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Abstract
Identifying meaningful latent representations within
diffusion models remains a challenging problem
for causal approaches. We propose Causal Mani-
fold Transport Diffusion Model (CMT-Diff), a frame-
work that operationalizes causal actions as geomet-
ric transformations. By adopting the perspective
of backtracking counterfactuals, we formulate the
generative process as a composite diffeomorphism
that couples the Probability Flow ODE with a Con-
tinuous Normalizing Flow. This mapping constructs
an exogenous manifold where causal factors align
with coordinate variations. Within this geometry,
we derive Causal Manifold Transport (CMT) to real-
ize interventions as linear vector translations along
factor-aligned directions. We establish theoretical
identifiability guarantees and demonstrate that our
approach facilitates controllable generation by cap-
turing the underlying causal manifold.

1 Introduction
Diffusion models have emerged as the dominant paradigm in
modern generative modeling [Song et al., 2021; Yang et al.,
2023]. Despite their success in image generation [Yang et al.,
2023; Croitoru et al., 2023] and editing [Huang et al., 2024;
Shuai et al., 2024], interpreting them through a causal lens re-
mains an open challenge. The primary obstacle is the unstruc-
tured nature of their latent spaces. While some studies identify
semantic directions [Park et al., 2023; Kwon et al., 2023;
Hahm et al., 2024], these do not constitute causal interven-
tions. Unlike Structural Causal Models (SCMs) defined by
explicit variables and equations [Pearl, 2009], diffusion latents
are high-dimensional and entangled. Consequently, standard
diffusion models lack explicit causal variables, rendering in-
tervention operations ill-defined.

While recent works integrate causality into diffusion mod-
els [Sanchez and Tsaftaris, 2022; Komanduri et al., 2024;
Chao et al., 2024], they primarily rely on external priors or
guidance classifiers. Consequently, causal action is not defined
and learned within the diffusion model’s own latent geometry,
limiting mechanism-consistent control. To address this, we
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posit that a rigorous definition of causal action is required
within the latent space itself. However, defining such an ac-
tion is non-trivial and necessitates a formal methodology to
operationalize interventions on the learned manifold.

To operationalize interventions on the causal manifold, we
distinguish between intervention paradigms. While struc-
tural interventions necessitate modifying the mechanism itself,
backtracking counterfactuals [Von Kügelgen et al., 2023] at-
tribute counterfactual outcomes to variations in exogenous
variables under an invariant mechanism. We adopt this for-
mulation as it theoretically validates performing interventions
within a fixed generative model. By framing counterfactuals as
changes in exogenous inputs rather than structural rules, this
perspective justifies treating causal actions directly as latent
variable manipulations.

In this work, we propose CMT-Diff (Causal Manifold Trans-
port Diffusion Model), a framework that operationalizes causal
interventions as geometric transport operations. To establish
a structured causal geometry in the unstructured latent space,
we couple the Probability Flow ODE (PF-ODE) [Song et al.,
2021] with a Continuous Normalizing Flow (CNF) [Grathwohl
et al., 2019]. This invertible mapping serves to reparameterize
the unstructured diffusion latent space into a structured exoge-
nous manifold, explicitly modeled to align coordinate varia-
tions with distinct causal factors. Within this geometry, we
introduce Causal Manifold Transport (CMT). By leveraging
intervention-paired observations, we identify factor-specific
vector directions in the exogenous space and realize interven-
tions as linear translations. This formulation enables intuitive
and identifiable control over the generative process by manip-
ulating latent coordinates along learned causal directions.

Contributions. We formulate a geometric framework that
embeds causal structure directly into the diffusion latent space.
By coupling the PF-ODE with a CNF, we construct an invert-
ible reparameterization that induces an exogenous coordinate
system explicitly aligned with causal variations. Based on this
construction, we derive CMT, a methodology that operational-
izes abstract causal interventions as precise vector translations
within the exogenous manifold. We establish theoretical guar-
antees grounded in latent causal model theory, proving that the
learned exogenous representation is identifiable up to diffeo-
morphism under atomic interventions. Finally, we empirically
validate that our geometric formulation accurately captures the
underlying causal topology, enabling controlled generation.

PRELIMINARY PREPRINT VERSION – DO NOT CITE
This is not the version of record. The final version will appear in the Proceedings of IJCAI-ECAI 2026.

IJ
CA

I-E
CA

I 2
02
6
PR
EP
RI
N
T



2 Background
Structural Causal Model (SCM). Pearl’s Causal Hierar-
chy [Pearl, 2009] categorizes causal reasoning into three lev-
els (i.e., observation, intervention, and counterfactuals) of-
fering a systematic method to analyze variable dependen-
cies, identify causal effects, and infer hypothetical scenar-
ios. Building on this hierarchical framework, SCM [Peters
et al., 2017] was introduced as a formal method to represent
and analyze causal relationships among variables. An SCM
C = (S, Pϵ) over a set z of d random variables z1, ..., zd
consists of (1) a set S of assignments (the structural equa-
tions), S = {zi := fi (PAi, ϵi)}, i = 1, ..., d where fi is a
deterministic function computing each variable zi from its
causal parents PAi ⊆ {z1, ..., zd}\{zi} and an exogenous
noise variable ϵi; (2) a joint distribution Pϵ(ϵ1, ..., ϵd) over
the exogenous noise variables, which we require to be jointly
independent. In the context of SCMs, two key assumptions
underpin our work:
Assumption 1 (Acyclicity). The causal structure represented
by the induced graph G forms a Directed Acyclic Graph
(DAG), preventing circular causality.
Assumption 2 (Causal Sufficiency). There are no hidden
confounders in the model, ensuring the joint independence of
the exogenous variables ϵi: Pϵ(ϵ1, . . . , ϵd) = Pϵ1(ϵ1)×· · ·×
Pϵd(ϵd).

Assumptions 1 and 2 establish a unique mapping from
exogenous variables ϵ to endogenous variables z through a
reduced-form function f(·). The induced distribution Pz is
defined as the pushforward of Pϵ through f(·); that is, if
ϵ ∼ Pϵ, then z = f(ϵ) ∼ Pz. See Appendix for details of the
reduced-form function characteristic.
Backtracking Counterfactuals. Unlike standard interven-
tional counterfactuals that modify the structural mechanism
via the do-operator (i.e., f → fdo), backtracking counterfactu-
als preserve the generative mechanism f as invariant. Instead,
they attribute counterfactual outcomes to perturbations in the
exogenous variables (ϵobs → ϵ̃). The counterfactual is thus
realized by propagating the modified noise through the fixed
model:

z̃ := f(ϵ̃). (1)
This formulation ensures that interventions respect the learned
regularities of the pre-trained model.

3 Problem Formulation
Setup. Let X denote the observation space and Z be the
latent space associated with a diffusion model. We employ
the PF-ODE as a deterministic generator g : Z → X and
keep its parameters fixed throughout. To endow the unstruc-
tured diffusion latent space with an exogenous coordinate
system, we introduce a learnable, invertible reparameteriza-
tion f : E → Z (implemented as a CNF). We thus define the
composite generative map as:

x = h(ϵ) := (g ◦ f)(ϵ), ϵ ∈ E , x ∈ X . (2)

Intuitively, E serves as an exogenous chart where abstract
causal factors are aligned with simple coordinate movements,
allowing for geometric manipulation.

Figure 1: Conceptual Illustration of Causal Manifold Transport.
The schematic depicts the mechanism of operationalizing causal
actions. (Top) In the exogenous manifold E , causal factors are ma-
nipulated via linear vector translations along a causal basis. (Middle)
These translations are propagated through the endogenous space Z ,
preserving the causal structure. (Bottom) The transported vectors
are decoded to synthesize backtracking counterfactuals with target-
specific attribute changes.

Example (Backtracking Counterfactual). We assume ac-
cess to a dataset of intervention-paired observations D =
{(x, x̄, I)}, where x is a factual sample, x̄ is the correspond-
ing post-intervention outcome, and I ∈ {0, 1}N is an indica-
tor vector denoting which of the N factors is intervened (in
the atomic setting). Given a factual observation x, we first
infer its endogenous and exogenous coordinates via the inverse
mappings:

z = g−1(x), ϵ = f−1(z). (3)

As illustrated in Figure 1, a backtracking counterfactual is
produced by applying a parameterized transport operator δη(·)
to the exogenous code ϵ and decoding the result through the
composite mechanism h:

ϵ̃ = δη(ϵ, I, γ) := ϵ+ γ ci, x̃ = h(ϵ̃), (4)

where i = argmaxk Ik identifies the target factor, γ ∈ R con-
trols the intervention magnitude, and η denotes the learnable
parameters defining the causal basis {ck}Nk=1.

Goal. Our objective is to jointly learn (i) the invertible ex-
ogenous chart f(·) and (ii) the set of factor-aligned directions
{ci}Ni=1 in E . The learning criterion is that for each paired sam-
ple (x, x̄, I), the transported reconstruction x̃ must accurately
match the ground-truth counterfactual x̄ while preserving non-
target attributes. The remainder of this paper details the con-
struction of these directions intrinsic to the diffusion frame-
work and the training procedure using intervention-paired
data.
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Figure 2: Overview of CMT-Diff. The generator is the composite map h = g ◦ f , where g : Z → X is the PF-ODE and f : E → Z is the
CNF. The intervention is formalized as an exogenous translation ϵ̃ = ϵ+ γci along a factor-aligned direction ci in E . The transport direction
is propagated to Z via the pushforward dfϵ, and the intervened latent z̃ is decoded by gψ to synthesize the backtracking counterfactual x̃.

4 Causal Manifold Transport Diffusion Models
4.1 Elucidating the Diffusion via a Causal Lens
Endogenous and Exogenous Spaces. In this study, we de-
fine the latent space of the PF-ODE g : Z → X as the endoge-
nous space Z . Although Z encodes causal information, the
latent space in diffusion models is not inherently disentangled,
making it challenging to identify the directional relationships
between causal factors. To address this and extract indepen-
dent exogenous variables, we introduce an invertible CNF
f : E → Z that reparameterizes the diffusion latent space.
Its inverse f−1 : Z → E maps an endogenous latent z to
exogenous coordinates ϵ, i.e., ϵ = f−1(z). By constructing
the CNF as a diffeomorphic map [Grathwohl et al., 2019], Z
and E share the same topological structure.
Smooth Manifold and Diffeomorphism. To formalize the
properties of Z and E , we present the following Observation 1
and Theorem 1 from [Dominguez-Olmedo et al., 2023]:
Observation 1. Under causal sufficiency, if each marginal
distribution Pϵi has a di-dimensional smooth manifold sup-
port, the exogenous manifold E forms a smooth manifold of
dimension d =

∑
i di.

Theorem 1. For an acyclic SCM with the exogenous manifold
E and the endogenous manifold Z , if the following conditions
hold: (1) E is a smooth manifold; (2) fi(·) is differentiable
with ∂ϵifi(ϵi) ̸= 0 and is injective with respect to ϵi; then
Z is a smooth manifold and the mapping f : E → Z is a
diffeomorphism.

Under Assumption 2, E is a smooth manifold, characterized
by its locally Euclidean structure and differentiable properties
(Observation 1). The CNF f(·), satisfying the second condi-
tion of Theorem 1, ensures that both Z and E are smooth man-
ifolds and that f : E → Z is a diffeomorphism. This diffeo-
morphism preserves the topological and differential structures
between Z and E , thereby conserving local geometric proper-
ties under the mapping fθ(·). Thus, geometric transports in E
induce well-defined, causally consistent transformations in Z .

4.2 The Causal Manifold Transport
Defining Transformations via Vector Fields. A vector field
V on a manifold E is a smooth mapping assigning each point
ϵ ∈ E a tangent vector V(ϵ) ∈ TϵE , representing the direc-
tional adjustment at that point. In our context, we aim to define

vector fields that encode interventions on specific causal fac-
tors. We first invoke Theorem 2 (adapted from [Lee, 2012])
to establish the existence of a coordinate system aligned with
such fields:
Theorem 2. Let E be a d-dimensional smooth manifold. Con-
sider a set of linearly independent vector fields {V1, . . . ,Vd}
on an open subset U ⊂ E that commute (i.e., their Lie bracket
vanishes). Then, for any ϵ ∈ U , there exists a smooth coordi-
nate chart centered at ϵ such that ∂

∂ϵi
= Vi for all i = 1, . . . , d.

While Observation 1 suggests that the exogenous manifold
E admits local Euclidean approximations, our architecture en-
forces a stronger geometric condition. By construction, the
CNF establishes a global diffeomorphism between E and the
latent space Rd. This topological equivalence allows us to
utilize a global coordinate system where the standard basis
{ej}dj=1 constitutes a valid frame for the tangent space ev-
erywhere. Consequently, a geometric transport along a basis
vector creates a globally consistent linear trajectory, formal-
ized as:

ϵ̃ = ϵ+

∫ γ

0

Vj(ϵ(τ)) dτ = ϵ+ γej , (5)

where γ denotes the transport magnitude.
Establishing a Causal Basis for Transport. The standard
basis transformation in Eq. (5) manipulates latent dimensions
but does not necessarily align with underlying causal factors.
To address this, we postulate thatN causal factors are encoded
within ϵ ∈ Rd (N ≤ d) and construct a dedicated Causal
Vector Field. Inspired by distributed representations [Hinton
et al., 1984], we employ Proposition 1 to define this field:
Proposition 1 (Causal Vector Fields). Based on Theorem 2,
we define a set of new vector fields {C1, . . . , CM} on E . Each
causal vector field Ci is constructed as a linear combination
of the standard coordinate fields {Vj}dj=1:

Ci =
d∑
j=1

αijVj , for i = 1, . . . ,M, (6)

where αij ∈ R are learnable scalar coefficients. If linearly
independent, these fields span an M -dimensional causal sub-
space of TE .
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Corollary 1 (Causal Basis). The constant vector fields Ci de-
fined in Proposition 1 correspond uniquely to constant vectors
ci ∈ Rd, defined as ci =

∑d
j=1 αijej . If N = M , the set

{c1, . . . , cN} forms the Causal Basis for the latent space.

By establishing these fields, we define CMT as the integra-
tion along the causal vector field Ci. Specifically, for a target
factor i, the intervention is formalized as:

ϵ̃ = ϵ+

∫ γ

0

Ci(ϵ(τ)) dτ = ϵ+ γci. (7)

While Eq. (7) simplifies to a linear translation due to the global
Euclidean structure of E , its validity is rooted in the factor-
aligned direction ci. The CNF maps the entangled endogenous
space Z to this disentangled manifold E , ensuring that linear
transports along ci correspond to meaningful, mechanism-
preserving interventions. See Appendix for proofs of Proposi-
tion 1 and Corollary 1.

Pushforward Operation. CMT is characterized by integrat-
ing a causal vector field on the exogenous manifold E . We
investigate how this vector field propagates through the com-
posite generative mapping h = g ◦ f , where f : E → Z
denotes the CNF and g : Z → X is the PF-ODE. For a given
point ϵ ∈ E , a causal basis vector c ∈ TϵE—derived from
{C1, . . . , CM}—is first mapped to the tangent space Tf(ϵ)Z
via the pushforward operator dfϵ. Here, dfϵ(c) represents the
induced transport direction in the endogenous space Z . Let-
ting z = f(ϵ), this vector is subsequently pushed forward to
the tangent space Tg(z)X of the observation space X via dgz.
Consequently, the term dgz(dfϵ(c)) captures the infinitesimal
effect of the initial causal basis vector c after successive trans-
formations through the CNF and PF-ODE. By the chain rule,
we have

d(g ◦ f)ϵ(c) = dgf(ϵ)(dfϵ(c)) , (8)

which explicitly shows how the transport vector field is pushed
forward from E to Z , and ultimately to X . Figure 2 illustrates
the overall pipeline of our causality-integrated diffusion frame-
work, CMT-Diff.

4.3 Identifiability Analysis
We ground our theoretical validity in the Latent Causal Model
(LCM) framework [Brehmer et al., 2022]. We first recall the
standard definition of LCMs and their identifiability conditions
under hard interventions, and then extend this guarantee to our
soft intervention setting.

Definition 1 (Latent Causal Models). An LCM is a tuple
Q = (C,X , g, I, pI), comprising an acyclic SCM C over la-
tent variables Z , an observation space X , a diffeomorphism
g : Z → X , and a set of interventions I with distribution
pI . Two LCMs Q,Q′ are equivalent (Q ∼ Q′) if there exists
an isomorphism preserving the causal structure and interven-
tional distributions.

Theorem 3 (Identifiability of Real-Valued LCMs [Brehmer
et al., 2022]). For LCMs Q,Q′ with real-valued variables
and atomic hard interventions, equivalence Q ∼ Q′ holds if
and only if their weakly supervised distributions are identical:
pXQ(x, x̃) = pXQ′(x, x̃).

Identifiability under Causal Manifold Transport. Our
framework instantiates an LCM where the mapping g is the PF-
ODE and the latent structure is governed by a CNF f : E → Z .
While Theorem 3 assumes hard interventions, our Causal Man-
ifold Transport operates as a soft intervention on exogenous
variables ϵ. We demonstrate that the identifiability guarantee
extends to this relaxation under the intervention-paired set-
ting. Specifically, we formalize the conditions under which
soft geometric shifts enable the recovery of the true causal
topology:
Proposition 2 (Identifiability under Atomic Soft Exogenous
Shifts). Let Q,Q′ be LCMs with diffeomorphic observation
maps. Assume intervention-paired data (x, x̃, I) generated by
atomic soft shifts ϵ̃ = ϵ+ γci. If Q and Q′ induce identical
distributions p(x, x̃, I), then their latent representations are
equivalent up to a diffeomorphism that preserves the interven-
tion structure.
Proposition 3 (Counterfactual Uniqueness via Identifiable
Transport). Consider two equivalent LCMsQ andQ′ that are
identifiable up to an intervention-preserving diffeomorphism
(as established in Proposition 2). Under the strict determin-
ism and bijectivity of the generative mechanism h = g ◦ f ,
equivalence in the latent causal representation implies equiv-
alence in counterfactual generation. Specifically, for any
observation x and intervention target I, the generated coun-
terfactual is invariant to the specific choice of the identified
model: x̃Q = x̃Q′ .

Collectively, Propositions 2 and 3 establish that under the
assumptions of deterministic and bijective h and intervention-
preserving equivalence, recovering the causal transport topol-
ogy in E is sufficient to make the induced counterfactual map-
ping in X unique within the identifiable equivalence class. See
Appendix for proofs of Propositions 2 and 3.

4.4 Training Procedure
Overall Framework. Initially, we extract the endogenous
variable z from the observation x by inverting the PF-ODE.
Leveraging the deterministic nature of the PF-ODE, we define
the extraction dynamics as:

dx = −ts(xt, t;ψ)dt. (9)

The endogenous variable z = g−1(x;ψ) is obtained by in-
tegrating Eq. (9) forward from t = 0 to t = T using a stan-
dard discretization scheme over time steps {t0, . . . , tn}. To
ensure consistency, the parameters ψ are frozen during this
process. We parameterize the CNF as an ODE du(τ)/dτ =
vθ(u(τ), τ), which induces an invertible map f : E → Z
by integrating from τ0 to τ1 with u(τ0) = ϵ and u(τ1) = z,
i.e., z = f(ϵ; θ). The inverse map ϵ = f−1(z; θ) is obtained
by integrating the same ODE backward from τ1 to τ0 with
terminal condition u(τ1) = z.

The manipulation function ϵ̃ = δ(ϵ, I, γ; η) maps an origi-
nal point ϵ ∈ E and an intervention vector I ∈ {0, 1}N to a
manipulated point ϵ̃ ∈ E . Its parameters η include a learnable
logit matrix A ∈ RN×d (where N is the number of causal
factors and d is the feature dimension). For each feature j,
the vector A[:, j] ∈ RN contains the logits for the N causal
factors’ influence on that feature. Within the function δ(·; η),
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the process for deriving and using causal basis vectors begins
by computing the matrix G ∈ RN×d. Each column G[:, j] is
an N -dimensional vector (typically one-hot or soft one-hot)
obtained from Gumbel-Softmax applied to the corresponding
logits A[:, j] (for j = 1, . . . , d):

G[:, j] = Gumbel-Softmax(A[:, j]). (10)
The i-th row of this matrix, G[i, :], consequently represents
a d-dimensional vector of factor i’s influence across all fea-
tures after the Gumbel-Softmax selection process. The d-
dimensional causal basis vector ck ∈ Rd for an individual
causal factor k is then defined as the k-th row of G:

ck = G[k, :] (for k = 1, . . . , N). (11)
This construction instantiates the coefficients in Proposition 1
as αij := Gij , i.e., Ci =

∑d
j=1 GijVj . The intervention

vector I determines which features are associated with specific
interventions and whether an intervention is applied. If I
indicates an intervention on a specific factor k (e.g., Ik = 1
and all other Ij = 0), the corresponding causal basis ck is
scaled by γ (a scalar sampled from a uniform distribution)
and added to ϵ to obtain ϵ̃ := ϵ + γck. Given an intervened
exogenous coordinate ϵ̃, we obtain the intervened endogenous
latent by the forward CNF map,

z̃ = f(ϵ̃; θ). (12)
Finally, the backtracking counterfactual x̃ is obtained by de-
coding the intervened latent z̃ via the PF-ODE. This process
is mathematically equivalent to solving the dynamics defined
in Eq. (9) backward in time from t = T to t = 0, subject to
the terminal boundary condition xT = z̃.
Training Objective. The counterfactual generation frame-
work is optimized using a combined loss function to en-
sure accurate data distribution modeling and perceptual fi-
delity in generated counterfactuals. The primary loss com-
ponent trains the CNF by maximum likelihood on the
endogenous latents z = g−1(x;ψ). Using the change-
of-variables formula with base density pE(ϵ) = N (0, I)
and ϵ = f−1(z; θ), the CNF negative log-likelihood
is LCNF(θ) = Ex∼pdata [− log pE(f

−1(g−1(x;ψ); θ)) −
log |det Jf−1g−1(x;ψ); θ)|]. Equivalently, writing ϵ =
f−1(z; θ), we have
LCNF(θ) = Ez [− log pE(ϵ) + log |det Jf (ϵ; θ)|] . (13)

For CNFs, the log-determinant term is computed via the instan-
taneous change-of-variables formula along the ODE trajectory.
For counterfactual image generation, the loss also incorpo-
rates Maximum Mean Discrepancy (MMD) [Gretton et al.,
2012] for global distributional properties and Learned Percep-
tual Image Patch Similarity (LPIPS) [Zhang et al., 2018] for
perceptual similarity. The overall loss function is:
Ltotal = LCNF(θ) + E(x,x̄) [LMMD(x̄, x̃) + LLPIPS(x̄, x̃)] ,

(14)
where x̃ is the generated counterfactual and x̄ is the true post-
intervention image. Minimizing Ltotal trains the CNF to map
the intervention manifold. MMD and LPIPS losses assess
statistical and perceptual similarities between the generated
counterfactuals and the true post-intervention images, while
LCNF(θ) maximizes data likelihood for accurate distribution
modeling.

Algorithm 1 Overall Training Procedure

Require: Intervention-paired dataD = {(x, x̄, I)}, PF-ODE
gψ (score net s(·;ψ)), CNF fθ, basis parameters η

1: Phase 1 (pretrain PF-ODE).
2: while not converged do
3: ψ ← ψ −∇ψLEDM [Karras et al., 2022]
4: end while
5: Phase 2 (train CNF & CMT):
6: while not converged do
7: z← g−1(x;ψ), ϵ← f−1(z; θ), γ ∼ p(γ)
8: ϵ̃← δ(ϵ, I, γ; η)
9: x̃← g(f(ϵ̃; θ);ψ)

10: L ← LCNF(θ) + LLPIPS(x̃, x̄) + LMMD(x̃, x̄)
11: (θ, η)← (θ, η)− α∇(θ,η)L
12: end while

5 Experiments
Setup. We utilize the CausalCircuit dataset [Brehmer et
al., 2022], which consists of 120K image pairs before and
after interventions, split into 100K/10K/10K for training,
validation, and testing. To rigorously benchmark perfor-
mance, we conduct a comprehensive comparison against
a wide range of state-of-the-art causal generative models.
Our evaluation covers VAE-based approaches, including β-
VAE [Burgess et al., 2018], iVAE [Khemakhem et al., 2020],
CausalVAE [Yang et al., 2021], SCM-VAE [Komanduri et al.,
2022], ILCM [Brehmer et al., 2022], and ICM-VAE [Koman-
duri et al., 2023], as well as diffusion-based baselines such
as DiffAE [Preechakul et al., 2022] and CausalDiffAE [Ko-
manduri et al., 2024]. We report (i) representation quality
using DCI [Eastwood and Williams, 2018] and (ii) generation
quality using FID [Heusel et al., 2017], IS [Salimans et al.,
2016], and SSIM [Wang et al., 2004]. More details regarding
the experimental setup, baselines, and evaluation metrics are
provided in the Appendix.
Qualitative Results. Figure 3 demonstrates the geometric
realization of backtracking counterfactuals. Translating ex-
ogenous coordinates along factor-aligned directions induces
consistent, monotonic variations in target attributes (e.g., light
intensity, arm position) while preserving orthogonal content.
This validates our premise that causal interventions can be
operationalized as vector transports within the exogenous man-
ifold. Furthermore, composite interventions (e.g., Green and
Blue) exhibit additive behavior, confirming that the learned
directions constitute an independent causal basis enabling
compositional control.
Quantitative Results. Table 1 evaluates structural identifi-
ability using the DCI metric, which quantifies the extent to
which each latent dimension captures a single, distinct genera-
tive factor. While standard diffusion baselines (e.g., DiffAE)
exhibit substantial latent entanglement, CMT-Diff attains a
DCI score of 0.99, indicating strong factor alignment in the
learned exogenous coordinates. This suggests that the learned
transports are factor-specific and consistent with the interven-
tion targets, supporting the use of linear translations in the
exogenous manifold for controllable counterfactual genera-
tion. Although CausalDiffAE achieves similar performance,
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Figure 3: Qualitative traversals along causal directions. Each row shows backtracking counterfactual traversals obtained by transporting the
inferred exogenous coordinate along a factor-aligned direction.

Method DCI (↑)
VAE-based Approaches
β-VAE [Burgess et al., 2018] 0.69
iVAE [Khemakhem et al., 2020] 0.74
CausalVAE [Yang et al., 2021] 0.88
SCM-VAE [Komanduri et al., 2022] 0.86
ILCM [Brehmer et al., 2022] 0.99
ICM-VAE [Komanduri et al., 2023] 0.98

Diffusion-based Approaches
DiffAE [Preechakul et al., 2022] 0.35
CausalDiffAE [Komanduri et al., 2024] 0.99
CMT-Diff (Ours) 0.99

Table 1: Quantitative comparison of disentanglement. DCI scores
(higher is better) on the CausalCircuit dataset for CMT-Diff and
baseline causal generative models.

CMT-Diff learns the exogenous manifold intrinsically within
the diffusion model using intervention-paired data and labels,
whereas CausalDiffAE uses ground-truth exogenous variables
as external guidance.

Generative Quality and Model Comparison. A critical
premise of CMT-Diff is that disentanglement alone is insuf-
ficient for high-fidelity causal generation. While VAE-based
baselines such as ILCM [Brehmer et al., 2022] achieve com-
petitive factor alignment (Table 1), their reconstruction ca-
pabilities often falter in generating realistic counterfactuals.
To rigorously evaluate this trade-off, we benchmark against
ILCM, which operates under a comparable intervention-paired
regime. We explicitly acknowledge that our method leverages
auxiliary intervention target labels to define the transport di-

Figure 4: Quantitative comparison of counterfactual generation
quality. FID, IS, and SSIM on CausalCircuit, comparing counter-
factual fidelity between CMT-Diff and ILCM under a comparable
intervention-paired setting.

rection. However, this comparison is intended to demonstrate
the distinct advantage of integrating target-aware geometric
transports within a diffusion backbone. As shown in Figure 4,
CMT-Diff yields substantial improvements in perceptual fi-
delity while maintaining precise causal control.

Coherence of Geometric Transport. Figure 6 visualizes
the topology of the learned exogenous manifold E via t-SNE
projections. We observe that interventions manifest as co-
herent, directionally consistent translations applied to local
neighborhoods of factual samples, distinctly avoiding arbitrary
discontinuities. This empirical regularity corroborates our the-
oretical premise that causal interventions operate as smooth,
factor-specific transport maps within the latent chart.
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Figure 5: Causal feature allocation induced by the learned causal basis. Across 10 independent runs, the number of latent dimensions
assigned to each causal factor by the Gumbel-Softmax allocation (mean ± std shown in the legend).

Figure 6: t-SNE visualization of causal representations. 2D t-SNE
embeddings of inferred exogenous coordinates for factual samples
and their intervention-targeted counterparts (Red/Green/Blue/Arm).

Stability of the Causal Basis. Figure 5 probes the robust-
ness of the learned basis construction to random initializa-
tion across 10 independent runs. Specifically, we measure
how many latent dimensions are assigned to each factor by
the Gumbel-Softmax based allocation and report the mean
and standard deviation across runs. The allocation exhibits
low variation, suggesting that the basis learning procedure is
relatively stable and tends to converge to repeatable factor-
wise partitions of the exogenous representation in this setting.
While this does not by itself establish identifiability, it provides
empirical evidence that the learned transport parameterization
is not overly sensitive to initialization. In practice, such re-
peatability is desirable because it reduces the chance that the
intervention semantics change drastically across retraining.

6 Related Work
Backtracking Counterfactuals. In SCMs, counterfactual is
typically formalized through structural interventions that mod-
ify the governing equations (e.g., via the do-operator) [Pearl,
2009]. For trained generative models, however, changing the
mechanism defines a different data-generating process than
the one represented by the fixed model parameters. Recent
theoretical work addresses this mismatch by introducing back-
tracking counterfactuals, which keep the structural equations
unchanged and instead explain changes through modifications
of exogenous variables [Von Kügelgen et al., 2023]. Follow-

up studies refine this idea by adding feasibility or natural-
ness constraints [Hao et al., 2024] or by framing recourse
as an optimization problem [Fatemi et al., 2025]. In con-
trast to optimization-centric formulations or approaches that
require explicit graph constraints, our work operationalizes
backtracking inside diffusion models by constructing an ex-
plicit exogenous coordinate system and realizing backtracking
as geometric transport along factor-aligned directions.

Causal Generative Models. Causal generative modeling
has been extensively studied in VAE-based frameworks that
learn identifiable latent causal variables using intervention-
paired observations and related supervision signals (e.g., [Lo-
catello et al., 2020; Brehmer et al., 2022; Ahuja et al., 2022;
Lippe et al., 2022; Lippe et al., 2023; Zhang et al., 2023;
Zhou et al., 2024]). These works provide identifiability guar-
antees and practical procedures for recovering causal factors
in structured latent spaces. More recently, diffusion models
have been explored for causal modeling (e.g., [Sanchez and
Tsaftaris, 2022; Komanduri et al., 2024; Chao et al., 2024]),
often targeting interventional or counterfactual generation by
introducing additional structural information or guidance sig-
nals. A key difference is that prior diffusion-based approaches
typically impose causality externally to the diffusion latent
geometry, for example by assuming explicit structural priors
(such as known graphs or mechanism constraints) or by con-
structing a causal representation with an auxiliary encoder and
then conditioning or guiding a diffusion generator. In con-
trast, we focus on learning an intrinsic causal representation
within the diffusion model from intervention-paired data with
observed intervention targets, so that interventions correspond
to well-defined operations in the exogenous manifold. We
further provide an identifiability analysis that clarifies what
aspects of this intrinsic representation are recoverable.

7 Conclusion
We proposed CMT-Diff to establish identifiable causal gener-
ation within diffusion models. By coupling a CNF with the
PF-ODE, we constructed an exogenous manifold where inter-
ventions are realized as CMT. This mechanism is defined as
vector translations along a learned causal basis. Our geometric
formulation disentangles generative factors, enabling coun-
terfactual control without compromising generative quality.
Currently, the framework relies on intervention-paired data for
manifold alignment. Future work will extend this approach to
unsupervised settings, investigating whether intrinsic topolog-
ical properties suffice to recover the causal basis.
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