., 2017]. Such a selection strategy is similar to DProp,
which captures stable models as computations of iterations
using propagation and choice. The main difference is that in
GASP and ASPeRix, the choice is performed on all negative
body literals of a chosen rule, while DProp performs deci-
sions on any undecided atom; the latter eases extension into
the continuous domain.

Several works characterize stable models via alternating
fixpoints and approximation operators [Fitting, 2002]. The
alternating fixpoint theory [Przymusinski, 1991] defines sta-
ble models as fixpoints of an operator that alternates be-
tween deriving positive and negative information. Denecker
et al. [2000] develop an approximation theory that captures
various non-monotonic semantics including stable models,
through the use of approximating operators and their fix-
points. These frameworks yield stable models in different
ways than DProp, which directly produces stable models
through propagation—decision steps.

6.3 Neural Answer Set Solving

Neurosymbolic integration of ASP is a field being actively
explored. NeurASP [Yang et al., 2020] finds stable models of
programs that contain neural atoms using symbolic solvers,
and uses the results to train the neural perception model.
SLASH [Skryagin et al., 2023] extends this system to sup-
port joint distributions, richer queries, and scalable inference.

In contrast to works that use classical ASP solvers, several
works have explored the use of differentiable approaches for
solving ASP problems. One approach to accomplish this is by
using deep learning with discrete solvers such as clingo. Dif-
ferentiable ASP/SAT [Nickles, 2018] compute stable models
with ASP solvers utilizing derivatives of a cost function, and

Dodaro et al. [2022] explore the use of deep learning to gen-
erate domain-specific solvers for WASP.

Another differentiable approach is to directly compute sup-
ported or stable models in vector spaces. Aspis er al. [2020]
use a matrix representation of logic programs to compute sup-
ported models, and solve a root-finding problem using New-
ton’s method. Takemura and Inoue [2022] propose another
matricized method by defining a cost function that yields
a supported model when the cost is minimized to be zero.
Sato et al. [2026] extend such matricized methods by en-
coding loop formulas in vector spaces, so that stable mod-
els can be obtained by minimizing a single objective. Ielo
and Ricca [2021] use GNNss to solve negative two literal pro-
grams, which are known to have the property that all sup-
ported models are stable models. GNNs have been used in
Boolean constraint solvers other than ASP, such as Boolean
Satisfiability [Selsam et al., 2019] and Maximum Satisfiabil-
ity [Moriyama and Inoue, 2025], with the latter specifically
showing that t-norms are beneficial for developing differen-
tiable solvers. Our approach is classified as a differentiable
approach as well, with the main differences being how the
solutions are being computed: prior works use the cost func-
tion to optimize the variable assignments, while NDProp uses
a propagation-decision process to search for stable models,
with the decision heuristics being learned. Additionally, our
work requires only binarization to get stable models rather
than supported models, while prior works require the use of
loop formulas or do not consider it at all.

7 - Conclusion

We have presented decision—propagation (DProp), a novel
method for computing stable models. DProp alternates be-
tween falsity decisions and truth propagations, and a success-
ful DProp computation is shown to capture the stable model
semantics. We then proposed NDProp, a differentiable exten-
sion of DProp that uses neural decisions and fuzzy propaga-
tions, and show that it coincides with DProp at the binary
limit. Experiments on random logic programs and neuro-
symbolic benchmarks show that NDProp is able to learn to
solve ASP problems, and can be combined with neural mod-
els to train end-to-end. Compared to existing approaches that
use symbolic reasoning, our approach incorporates learning
in the reasoning step as well, resulting in a higher accuracy.
The results display the power of a differentiable and learnable
solver in pipelines where reasoning is required.

Throughout the experiments, we have noticed that some t-
norms work better than others in each setting. An extensive
study of t-norms in particular settings is left out for future
work, as each t-norm has different properties that are benefi-
cial in different settings [Eiter et al., 2025]. Another direction
to explore is whether the semantics of NDProp aligns with
FASP. At the moment, NDProp is aimed at normal logic pro-
grams, but with modifications, it could be used to solve fuzzy
variants. Finally, extending the framework to support often
used constructs such as constraints, choices and aggregates is
left for future work. This would allow for use in more com-
plex neuro-symbolic tasks, and would be an important step
towards applying the framework to real-world scenarios.
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