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Abstract

We study the problem of optimally placing charg-
ing stations for a set of k¥ anonymous mobile agents,
each of which must reach a distinct terminal. The
agents are identical and can travel only up to a given
distance r on a single charge. The objective is to
find a placement of charging stations so that every
terminal can be assigned a unique agent capable of
reaching it, and the number of charging stations is
minimized. The problem is known to be NP-hard
in general and solvable in polynomial time only on
paths and cycles.

In this work, we comprehensively investigate the
classical and parameterized complexity of the prob-
lem. We first design a polynomial-time algorithm
that, given a set of candidate charging stations, de-
cides whether a feasible assignment of agents to
terminals exists. This result also establishes the
membership of the problem in NP, which was not
previously known. We then analyze the param-
eterized complexity of the problem. Our results
show that the problem remains hard even when we
consider different combinations of natural param-
eters and structural parameters of the given net-
work, such as the distance r plus the tree-depth, or
the number of charging stations plus feedback ver-
tex set number. On the positive side, we present
three fixed-parameter tractable (FPT) algorithms:
one parameterized by the number of agents k, a sec-
ond by modular-width, and a third by vertex cover
number. Finally, we give a polynomial-time k-
approximation algorithm, as well as a polynomial-
time algorithm for trees, by solving a generalized
version of the problem that allows for some charg-
ing stations to be pre-placed.

1 Introduction

Coordinating multiple agents in a shared working environ-
ment via routing and path planning has become a central
problem in optimization and robotics [Wurman er al., 2008].
The agents are typically autonomous mobile robots tasked

with performing specific operations within designated do-
mains such as warehouses, hospitals, libraries, restaurants,
military installations, and transportation systems. In practi-
cal settings, these agents are often identical with respect to
key attributes, including speed, battery capacity, and compu-
tational capability.« Depending on the nature of their tasks
and the operational costs incurred by system operators, a
variety of models have been proposed, with the most well-
known being the VEHICLE ROUTING PROBLEM (VRP) and
the MULTI-AGENT PATHFINDING (MAPF) problem. Natu-
rally, many of these problems are computationally intractable.
In particular, MAPF is known to be notoriously hard when
multiple agents are required to reach agent-specific goals
without collisions. Indeed, it remains NP-hard even on struc-
turally simple networks, such as trees with a small number of
internal vertices [Fioravantes et al., 2025al.

In most cases, the agents operate under limited energy ca-
pacities and must periodically recharge their batteries to sus-
tain continuous operation [Kundu and Saha, 2018; Kundu
and Saha, 2021]. In practical environments such as ware-
houses, hospitals, road networks [Zhang et al., 2022], and
airborne delivery systems, the efficient placement of charging
stations is crucial for ensuring cost-effective and reliable op-
erations. Recent studies [Falchetta and Noussan, 2021] show
a significant gap in the placement of charging infrastructure
that leaves agents stranded due to depleted batteries. Nowa-
days, in the US [David Shepardson, 2025] and the EU [Eu-
ropean Automobile Manufacturers’ Association, 2024], the
problem of green energy adoption has become crucial, and
consequently, both the placement of charging stations and
the scheduling of recharging cycles have a significant impact
on overall system performance by substantially reducing idle
time and improving operational efficiency [Zhu et al., 2025;
Xiong et al., 2015].

1.1 Our Model

In this work, we are interested in scenarios where we have
multiple identical agents placed in a network together with
a set of terminal positions. The movement of the agents is
energy-dependent, and each agent requires recharging at least
once every specific number of steps. The goal is to identify
the minimum number of charging stations and their place-
ment in the network such that each terminal is reachable by
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a unique agent. We call this problem CHARGING STATION
PLACEMENT.

In order to give a formal definition we need some graph-
theoretical notation. Let G = (V, E) be an undirected graph
where |V| = n, C be a subset of V and r be a positive integer.
A sequence of vertices v1, . ..,vs, £ € N, where v;v;4; € E,
foralli € [¢ — 1], is called a walk between v; and vg. A walk
W connecting s and t is a (C, r)-walk if it can be decomposed
into a set of sub-walks Py, P, ..., P, such that:

1. for every 1 < ¢ < m, the last vertex of P; is the first
vertex of Pjyq,

2. for every 1 < ¢ < m, the shared vertex of P; and P,
belongs to C, and

3. the length of each sub-walk P;, i € [m] is at most r.

In CHARGING STATION PLACEMENT, we are given an
undirected graph G = (V, E) with |V| = n along with two
sets of vertices S and T with |S| = |T| = k, together with a
capacity . We need to compute a minimum cardinality sub-
set C' of charging stations such that each target position in
T can be occupied with exactly one robot using the chargers
in C. We call C' a charger placement, or simply, placement.
Further, we say that a charger placement C' is feasible if there
exists a bijection f : S — T and for any pair s, f(s) there ex-
ists (C, r)-walk in G that connects s and f(s). Then CHARG-
ING STATION PLACEMENT is formally defined as follows.

CHARGING STATION PLACEMENT

Input: Graph G = (V] E), two sets of vertices S C V and
T C V, where |S| = |T| = k, and two positive integers r
and c.

Question: Is there a feasible charger placement C C V' of
size at most ¢ in G?

We denote by (G, S,T,r,c) an instance of CHARGING
STATION PLACEMENT. Any feasible charger placement C'
of minimum size is called a minimum charger placement.

CHARGING STATION PLACEMENT has applications in
scenarios where we have identical energy-dependent robots
that need to reach specific places to perform some tasks.
Other scenarios may assume fully electrical communities
where everyone moves with electric vehicles, and some com-
panies try to provide charging stations in order to allow their
employees to reach their workplaces. In such scenarios, it is
not unnatural to assume that the employees have received the
same training and thus can be considered identical.

1.2 Our Assumptions and Limitations

The primary motivation behind our model is to minimize the
number of charging stations. This is a rational objective, since
in many cases, deploying additional charging stations is the
primary challenge. This challenge may arise from various
factors, such as budgetary constraints or regulations imposed
by third parties. Therefore, our model is tailored with this
obstacle in mind.

Motivated by this, we adopted the following assumptions.
First, we do not consider the travel distance, focusing solely
on reachability. Second, we consider the anonymous version

of the problem, i.e., the final agent—terminal matching is not
restricted. We do not consider any timing limitations; i.e., we
do not consider charging times or any restrictions imposed by
the positions of the agents in the network.

Notably, these are some of the most common restrictions
appearing in many path-finding problems. However, as previ-
ously noted, the current model is highly applicable even with-
out incorporating any of these constraints.

1.3 Our Contribution

We provide a detailed study of the computational complexity
of CHARGING STATION PLACEMENT, with an emphasis on
its parameterized complexity. Table 1 summarizes our results.
In section 3, we prove that the problem belongs to the class
NP. To this end, we present a polynomial-time algorithm that,
given a subset C, verifies whether it is a feasible solution of
CHARGING STATION PLACEMENT.

In Section 4, we provide several hardness results, includ-
ing NP-hardness on planar bipartite graphs of maximum de-
gree 3, W[2]-hardness when parameterized by the number of
chargers ¢, W[1]-hardness when parameterized by the feed-
back vertex set number fvs together with the number of charg-
ing stations ¢, and W[1]-hardness when parameterized by dis-
tance to stars-dts of GG or distance to clusters dtc, even for
instances with = 1. For the inapproximability, the problem
admitsno (1 = €) In k-approximation algorithm even on split
or bipartite graphs unless P=NP.

We then turn to algorithmic results. In Section 5, we
present three FPT algorithms: one parameterized by the num-
ber of agents, a second by modular-width, and a third by ver-
tex cover number. The first is obtained via a reduction to
the well-studied STEINER TREE problem, while the second
and third exploit structural properties of graphs with bounded
modular-width and vertex cover number, respectively. Fi-
nally, we provide a polynomial-time algorithm for trees, as
well as a polynomial-time k-approximation algorithm.

Due to space limitations, we omit several proofs or provide
only proof sketches.

1.4 Related Work

Robot motion planning [Cesati and Wareham, 1995] is central
to artificial intelligence and multi-agent systems, with a vast
body of literature on path planning for mobile agents [Guo
et al., 2023]. Prior works address diverse optimization ob-
jectives, including minimizing total traveled distance [Liu et
al., 2019], ensuring collision avoidance [Fioravantes et al.,
2025b], and obstacle removal [Erickson and LaValle, 2013].
However, accommodating agents with limited energy intro-
duces fundamentally different constraints, necessitating a dis-
tinct algorithmic perspective.

CHARGING STATION PLACEMENT is first introduced
in [Das, 2025], proving it NP-hard in general networks and
polynomial-time solvable on simple paths or cycles. To our
knowledge, CHARGING STATION PLACEMENT is not stud-
ied elsewhere. However, since charging station placement
is a central challenge in electric vehicle (EV) E-mobility,
Storandt and Funke [Storandt and Funke, 2013] address re-
lated problems. They study the hardness of minimizing
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Category Parameter / Graph Class Specific Constraint Result Ref.
Planar bipartite graphs (A =6) r =1 NP-complete Thm. 2
Classical Complexity Planar bipartite graphs (A =3) r =3 NP-complete Thm. 2
Bipartite graphs (A = 4) r=1 NP-complete Thm. 2
Trees P Thm. 9
Number of agents (k) General graphs FPT (kO()) Thm. 6
Natural Parameters Number of chargers (c) Split graphs, r = 1 W(2]-hard Thm. 3
Number of chargers (c) Bipartite graphs, r =1  W]2]-hard Thm. 2
Number of chargers (¢) General graphs XP (nC(9)) Cor. 2
Distance to clusters (dtc) Param. by dtc + r WI[1]-hard Thm. 4
Structural Parameters Distance to stars (dts) Param. by dts + r W(1]-hard Thm. 4
Feedback vertex set (fvs) Param. by fvs + ¢ W(1]-hardf Thm. 5
Modular-width (mw) FPT (2™%) Thm. 7
Vertex cover (vc) FPT (22ve’#ve) Thm. 8
Approximation General graphs k-Approx. Thm. 10
Split/Bipartite graphs no (1 —e€)ln k-approx.  Cor. 3

o(fvs+c)

T No algorithm runs in time n assuming the ETH.

Table 1: Overview of the results for CHARGING STATION PLACEMENT.

charging stations in a directed graph where each pair of ver-
tices needs to be reachable subject to recharge constraints.
Strimel and Veloso [Strimel and Veloso, 2014] study finding
a location minimizing charging stations when a single agent
needs to reach a given set of targets following a predeter-
mined path. Kundu and Saha introduce an INDOOR CHARG-
ING STATION PLACEMENT problem: given a workspace
graph and battery threshold, place the minimum number of
stations so that any robot from any starting point can reach a
station before running out of power [Kundu and Saha, 2018].
They formulate two variants (minimize stations given thresh-
old, or find maximum threshold given station count), develop
SMT-based algorithms, and later prove both variants NP-hard
with polynomial-time approximation algorithms [Kundu and
Saha, 2023; Kundu and Saha, 2021]. Kumar et al. formu-
late the persistent robot charging problem, which optimizes
recharging schedules to minimize station utilization during
extended missions [Kumar ez al., 2025].

While identical agents often simplify models, this is not
always the case. MAPF is one example where, considering
identical agents (i.e., goals are not agent-specific), we can ef-
ficiently compute coalition-free schedules [Yu and LaValle,
2012]. However, the VRP, seeking optimal routes for a fleet
of vehicles, is originally introduced as a “truck dispatch-
ing” problem for a homogeneous fleet [Dantzig and Ramser,
19591, yet remains computationally hard.

Our problem diverges significantly from both VRP and
MAPF. Unlike VRP and MAPF, CHARGING STATION
PLACEMENT minimizes charging stations rather than pri-
marily bounding travel time. This aspect distinguishes our
work from previous routing problems. Notably, beyond [Das,
2025], other works consider similar settings. Agarwal et
al. [Agarwal et al., 2016] define a SHORTEST-PATH HIT-
TING SET problem to place minimum charging stations so
that every shortest path remains “EV-feasible” (traversable on

a full charge). A key distinction lies in our focus on travel-
ing between specific starting and terminal positions, while
SHORTEST-PATH HITTING SET guarantees feasibility be-
tween any pair via a shortest path. In some sense, our setting
generalizes their model. Furthermore, we note that in prac-
tice, connecting all possible pairs is often unnecessary.

2 Preliminaries

Throughout this paper, we use standard graph theory notation
and terminology. Let G = (V(G), E(G)) be an undirected
graph with |[V(G)| = n vertices and |E(G)| = m edges.
When the context is clear, we omit the argument G (e.g., writ-
ing V and E). A directed arc from u to v is denoted by ut,
and an undirected edge between u and v is denoted by wv.
We denote the distance between u and v by dist(u, v).

For a vertex v € V, the neighborhood of v is denoted by
N(@) = {u € V | wwv € E}. The degree of v is denoted
by deg(v) = |N(v)|. The maximum degree of G is de-
noted by A(G) = max,cy deg(v). For a positive integer
r, the r-neighborhood of v is denoted by N,.(v) = {u € V|
dist(u,v) < r}. For a graph G = (V, E), the r-th power of
G, denoted by G" = (V, E"), is a graph with vertex set V
where uv € E7 if and only if the distance between v and v in
G is at most 7. Note that G = G.

2.1 Natural and Structural Parameters

One of the main goals of this work is to study the parame-
terized complexity of CHARGING STATION PLACEMENT. In
the parameterized complexity framework, in addition to an
input instance, one is given a parameter x, and the objective
is to design algorithms whose running time is efficient when
x is small. A problem is fixed-parameter tractable (FPT) if
there exists an algorithm that runs in time f(x)-n°M), where
f is a computable function depending only on x, and n is the
input size. Such an algorithm is called an FPT algorithm.
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Some problems are believed not to admit FPT algorithms
under standard complexity assumptions; such problems are
called W[1]-hard.

We consider both natural parameters, such as the number ¢
of charging stations or the number & of agents, and structural
parameters of the underlying graph. The structural parame-
ters used in this paper are the following:

e Feedback vertex set number, fvs: the size of a smallest
set S such that G — S is a forest.

e Distance to stars, dts: the size of a smallest set S such
that G — S is a disjoint union of stars.

e Distance to clusters, dtc: the size of a smallest set S
such that G — S is a disjoint union of cliques.

We also consider the modular-width mw of a graph. While
the formal definition is rather technical, intuitively mw mea-
sures how well the vertex set can be recursively partitioned
into modules where vertices of the same module have iden-
tical neighbors outside of the module. Finally, the set S of
vertices is called a vertex cover if u € S or v € S for every
edge uv € E. The vertex cover number vc of G is defined by
the size of a minimum vertex cover.

We note that these parameters are closely related to
treewidth tw and cliquewidth cw. In particular, for any
graph G, the inequalities mw < 2V¢ 4 ve, cw < dtec < v,
and tw — 1 < fvs < dts < vc hold. Consequently, the hard-
ness results for fvs, dtc, and dts imply corresponding hard-
ness results for tw and cw. Conversely, the FPT result for
mw implies FPT results for other parameters, e.g., the vertex
cover vc.

2.2 General Observations

Throughout this paper, we assume that the input graph is con-
nected, as the global solution can be computed by solving the
problem for each connected component of the input graph.

Then, we give several useful observations for CHARGING
STATION PLACEMENT.

Observation 1. Ler G = (V, E) be a graphy C C V and r
a positive integer. Additionally, let (s;,t;),4 € [k] be k pairs
of vertices. If siy1 = t; € C foralli € [k — 1] and there
exists a path P; of length at most r between s; and t;, for all
i € [k], then there exists a (C,r)-walk between s, and ty.

Observation 2. Let G = (V, E) be a graph, C C V and
T a positive integer. Additionally, let W ,, and Wy ,, be two
(C,r)-walks between s and v, and between t and v respec-
tively. If v € C, then we can combine the two walks into a
(C,r)-walk between s and t.

Proposition 1. An instance (G,S,T,r,c) of CHARGING
STATION PLACEMENT is a yes-instance if and only if the in-
stance (G, S, T, 1,c) is a yes-instance.

3 NP-Membership

Let (G,S,T,r,c) be an instance of CHARGING STATION
PLACEMENT and let C' C V(G) be a vertex set of order at
most c. We prove that one can decide if C' is a feasible so-
lution of (G, S, T, r, ¢) in polynomial time. This implies that
CHARGING STATION PLACEMENT belongs to the class NP.

We construct an intermediate directed graph D from G in
the following way. The vertex set of D is S UT U C. Now,
we construct the set of arcs in A(D) as follows. For any
vertex u € S U C we add the arcs w0 in A(D) if and only
ifv € N.(u) N (T UC). Now, the following lemma is true
for D.

Lemma 1. For any pair (s,t) € S x T, there exists a (C,r)-
walk in G if and only if there exists a directed s-t path in D.

Then we consider an auxiliary bipartite graph H that is
constructed as follows: For each vertex s € S, we create a
vertex us in H. For every vertex ¢t € T' we create a vertex v,
in H. Note that if a vertex w is both a starting and a terminal
vertex, i.e., w € SN T, then we create two vertices related to
w: U, representing that it is a starting vertex and v,, repre-
senting that it is a terminal vertex. We construct both vertices
because we may have optimal solutions that do not match s
with ¢, even if s = ¢. Then we introduce an edge between two
vertices ug and vy in H if and only if there exists a directed
path from s to t in D. We conclude the following lemma.

Lemma 2. The set C with |C| < c is a feasible solution of
(G,S,T,r,c) if and only if there exists a perfect matching in
H.

Observe that the construction of both D and H can be per-
formed in polynomial time. Indeed, the edges in A(D) de-
pend on N,.(v) of v, which can be computed by a Breadth-
First Search (BFS), and the edges of H can be computed
using an algorithm for s-t paths in D. Both BFS and s-t
paths can be computed in polynomial time [Cormen et al.,
2009]. Finally, computing a maximum matching can be done
in polynomial time [Cormen et al., 2009].

Theorem 1. Given an instance T = (G, S, T,r,c) and a set
C C V(G), we can decide in polynomial time whether C'is a
feasible solution of I. Additionally, we can return a bijection
f:S = T and a set of (C,r)-walks between s and f(s) for
s€S.

Corollary 1. CHARGING STATION PLACEMENT belongs to
NP.

We conclude by observing that given the number of charg-
ers c, there are at most n?(¢) possible placements of charging
stations in any graph of order n. Therefore, by enumerating
all potential solutions and checking their feasibility, we have
the following corollary.

Corollary 2. CHARGING STATION PLACEMENT can be
solved in time n©(©).

4 Hardness Results

We start by establishing NP-hardness even for instances
where both r and A(G) are constants and G is bipartite.

Theorem 2. CHARGING STATION PLACEMENT is NP-hard
even when:

* r = 1 and G is a planar bipartite graph with A(G) = 6,
* r = 1 and G is a bipartite graph with A(G) = 4,
» r = 3and G is a planar bipartite graph with A(G) = 3.
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The proofs of all the statements appearing in Theorem 2
are based on reductions from VERTEX COVER.

In the following theorems, we show the parameterized
hardness of CHARGING STATION PLACEMENT even on re-
stricted graph classes. To do so, we give a parameter-
ized reduction from SET COVER: Given a universe U =
{u1,...,u,}, afamily F = {Fy,..., F,,} of subsets of U,
and an integer /, the problem asks whether there exists a sub-
family 7' C F such that Jp.» F' = U and |F'| < £. SET
COVER is a well-known NP-complete problem [Garey and
Johnson, 1979] and is W[2]-hard when parameterized by the
solution size [Cygan et al., 2015].

Theorem 3. CHARGING STATION PLACEMENT is W/[2]-
hard when parameterized by the number of charging stations
¢, even when r = 1 and the input graph is split or bipartite.

Proof sketch. We reduce from SET COVER, which is W[2]-
hard parameterized by the solution size [Downey and Fel-
lows, 1999]. Given (U, F,¥), where U = {uq,...,u,} and
F ={F,...,F,}, we construct a split graph G as follows.
Create a clique W with vertex set {wr | F' € F} and, for
each v € U, two independent vertices S,,t,. Add edges
wgs, if w € F, and wgt, for all (F,u) € F x U. Set
S={sy |ueU}, T={t,|ucU},r=1andc=".

Finally, we can observe that a subfamily 7/ C F with
|F'| < £ covers U if and only if C = {wp | F € F'}
is a feasible charger placement with |C| < ¢: for each u €
U, the path s, wp,t, gives a (C, 1)-walk whenever u € F.
Thus, this parameterized reduction shows the W[2]-hardness
parameterized by c even when r = 1 and the input graph is
split.

Observe that this reduction works even if we delete edges
within W and the resulting graph is a bipartite graph. There-
fore, the W[2]-hardness on bipartite graphs can also be shown
by a similar argument. O

Observe that our reduction in Theorem 3 preserves the ob-
jective value exactly. It is known that SET COVER cannot
be approximated within (1 — €) In |U]| unless P=NP [Dinur
and Steurer, 2014]. As |U| = |S| = |T| = k, the following
corollary holds.

Corollary 3. Unless P=NP, CHARGING STATION PLACE-
MENT cannot be approximated within (1 — €)Ink for any
€ > 0, even on split or bipartite graphs.

The next theorems consider structural parameters of the
graph G. In particular,-we consider the distance to clusters
(dtc) and the distance to stars (dts) as parameters.

Theorem 4. CHARGING STATION PLACEMENT is W[1]-
hard when parameterized by distance to stars dts or distance
to clusters dtc, even when r = 1.

Proof sketch. We give a parameterized reduction from
UNARY BIN PACKING. Given a multiset £ = {e1,...,e,}
of integers in unary and an integer m € N, the problem asks
whether there is a partition of £ into multisets &1, ...,&y,,
such that, for all j € [m], X .ce € = (Dccge)/m. Itis
known that UNARY BIN PACKING is W[1]-hard when pa-
rameterized by the number of bins m [Jansen et al., 2013].

We start with an instance (£, m) of UNARY BIN PACK-
ING. Let B = (_ ¢ €)/m. We define a graph G together
with the sets S and 1" as follows. First, we create m vertices
U1,...,Um. Forall j € [m], we attach B leaves to v;. Let
T; be the set of all leaves incident to v; for j € [m], and let
T=U iem) T;. For each integer e; € £, we create a vertex
u; and attach e; + m leaves to it. Let S; be the set of leaves
{Ii | p < e;} fori € [n], and set S = Uiepn) Si- Then, for
each j € [m] and i € [n], we add the edge I}, ;v;; that is, we
connect each v; with the (e; + j)-th leaf of the star centered
at u;. This completes the construction of G and the sets of
terminals. Notice that deleting {v1, . .., v, } leaves a disjoint
union of stars, so GG has distance to stars at most m.

Now, we claim that the constructed instance 7 =
(G,S,T,1,2n + m) of CHARGING STATION PLACEMENT
is a yes-instance if and only if (£, m) is a yes-instance of
UNARY BIN PACKING. First, we observe that a bin packing
{€1,...,&n} with 3 o e = Byields a feasible charging
set €' = {u; [ i € [n]} U | j € [ml} U{l, ;| ei € &}
of size 2n + m, which ensures that each agent starting at
a vertex in S; can reach some 7). Conversely, we show
that any feasible-C' of size 2n + m induces a partition of
£ into m multisets, each of total weight B. As r = 1,
the construction forces any feasible C' to include the vertices
{u; | i € [n]} U{v; | j € [m]}, and exactly one vertex from
{li ... 1L 4} for each e;, indicating the bin to which
e; 1s assigned. Since G has distance to stars at most m, the
problem is W[1]-hard parameterized by dts even whenr = 1.

By replacing stars with cliques for each connected com-
ponent of G — {vy,...,v,,}, we can construct a graph with
distance to clusters at most m. The remaining argument is the
same as the distance to stars. O

We finally show the W[1]-hardness of CHARGING STA-
TION PLACEMENT parameterized by fvs + ¢ via a reduction
from the (k,r)-CENTER problem, defined as follows. Given
a graph G = (V, E) and two integers k,r, aset S C V
is called a (k,r)-center if |S| < k and the distance from
any vertex v € V to the set S is at most r. The (k,r)-
CENTER problem asks whether there exists a (k, r)-center in
G. This problem is W[1]-hard when parameterized by fvs+ k&
and admits no algorithm running in time n°("s**) under the
ETH [Katsikarelis et al., 2019].

Theorem 5. CHARGING STATION PLACEMENT is W/[I]-
hard when parameterized by fvs + c. Furthermore, no al-
gorithm for CHARGING STATION PLACEMENT runs in time
n°&s+e) assuming the ETH.

Proof sketch. We give a parameterized reduction from (k, r')-
CENTER. Let (Gy = (Vy, Ey), k,r) be an instance of (k,r)-
CENTER, and let n = |Vj|. We construct an instance of
CHARGING STATION PLACEMENT as follows. First, we cre-
ate a graph G’ starting from Gg. For each vertex v € Vj,
we attach a new pendant vertex, and let S be the set of these
n new pendant vertices (i.e., vertices of degree 1). Next, we
construct a star-like structure: we introduce a new center ver-
tex p and create 2n paths of length r + 1, each starting at p.
We identify the other endpoints of n of these paths with the
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vertices in Vj one to one. Let T be the set of the n remaining
endpoints of the other paths. The resulting graph is G’. Note
that |S| = |T'| = n. This construction ensures that the feed-
back vertex set number of G’ is bounded by a linear function
of the feedback vertex set number of the original graph Gy.
Indeed, fvs(G’) < fvs(Gy) + 1 holds.

We complete the proof by showing that there exists a
(k, r)-center in Gy if and only if there exists a feasible charger
placement for the instance (G’, S, T,r+1, k+1) of CHARG-
ING STATION PLACEMENT. O

5 Algorithmic Results

5.1 Parameterized by Terminal Pairs

In this section, we give an FPT algorithm parameterized by
k=S| =TI

Theorem 6. CHARGING STATION PLACEMENT can be
solved in time kO ) nO1),

By Proposition 1, it suffices to assume r = 1. A set F' =
{Hy,...,Hp}, 0 <k, of trees in G will be called a connect-
ing forest' of S and T if there exist partitions S1, ..., S, of
Sand Ty, ..., T, of T such that, for each i € [¢], |S;| = |T;|,
S;UT; C V(H;), and all leaves of H; belong to .S; UT;. Each
H; € F will be called a connecting tree. Let I; be the set of
vertices u € V(H;) with dg, (u) > 2,i.e.,u € I; ifuisnota
leaf of H;. Also, let Ip = Uie[é] I;. We show the following
key lemma.

Lemma 3. There exists a feasible placement C' of size at most
c in G if and only if there exists a connecting forest F' for S
and T with |Ir| < c.

Based on Lemma 3, we determine whether GG has a con-
necting forest F' for S and T with |Ir| < c¢. Towards this, we
guess partitions S1,...,S, and T;, ..., T, of the terminals.
For each guessed partition, we can compute a connecting tree
H; of S; and T; with the minimum number of inner vertices
in time 2°*) O by reducing it to WEIGHTED STEINER
TREE [Lokshtanov and Nederlof, 2010] ‘after guessing the
set of inner terminals X;, C S5; N T; and leaf terminals
Xout = Si NT; \ Xin. If the sum of inner vertices across
all connecting trees is at most ¢, we conclude that there exists
a connecting forest F for S and T with |Ir| < c¢in G. Since
the number of guesses is bounded by £°(¥), the total running
time is k2 nYM)  which proves Theorem 6.

5.2 FPT Algorithm by Modular-width

Theorem 7. There exists a 2™n°W-time algorithm
for CHARGING STATION PLACEMENT where mw is the
modular-width of the input graph.

Let Q be a graph with vertices ¢i1,...,q;, and let
Hy,...,H; be t vertex-disjoint graphs. The substitution
Q(Hy,...,H;) is the graph obtained by replacing each g;
with H;, and adding all edges between V(H;) and V (H;)
whenever {¢;,q;} € E(Q). A modular decomposition rep-
resents a way to construct G by recursively applying sub-
stitutions starting from singletons. The width of a modular

'Note that F is not necessarily an actual forest as we have no
requirement that the trees in F' do not share vertices or edges.

decomposition is the maximum number of vertices in any
graph () appearing in the decomposition. The modular-width
mw(G) is the minimum width over all decompositions. A
modular decomposition of width mw(G) can be computed in
polynomial time [Cournier and Habib, 1994; Tedder et al.,
2008; Habib and Paul, 2010]. Since mw(G") < mw(G) for
r > 2 [Hanaka et al., 2024], by Proposition 1, it suffices to
solve the case where r = 1. Let G = Q(V4,...,V;) be the
top-level decomposition where t < mw(G).

Lemma 4. If r = 1 and G is connected, any yes-instance
admits a feasible charger placement of size at most c where
each module contains at most one charger.

Based on Lemma 4, we guess which modules contain ex-
actly one charger. As ¢ < mw(G), there are at most 2™%(©)
guesses. Let M’ C {V3,...,V,} be a guessed set of mod-
ules, and let Q[M’] be the induced subgraph of the quotient
graph. For any component in Q[M’] of size at least two, the
placement of a charger within each module does not affect
inter-module connectivity due to the complete adjacency be-
tween connected modules.” Thus, we can place a charger on
an arbitrary vertex in each such module.

We then consider the placement of a charger for each iso-
lated module in Q[M’] (i.e., a module with no neighbors in
M?). For an isolated module M € M/, the placement only
affects terminal pairs {s,t} C M, as every vertex in M has
the same neighbors outside of M. Thus, for each isolated
module, we select a vertex v € M maximizing the number
of connected pairs {s,t} C M when a charger is placed on
v. Such a vertex v € M can be found by computing a max-
imum matching in a bipartite graph constructed based on the
connectivity between the vertices in M assuming a charger
is placed at v. The running time is dominated by the 2™%
guesses, yielding 2™Wn (1)

5.3 FPT Algorithm by Vertex Cover Number

Theorem 7 implies an algorithm with runtime 22709 o),

We improve this to single-exponential in vc?.

Theorem 8. Given an instance I of CHARGING STATION
PLACEMENT, a minimum charger placement can be com-

. . 2
puted in time 22v¢"+vepO(),

Proof sketch. We first compute a minimum vertex cover X C
V(@) of G in time 2vn°() [Downey and Fellows, 1999].
Then, I = V(G) \ X is an independent set of G. We guess at
most 2V¢ possible intersections X * = X NC with a minimum
charger placement C'. We also guess at most 2v¢’ subsets
W C X x X that represent pairs of vertices in X that are
connected by a charger in I.

For a fixed guess (X*, W), we construct an instance of
SET COVER to find a minimum charger placement in /. De-
fine the universe U = W and F, = {(z,2') €¢ W |
z,x' € N(v)} for each v € I. The set F, represents the
pairs in W that can be connected by a charger on v. Let
F = {F, | v € I}. Then (U,F) is an instance of SET
COVER introduced in Section 4 corresponding to finding a
minimum subset of I in which chargers are placed. Since
|U| < vc?, | F| < n, and SET COVER can be solved in time
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2UI(|U| + |F))°M) [Cygan et al., 20151, we can find an op-
timal solution 7/ C F of (U, F) in time 2* n®(). Then we
construct a candidate solution C' = X* U {v | F, € F'}
and verify whether it is a feasible solution of CHARGING
STATION PLACEMENT by Theorem 1. After examining all
guesses, we return the smallest solution. Since there are
2ve*+ve gyesses, the total running time is 22V¢° +vepO1) [

5.4 Polynomial-Time Algorithm for Trees

In this subsection, we provide a polynomial-time algorithm
for trees. In particular, we solve a more general problem
called EXT-CHARGING STATION PLACEMENT. In this prob-
lem, given an instance Z = (G, S, T,r,c) and a partial so-
Iution P C V, the goal is to find a set C' O P such that
|C'\ P| < cand C is a feasible solution. Note that, for
P = (), the problem is equivalent to CHARGING STATION
PLACEMENT.

Theorem 9. EXT-CHARGING STATION PLACEMENT can be
solved in polynomial time when G is a tree.

To show this, we first root GG at an arbitrary vertex w. For
any h € V, let G}, be the subtree rooted at h, p;, be the par-
ent of h, and P, = PNV (Gp),S, = SNV(Gy), T, =
T NV(Gr). We say that Gy, is covered by P if there ex-
ist partitions (S}, S?) of Sy, and (T}},T7) of T}, such that:
(1) [SE| = |T}|, (2) there exists a bijection f : S} — T}
such that a (P, r)-walk between s and f(s) exists in G, for
each s € S}, and (3) for each z € S7 U T2, there exists a
(Py, r)-walk W in Gy, + pp, between z and pj, (to be consis-
tent, if h = w, we assume a dummy parent p,, for w). For
any h € V, we can verify, in polynomial time, whether G},
is covered by P by applying Theorem 1 to an auxiliary graph
obtained from G}, by attaching a clique of size |Sy| +|Th/,
which consists of |T},| terminals on S and |S},| terminals on
T, to h. Based on this, we define the following reduction rule.

Reduction Rule: Given an instance (G, S, T, r, ¢, P) with
¢ > 1, if there exists h € V such that G}, is not covered by
P, and G, is covered by P for all v € V(Gp,) \ {h}, create
the new instance (G, S, T,r,c — 1, PU {h}).

This rule is safe because such an uncovered G, forces any
feasible solution to add at least one charger in G,. Moreover,
since the subtrees of G, are covered, placing a charger at h
enables all unmatched terminals in G5, to connect via h. We
exhaustively apply this reduction rule as long as ¢ > 0 and
there exists such a vertex i in G.

After thoroughly applying the rule, if ¢ = 0, we simply
check if P is a feasible solution by using Theorem 1. If ¢ > 0,
then we can show that P U {w} is a feasible solution because
G = G, is covered by P. The algorithm runs in polynomial
time, as the reduction rule decreases ¢ by 1, and checking
whether G, is covered by P as well as testing the feasibility
of P can both be done in polynomial time by Theorem 1.

6 k-Approximation Algorithm
Theorem 10. Let T = (G,S,T,r,c) be an instance

of CHARGING STATION PLACEMENT. Then, a k-
approximation solution of I can be computed in time

O(VEE* + E°n + km).

Proof sketch. Let C* be a minimum charger placement and
f S — T be a bijection such that for each s € S, there
exists a (C*,r)-walk between s and f(s). Let (s*, f(s*))
be a pair maximizing the distance between its terminals i.e.,
dist(s*, f(s*)) > dist(s, f(s)) for all s € S. Since the
length of any (C*,r)-walk between s* and f(s*) is at most
dist(s*, f(s*)), at least fM} — 1 vertices must be-
long to C*.

Assume that (s*, f(s*)) is known. We construct a bijection
h :S — T such that h(s*) = f(s*) and dist(s, h(s)) <
dist(s*, f(s*)) for all s € S by defining a bipartite graph
H where V(H) = (SUT)\ {s*, f(s*)}, and an edge st
is added if and only if dist(s,¢) < dist(s*, f(s*)). Then a
perfect matching in H defines the required bijection h.

We now construct an approximate solution C' as follows.
For each pair (s, h(s)), we take a‘shortest s—h(s) path and
place a charging station on every r-th vertex. Since each
path contributes at most [dist(s*,#*)/r|—1 vertices, we have
|C| < k([dist(s*,t*)/r] — 1) < k|C*|.

Therefore, we compute such a set for each of the O(k?)
possible pairs (s*, t*) and take the smallest feasible solution,
which is an approximate solution C. O

7 Conclusions

In this work, we consider a natural model of the charging-
station placement problem. We present a theoretical study
dedicated to the general and parameterized complexity of the
problem, picturing the details of the time complexity with re-
spect to both natural and structural parameters.

From a practical perspective, the model is highly prag-
matic, yet the existing literature on this topic remains rela-
tively limited. Additionally, the hardness results indicate that,
in many cases, alternative approaches are necessary and jus-
tify interest in developing heuristics to tackle the problem.
Furthermore, our algorithms can be utilized to improve the
accuracy of such heuristics.

Additionally, our study gives rise to several theoretical di-
rections, both within the same model and beyond. With re-
spect to parameterized complexity, a particularly interesting
question is the parameterization by the combination of the
number of charging stations, the distance parameter r, and
the maximum degree of the network. The reason is that the
closely related (k,r)-CENTER problem becomes FPT under
this parameterization, and it would be surprising if this were
not the case for CHARGING STATION PLACEMENT.

Further research could explore the relaxation of certain as-
sumptions adopted in this work. The most natural extensions
would be to drop the anonymity assumption or to consider
restrictions on traveling distance, since these were the main
limitations of our model. Most of our results should be eas-
ily adaptable to the non-anonymous case; however, this is not
true for all of them. For example, Theorem 4 heavily depends
on the anonymity assumption. We believe that it would be in-
triguing to investigate which results can and cannot be gener-
alized depending on the exact models we consider. Moreover,
in such comparisons, it is essential to assess how the number
of charging stations differs across the considered models.
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