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Abstract

Probabilities of causation (PoCs) are fundamental
quantities for counterfactual analysis and personal-
ized decision making. However, existing analytical
results are largely confined to binary settings. This
paper extends PoCs to multi-valued treatments and
outcomes by deriving closed form bounds for a rep-
resentative family of discrete PoCs within Struc-
tural Causal Models, using standard experimental
and observational distributions. We introduce the
notion of equivalence classes of PoCs, which re-
duces arbitrary discrete PoCs to this family, and
establish a replaceability principle that transfers
bounds across value permutations. For the result-
ing bounds, we prove soundness in all dimensions
and empirically verify tightness in low dimensional
cases via Balke’s linear programming method; we
further conjecture that this tightness extends to all
dimensions. Simulations indicate that our closed
form bounds consistently tighten recent recursive
bounds while remaining simpler to compute.  Fi-
nally, we illustrate the practical relevance of our re-
sults through toy examples.

1 Introduction

In fields such as healthcare, finance, and energy, probabili-
ties of causation can enable effective, accurate, and explain-
able decision-making in'complex scenarios. This causality-
based approach addresses key challenges, including selec-
tion bias, counterfactual reasoning, individualized decision-
making, and proper credit assignment—ensuring that out-
comes are attributed to the treatments or factors that actu-
ally caused them. For example, Li and Pearl [2019] proposed
a unit selection framework that uses a linear combination
of probabilities of causation to identify individuals who are
most likely to respond as desired, while also evaluating the
associated rewards and costs. Similarly, Mueller and Pearl
[2022] demonstrated how probabilities of causation can guide
personalized medical decisions in alignment with the ethical
principle of “do no harm.”

The development of probabilities of causation began in the
early 2000s, when Pearl [1999] first introduced three key bi-
nary measures: the probability of necessity (PN), the proba-

bility of sufficiency (PS), and the probability of necessity and
sufficiency (PNS) in the Structural Causal Models (SCMs)
[Galles and Pearl, 1998; Halpern, 2000]. Tian and Pearl
[2000] then derived tight bounds for these quantities using
Balke’s linear programming method [Balke, 1995]. Decades
later, Li and Pearl [2019; 2022b] formally proved the validity
of these bounds. Building on this foundation, Muller et al.
[2021], along with Dawid et al. [2017], further narrowed the
bounds by incorporating covariate information and leverag-
ing underlying causal structures.

The aforementioned studies are all restricted to binary
treatments and outcomes, which poses significant limitations
for real-world applications. In contrast, extending probabil-
ities of causation to the non-binary case enables a more de-
tailed and informative assessment. For example, in a binary
setting, physicians can only determine whether a medication
is effective or not, leading to a simple yes-or-no prescription
decision. However, with multi-valued treatments z; (e.g., dif-
ferent dosage levels, where 1 < 7 < n and n € N), doctors
can evaluate which dosage level yields the optimal therapeu-
tic effect for a particular patient. This finer-grained under-
standing supports more personalized and effective treatment
decisions.

Efforts to address non-binary cases have continued in re-
cent work. Zhang et al. [2022], as well as Li and Pearl
[2022a], proposed numerical methods for computing non-
binary probabilities of causation using nonlinear program-
ming techniques.

More recently, Li and Pearl [2024] introduced recursive-
form but un-tight theoretical bounds for non-binary proba-
bilities. Relatedly, de Aguas et al. [2025] studied proba-
bilities of tiered benefit and harm for ordinal outcomes, fo-
cusing on cross-threshold causal effects and semiparametric
inference. Despite these advances, existing approaches still
face important limitations: numerical methods can become
computationally demanding as the numbers of treatment and
outcome values grow, while recursive analytical bounds may
lose sharpness through repeated bounding steps. This lack of
sharpness can directly affect downstream decision-making,
since bounds that straddle a meaningful decision threshold
may leave the relevant conclusion unresolved.

To address these limitations, we derive closed-form, non-
recursive bounds for arbitrary non-binary probabilities of
causation in general SCMs, using standard experimental and
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observational distributions. Our approach first identifies a
representative family of non-binary PoCs that is sufficient
to express arbitrary discrete PoC queries, and then derives
bounds for this family through equivalence classes and a
replaceability principle. We prove the soundness of the
proposed bounds in all dimensions and empirically verify
their tightness in low-dimensional cases, specifically when
the treatment and outcome take three or four possible val-
ues, using Balke’s linear programming framework [Balke,
1995]. While a complete proof of tightness in the general
n-dimensional case remains open.

1.1 Key Contributions

* We derive closed-form bounds for multi-valued PoCs in
SCMs from only experimental and observational data.

* We introduce equivalence classes and a replaceability
principle to reduce arbitrary PoC queries and transfer
bounds across value permutations.

* We prove soundness for all dimensions, verify tightness
in low dimensions, and show consistent tightening over
Li—Pearl method with improved computational simplic-

ity.

2 Preliminaries

We begin by reviewing the basic definitions of probabilities
of causation and the associated notation in Structural Causal
Models (SCMs) [Galles and Pearl, 1998; Halpern, 2000].
Readers already familiar with SCMs may choose to skip this
section.

Counterfactuals are well defined within the SCM frame-
work. A counterfactual statement such as “Variable Y would
have the value y had X been z” is denoted as Y, = y. Here,
the subscript x refers to a hypothetical event, which is well-
defined in SCMs. For brevity, we will use y,;, Y, Y4, and .,
throughout the paper to represent the events Y, =y, Y, =y,
Y, =4/, and Y, = o/, respectively. Unless otherwise spec-
ified, we assume that experimental data are available in the
form of causal effects (e.g., P(y.)), while observational data
are provided as joint probabilities (e.g:, P(z,y)). In our no-
tation, X denotes the treatment variable and Y denotes the
outcome or effect.

Let X and Y be two binary variables in a causal model
M, where x denotes the proposition X = true, =’ denotes
X = false, y denotes Y = true, and 3’ denotes Y = false.
The three basic binary probabilities of causation—PN, PS,
and PNS—are defined as follows [Pearl, 1999]:

Definition 1 (Probabilities of Causation). [Pearl, 1999]
PN% P(y;,|;v,y),PS é P(yr|y/ax/)aPNS é P(yzay;/)

PNS stands for the probability that y would respond to x
both ways, and therefore measures both the sufficiency and
necessity of = to produce y.

Tian and Pearl [2000] then derived tight bounds for the
PN, PS, and PNS using Balke’s linear programming approach
[Balke, 1995]. These bounds were later given a formal theo-
retical proof by Li and Pearl [2019; 2022b].

The tight bounds for binary PNS, PN, and PS, are given as
follows:

0,
P(yz) = Pyer), \
PNS
XY P(y) — Plyw), (=
P(y.) — P(y)
II;((wa)),
3 y;p’ )
PNS < min P(a,y) + P(z',y),
P(yz) — P(yaer) + P(z,y') + P(z', y)
0,
max P(y) - P(yw’) < PN
P(z,y)
1,
PN < min{ P(ys) = P(z",y)
P(z,y)
0,
max P(y') — P(y,) <PS
P(2',y")
1,
PS < min P(y,) — P(x,y)
P(2',y')

Regarding non-binary probabilities of causation, Li and
Pearl [2024] recently provided eight theorems establishing
theoretical (though not tight) recursive-form bounds for cases
where both the treatment and the effect are non-binary.
Specifically, when the treatment variable X takes m values
and the outcome variable Y takes n values, the following
set of non-binary probabilities of causation are defined and
bounded. (We omit the detailed bounds here; interested read-
ers may refer to [Li and Pearl, 2024] for full derivations.)

Probability of preservation(i, j):
P(yiwj7yi)7 St71§2§n71§]§m
Probability of replacement(i, j, k):
P(yip, yp), stol<ik<nl1<j<mi#k
Probability of substitute(i, j, k):
P(yig, 71), st 1<i<n1<jk<mj#k
Probability of necessity(i, j, k, p):
P(yi$J7ykaxp)7 St71§27k§n71§j7p§m7j7ép
Probability of necessity and sufficiency(k):
P(yilcv ""’yikzj ), St71 Sil,...,ik S’IL
J1 k
1 < .j17 7jk < ma.jl 7& 7& jk
Probability of substitute(k,p):
P(Wiy g soosYing, +Tp)s Sty 1 <1, iy <,
1 Jk

1 S j17"'7jk7p S m7.j1 3& #]k #p
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Probability of replacement(k,q):

P(yimjl ) ~~~,y¢kwjk,yq), st 1 <idy,.ip,q<n,

1< 1,00 jk <My j1 # oo # i

Probability of necessity(k, p, q):

P(yilmj s Yina, JTp,Yq)s St 1<y, .. ik,q <m,
1< 1,00, Jks 0 <My J1 F# ... F Ji £ D

In this paper, we will provide tighter bounds for a subset of
the modified probabilities defined above and demonstrate that
these selected probabilities are sufficient to represent all dis-
crete probabilities of causation within SCMs.

3 Main Results

In this section, we first simplify the definitions of the Prob-
ability of Necessity and Sufficiency(k), Probability of Sub-
stitute(k,p), Probability of Replacement(k,q), and Probability
of Necessity(k,p,q) defined by Li and Pearl [2024] into their
most concise forms, while retaining their ability to repre-
sent all discrete probabilities of causation in Structural Causal
Models (SCMs).

3.1 Probability of necessity and sufficiency(%)

The Probability of Necessity and Sufficiency(k) is simpli-
fied to the form P(y1,,,. .., Yky, )» Where | X| = Y| = n,
the cardinalities of the state spaces of X and Y are both n,
and the values of X and Y are arranged in increasing order
within the probability expression. This simplification yields
the most straightforward closed-form representation. We will
later demonstrate that this simplification preserves general-
ity. The closed-form bounds for the modified Probability of
Necessity and Sufficiency(k) are presented in the following
theorem. All theorem proofs are provided in the appendix.

Theorem 2 (Probability of necessity and sufficiency(k)
(PNS(k))). Suppose variable X has n values 1, ...;x,, and
Y has n values y1, ..., Yn, k < n, then the probability of ne-
cessity and sufficiency(k) P(y1,,, > Yk, ) is bounded as fol-

lowing:
05
k
D P )= k+1,
j=1
max
> [Pl )+ Plag) - Plag )] +
1<j<k
J#i
+P(ziyy) —k+1, ie{l, .. k}
S P(ylwla"'7ykxk)
k n
Z (5,95) Z P(z;),
j=1 j=k+1
. Plyj,,),  Je{l..k},
min
1
E ZP Mc (xt];yt) ’
me{l,....k—1}t; € {1,....k}

2 P(ylwla 7yka:k)

Note that PNS(k) is a nonbinary, higher-order generaliza-
tion of the original PNS. For example, PNS(2)—which re-
duces to the binary PNS—represents the probability that y;
would respond to x; and ys would respond to xo, formally
written as P(y1,,,¥2,,). Bounds for similar probabilities,
such as P(y2,,,¥1,,). can also be derived by leveraging the
replaceability property of the probabilities of causation, as
described in Theorem 7.

The proof of soundness, specifying when the bounds are
attained with equality, is provided in the appendix. We will
also present toy examples to illustrate how our results en-
hance decision-making capabilities. While some may argue
that the previous definition of PNS(k) is more general, we
will later demonstrate their equivalence in expressive power
in Theorem 6.

3.2 Probability of substitute(k, p)

Similar to the Probability of Necessity and Sufficiency(k), the
Probability of Substitute(k,p) is simplified as stated in the
following theorem:

Theorem 3 (Probability of substitute(k,p) (PSub(k,p))).
Suppose variable X has n values xi,...x, and Y
has n values y1,4.,yn, k < n, then the probability

P15 Yk zpsTp), St p # jfor 1 < j <k is bounded
as following:
0,
k
max Z|: y]z +P(9CJ)_P(%»y])}
j=1
+P(xp) — k
< P(ylmla [RX3) ykzkvxp)
min P(:CP)’ )
P(y;, ) — P(aj,y;). j€{l,....k}
> P(ylxla "'7ykxk7xp)

3.3 Probability of replacement(k, q)
Then, the Probability of replacement(k, q) is simplified as
stated in the following theorem:

Theorem 4 (Probability of replacement(k, ¢) (PRep(k, ¢))).
Suppose variable X has n values xi,...,x, and Y

has n values yi,...,yn, k < n, then the probability
P(Y14ys s Yk, » Yq) is bounded as following:
0,
k

> [Pus,,) + Plag) = Plag)| +

j=1

+ Z P(zj,yq) + P(xq,yq) — k,

max k+1<j<n
J#q

> [Plui,,) + Pla) = Plas,y)] +

1< <k

J#q )

+P(zq,yq) — (k—1), ifqge{l,.. k}
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< P(yla:17 "’7ykzk7yq)

P(quq)7 l.f‘q 6 {]" ""k}’
. P(xmyq) + Z P(mﬁyQ)ﬂ
R k+1<j<n

V' ]
je{l,.k}hi#q
> P(ylrlv"'vykzkqu)

3.4 Probability of necessity(k, p, q)

Finally, the Probability of necessity(k, p, q) is simplified as
stated in the following theorem:

Theorem 5 (Probability of necessity(k, p,q) (PN(k, p, q))).
Suppose variable X has n values x1,...,x, and Y
has n values yi,....,yn, kK < n, then the probability

P(Yigys s Ykay> TprYg)s St p # jfor 1 < j < ks
bounded as following:

0,
[Py, + Pla) = Plaj,u)] +

1
+P(zp,yq) — k
S P(ylgcla (X3} ykxkvxpayq)

max

k
Jj=

3 P(‘Tpqu)y
mm{ P(y;,,) = P(j,y5), J€{l,....k}

2 P(y1m17~~~7ykxk7xpa yq)

3.5 Equivalence Class in Probability of Causation

We now proceed to demonstrate the generality of the above
modified probabilities of causation through the next two the-
orems.

Theorem 6 (Equivalence classes in probabilities of causa-
tion). Suppose variable X has n-values x1, ..., x,, Y has m
values yi, ..., Ym:

* Case 1: Let Y' haven values i, ...,y.,. W.L.O.G., let
k<m<n.
Then the bounds of the probability, P(y1,,, s Yk, )
is exactly the same as the bounds of the probability,
P(y’lml, ey yfmk) where

P(yl/zj) :Ovp(yl/) =0,
form+1<1<n,1<j<n,
and,

P(?Azj) = P(ylxj)vp(xjayl/) = P(‘Tjayl)v

for1 <l <m,1<j<n.
* Case 2: Let X' have m values x, ..., x!,. W.L.O.G., let
k<m<n.
Then the bounds of the probability, P(y1,, ;s Ykz, )

is exactly the same as the bounds of the probability,
P(Yi 4,01 Ypy, )» where

P(yjzl) :07P(ymzl) = 17P(xl) =0,
Jorm+1<1<n,1<j<m-1,

and,

P(ng;l) = P(ng;;)vp(xhyj) = P(l.;vyj)
for1 <l<m,1<j<m.

3.6 Replaceability in Probability of Causation

Theorem 7 (Replaceability in probabilities of causation).
Suppose variable X has n values x1,...,x, and Y has
n values yi,...,Yn, then the bounds of the probability,
P(ylwl g sy yi_lfﬂz‘—l y yil’z’ yi+1f€z‘+1’ N ykmk)’ can be ob-
tained by replacing y;,,, with Yin, for any 1, such that 1 <

i,i < n, in the bounds of the probability, P(Y14,ys s Yk, )-

Note that both theorems apply to the cases of PNS(k),
Psub(k, p), PRep(k,q), and PN(k,p,q). For instance, to
derive the bounds for P(y,, vy, ,yl, | z,y"), we can
first apply PN(3,4,4) to obtain P(y.,y.,, yu., z'" y"). If
|X| # |Y|, we should first apply Theorem 6. Then, us-
ing the replaceability property of probabilities of causation
(Theorem 7), we can convert P(y,,y.,,y.., ", y") into
P(ye, Yurs yon, ' y"").  Finally, dividing by P(z",y")
yields the desired conditional probability: P(yy, Yur, Yer |

111 ///)

L0y

4 Examples

In this section, we will discuss several examples to demon-
strate the effectiveness and usefulness of our results.

4.1 Cross-Treatment Heterogeneity in Medicine

Consider patients with hypertension who are eligible for three
alternative treatment options. Standard clinical summaries re-
port average improvement rates for each treatment, yet they
fail to identify patients who would benefit from one treatment
but be harmed by another. Since the same patient cannot re-
ceive all treatments simultaneously, and responses observed
at different times may be confounded by disease progression,
such cross-treatment responses are inherently counterfactual,
motivating the use of multi-valued probabilities of causation.

Let X denote the treatment assigned to a patient, where
Z1, 2, and x3 correspond to Treatment 1, Treatment 2, and
Treatment 3, respectively. Let Y denote the clinical outcome
category, with y1, y2, and ys3 indicating poor outcome, mod-
erate outcome, and good outcome.

We focus on the probability of causation
P(Y34,, Y125 Y245)> Which quantifies the fraction of
patients who would achieve a good outcome under Treat-
ment 1, a poor outcome under Treatment 2, and only a
moderate outcome under Treatment 3. Such cross-treatment
response patterns cannot be inferred from marginal outcome
rates alone.

To obtain the required estimates, clinicians conduct a ran-
domized clinical trial with 900 patients, where each patient
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Treatment 1 Treatment 2 Treatment 3

poor 46 270 40
moderate 23 8 223
good 231 22 37
Overall 300 300 300

Table 1: Experimental data collected by clinicians.

is assigned to one of the three treatments. The experimental
data are summarized in Table 1.

Notably, each marginal experimental probability appear-
ing in the target conjunction, namely P(ys,, ), P(y1,,), and
P(y2,,), exceeds 0.5. This might suggest that the joint prob-
ability P(y3,,, Y1z, Y24,) 1S also large. However, this infer-
ence is not justified without causal bounds that account for
cross-world dependencies.

In addition, clinicians collected observational data from
900 patients whose treatment choices were self-selected, as
summarized in Table 2.

By plugging both the experimental and observational data
into Theorem 2 together with the replaceability property
(Theorem 7), we obtain the following bounds:

0.509 S P(y3fc1’y1x27y2x3) S 0.588.

In contrast, the recursive bounds obtained using the method
of Li and Pearl [2024] yield [0.428, 0.588], which leaves sub-
stantial ambiguity as to whether this response type constitutes
a majority of patients.

Our tighter lower bound resolves this ambiguity by show-
ing that more than half of patients exhibit this cross-treatment
response pattern, indicating a large subgroup for which Treat-
ment 1 is beneficial, Treatment 2 is harmful, and Treatment 3
is intermediate. Such risk-relevant heterogeneity is invis-
ible to marginal outcome comparisons and highlights how
tighter multi-valued PoC bounds can guide heterogeneity-
aware treatment selection.

4.2 Personalized Decision-Making in Educational
Interventions

An education platform provides academic support at multiple
intensity levels for learners preparing for certification exams.
While the platform advertises that increased instructional in-
tensity leads to better learning outcomes on average, advisors
are concerned that overly aggressive intervention may harm
some learners.

Consider a learner with stable but unexceptional perfor-
mance. The advisor seeks to assess whether moderate support

Treatment 1 Treatment 2 Treatment 3

poor 131 45 38
moderate 68 22 483
good 1 51 61
Overall 200 118 582

Table 2: Observational data collected by clinicians.

Intensive Moderate Light None
Fail 195 11 80 100
Pass 51 266 198 147
Excellent 54 23 22 53
Overall 300 300 300 300

Table 3: Experimental data summarized by the education platform.

would be beneficial, while intensive support could instead be
detrimental. Such questions are central to personalized edu-
cation policy, where one-size-fits-all strategies may be sub-
optimal.

Let X denote the level of academic support, ranging from
intensive (x1), moderate (z2), light (z3) to none (z4). Let Y
denote the learner’s grade at the end of the term, where y;
indicates fail the exam (e.g., grade F), y- indicates pass the
exam, and y3 indicates excellent performance (e.g., grade A).

The advisor’s query is captured by the probability of causa-
tion P(y1,,, Y24, Y2, | 4,y2), which asks: among learners
who currently pass without support, what is the probability
that they would still pass under light or moderate support, but
fail under intensive intervention?

To answer this question, the advisor obtains historical data
collected by the platform over several academic terms, dur-
ing which learners participated in different intensity levels
while following comparable curricula and assessment stan-
dards. The data include both experimental studies (where
1200 learners were assigned to different intervention levels)
and observational records (where 1200 learners self-selected
their level of support). These results are summarized in Ta-
bles 3 and 4.

Based on an observational study, the platform reports that
higher levels of intervention are associated with improved
performance on average: 16.1%, 7.3%, 5.8%, and 3.2% of
learners achieve excellent performance under intensive in-
struction, moderate instruction, light instruction, and no addi-
tional support, respectively, suggesting that intensive training
may be beneficial. However, such averages do not address
individual-level risks.

We therefore consider:

P(ylxl ) y2x2 y y2x37 Ty, y2)
P(z4,y2) 7

which quantifies the probability that increasing intervention
intensity would negatively affect learners who are currently
stable without support.

Applying the experimental and observational estimates to

P(y1m17y2127y2:r3 | $4,y2) =

Intensive Moderate Light None
Fail 67 11 53 46
Pass 129 17 53 436
Excellent 193 87 70 38
Overall 389 115 176 520

Table 4: Observational data summarized by the education platform.
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Theorem 5 and Theorem 7, we obtain:
0.0125 < P(ylxl s y2w2 5 yQIS , L4, yg) < 0.363,

which is strictly tighter than the bounds obtained using the
method of Li and Pearl [2024]: [0, 0.363].

Since P(x4,y2) = 15, this yields:
0.344 < P(y1,,: Y20,+ Y20, | Ta:y2) < 1,

which is substantially more informative than the vacuous
bound [0, 1] obtained by Li and Pearl [2024] method.

These results allow academic advisors to conclude that,
for a non-negligible subset of learners, intensive intervention
poses a significant risk of adverse outcomes, while moderate
support remains safe.

5 Simulated Results

In this section, we empirically demonstrate that the conjec-
tured closed-form bounds yield tighter estimates than the re-
cursive bounds of Li and Pearl [2024]. Here we focus on
the probability of necessity and sufficiency (PNS) to pro-
vide a simple and visually direct illustration of how much
improvement is obtained in practice. Our generated data sat-
isfy the consistency relation between experimental and ob-
servational distributions. We uniformly generate each inter-
ventional distribution P(Y,, = y;) first, and then uniformly
generate observational distributions subject to compatibility
constraints with the experimental data. In particular, follow-
ing Tian-Pearl’s bounds, forany i, j € {1,...,n}, we require
P(zj,yi) < P(Yip,) <1 — P(x;,ys), forall i’ # i.

Dimension sweep (n € [3,20]). We fix £ = 3 (ie.,
X and Y each take three values) and vary the dimension-
ality n € [3,20], focusing on the probability of neces-
sity and sufficiency PNS(k). For each n, we randomly
generate 10,000 ground-truth instances of PNS(3), i.e.,
P(Y14,5 Y2241 Y34,)- For every instance, we construct com-
patible observational and experimental sample distributions.
Our data-generation procedure enforces the standard feasibil-
ity constraint P(z;,y;) < P(yiy,) < 1=P(xs)+P(xi, ;).
For each n, we compute the average improvement of our
bounds over the 10,000 instances and plot the resulting differ-
ences in Figure 1. Across all dimensions, the improvements

0.0030

—a— AUB=Li&Pearl — Thm2
—e— ALB=Thm?2 - Li&Pearl

0.0025

0.0020

0.0015

0.0010

Bounds Differences for PNS

0.0005

0.0000

T T T T T T
234567891011121314151617181920

Dimension

Figure 1: Bounds differences between Li—Pearl and Theorem 2.

i Avg. inc. Avg. dec. Li—Pearl Thm.2 Bounds

i LB UB PNS gap PNS gap narrower
3,3 0.0002 0.0029 0.1691 0.1661 1737
4,4 0.0000 0.0024 0.1006 0.0983 1652
5,5 0.0000 0.0018 0.0669 0.0651 1628
5,4 0.0000 0.0015 0.0789 0.0775 1186
4,3 0.0000 0.0018 0.1257 0.1239 1088
5,3 0.0000 0.0009 0.0952 0.0943 746

Table 5: Comparison of bound tightening and PNS-gap reduction
across dimensions over 10,000 sample distributions.

are never negative. Moreover, the average improvement de-
creases as n increases, which is expected because probability
mass is spread over more categories, making typical values of
P(x;,y;) and P(y;,) smaller.

Per-instance comparisons.. To further illustrate the im-
provement at the level of individual instances, we consider
several representative settings, n € {3,4,5},k € {3,4,5}
(chosen for convenience of presentation). For each set-
ting, we generate 10,000 compatible sample distributions and
compute bounds by both methods. For sample ¢, let [a;, b;]
denote the bounds from our theorem and [¢;, d;] denote the
bounds from Li and Pearl [2024]. We summarize the follow-
ing quantities:
* Average increase in the lower bound : %

e Average decrease in the upper bound : %

. i . 2 (dizci)
Average gap from Li and Pearl: =555

. . 2 (bizai)
Average gap from theorem 2 : <50

* Count of sample distributions where Theorem 2 yields
narrower bounds : Y f; where, f; = 1if (a; > ¢;) or
(b; < d;) and f; = 0 otherwise.

Table 5 reports these summary statistics across different
dimensions. Notably, the bounds are narrowed in approxi-
mately 10%—-20% of the samples.

Visualizing per-instance improvements. To complement
the aggregate trends in Fig. 1 and the summary statistics in

0.4
—— Li and Pearl-UB
—— Thm2-UB
039 — Thm2-LB

Li and Pearl-LB

Bounds for PNS
o
)
1

o
=
1

15 30 45 60 75 90
Samples

Figure 2: PNS bounds over 100 instances for n = k = 3.
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Figure 3: Per-instance PNS bounds across different (n, k) settings.

Table 5, we further examine per-instance behavior to illus-
trate how bound tightening manifests at the level of individual
samples across dimensions.

Figure 2 shows the lower and upper bounds for 100 repre-
sentative instances with n = k£ = 3, comparing the bounds
from Theorem 2 and from Li and Pearl [2024]. Extending this
analysis, Fig. 3 reports results across multiple (n, k) settings.
For each configuration, we generate 10,000 compatible sam-
ple distributions and select the 100 instances with the largest
discrepancies between the two methods, ordered by their PNS
bounds to facilitate comparison.

As dimensionality increases, the lower bounds increasingly
concentrate near zero. This behavior is expected, since prob-
ability mass is spread over a larger number of categories, re-
ducing typical values of terms such as P(x;,y;) and P(y;,.),
and thereby limiting potential improvements in the lower
bounds.

Importantly, this does not diminish the advantage of the
proposed approach.  Instead, with increasing n, the rela-
tive separation between the bounds produced by Theorem 2
and those of Li and Pearl becomes more pronounced, driven
mainly by systematic reductions in the upper bounds. This
trend is particularly evident in Fig. 3a-3c, where n = k and
the relative gap widens as dimensionality grows.

Moreover, Fig. 3d-3f show that this separation persists
when n # k, indicating that the closed-form bounds re-
main accurate beyond the diagonal (n = k) regime. Overall,
these results demonstrate that the proposed closed-form ex-
pressions are not only computationally simpler, but also con-
sistently tight across a wide range of dimensional configura-
tions.

6 Conclusion

We studied multi-valued probabilities of causation (PoCs) in
general Structural Causal Models using experimental and ob-
servational distributions, without imposing structural restric-
tions. Our main contribution is a closed-form framework
that reduces arbitrary discrete PoCs to a representative family
with analytically derived bounds. Equivalence classes and re-
placeability transfer these bounds across value permutations
and mismatched treatment—outcome cardinalities, yielding a
compact toolkit for non-binary PoCs.

We established soundness in all dimensions and em-
pirically verified tightness in low-dimensional settings via
Balke’s linear programming when feasible. Simulations show
that our bounds consistently tighten the recursive bounds of
Li and Pearl [2024] while being simpler to compute and suit-
able for repeated queries. These results suggest that the pro-
posed bounds may be complete in general, although a formal
tightness proof for all dimensions remains open.

Our examples show that multi-valued PoCs capture cross-
world response patterns that marginal comparisons cannot re-
veal. In both medical and educational settings, they quantify
latent response types—such as individuals who benefit under
one intervention but may be harmed under another—thereby
supporting heterogeneity-aware and personalized decisions.

Several open directions remain. A general completeness
proof is still open beyond the low-dimensional cases veri-
fied here. Future work may incorporate covariates and causal
graphs to sharpen identification, and seek interpretable non-
binary structural assumptions for stronger bounds. In partic-
ular, extending monotonicity-type ideas such as Monotonic
Incremental Treatment Effect (MITE) [Mueller, 2025] under
partial-order constraints is a promising direction.
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