PRELIMINARY PREPRINT VERSION - DO NOT CITE
This is not the version of record. The final version will appear in the Proceedings of JCAI-ECAI 2026.

Ensuring Logic in the Fog: Sound POMDP Synthesis with LTL Objectives

Can Zhou', Yulong Gao!, Pian Yu?

Tmperial College London, United Kingdom
2University College London, United Kingdom

{c.zhou24, yulong.gao} @imperial.ac.uk, pian.yu@ucl.ac.uk

Abstract

Synthesising autonomous agents that can navigate
uncertain environments while adhering to complex
temporal constraints remains a fundamental chal-
lenge. While Linear Temporal Logic (LTL) pro-
vides a rigorous language for specifying such tasks,
the inherent undecidability of qualitatively verify-
ing LTL satisfaction in partially observable Markov
decision processes renders quantitative synthesis
difficult, especially when designing reliable re-
ward signals for approximate solvers. In this
paper, we bridge this gap with a novel, sound
reward-shaping mechanism that dynamically gen-
erates belief-dependent rewards grounded in cer-
tified LTL satisfaction. By integrating this mech-
anism into an enhanced Monte Carlo Planning
framework, we empower agents to navigate the
‘fog’ of partial observability with a search process
focused on maximising verifiable success. Our ex-
periments demonstrate that this approach not only
thrives in scenarios where existing solvers fail but
also maintains effectiveness and scalability across
diverse benchmark domains.

1 Introduction

Partially Observable Markov Decision Processes (POMDPs)
provide a principled framework for sequential decision-
making amidst the fog of uncertainty, accounting for both
stochastic dynamics and incomplete state information [Kael-
bling et al., 1995; Sebastian er al., 2005]. When cou-
pled with w-regular properties like Linear Temporal Logic
(LTL) [Pnueli, 1977], they allow for the synthesis of poli-
cies that satisfy complex, temporally extended goals over in-
finite traces in uncertain, partially observable environments.
Therefore, POMDP-LTL synthesis has attracted considerable
interest across Al robotics, and control [Sharan and Burdick,
2014; Bouton et al., 2020; Kalagarla et al., 2024].

Despite its potential, quantitative POMDP-LTL synthe-
sis, aiming to maximise satisfaction probability, remains no-
tably challenging. Optimal policy synthesis for general plan-
ning tasks in infinite-horizon POMDPs is undecidable, even
for simple reachability objectives, as it necessitates reason-
ing over an uncountable belief space and may require un-

Figure 1: A POMDP where states sharing the same observation are
indicated by a common background colour. This colour-coding con-
vention is maintained throughout all subsequent figures.

bounded memory [Chatterjee et al., 2016]. Practical ap-
proaches therefore rely on tractable approximations that re-
formulate the problem as reward maximisation, with reward
functions encoding task satisfaction, and apply approximate
solvers such as Point-Based Value Iteration (PBVI) [Pineau
et al., 2003] and Partially Observable Monte Carlo Planning
(POMCP) [Silver and Veness, 2010].

However, constructing appropriate reward signals for
full LTL is non-trivial, since its semantics concern non-
terminating behaviour over infinite traces. Existing ap-
proaches either restrict attention to finite-trace LTL (LTL}),
which reduces satisfaction to a one-shot reachability prob-
lem [Kalagarla ef al., 2022; Liu et al., 20211, or apply opti-
mistic reward shaping based on state-space accepting maxi-
mal end components (AMECs) [Bouton er al., 2020]. Never-
theless, due to partial observability, POMDP policy synthesis
must operate over the belief space, and many objectives such
as recurrence and persistence require full LTL. Furthermore,
an optimistic reward for POMDP-LTL may assign a positive
satisfaction signal to a belief state even when no single belief-
based policy (defined as a policy shared by all states within
the belief’s support) can realise the implied satisfaction prob-
ability. This challenge, which we term the common policy
issue, is illustrated in the following example.

Example 1. Consider the POMDP in Figure 1 with action
set {a, c} and initial belief by = {s1 : 1.0}. The LTL objec-
tive o = OO (sa V s3), requiring the system to visit states so
or sg infinitely often. Under full observability, two AMECs
exist: 1. {so, $3}, which achieves almost-sure satisfaction
(i.e. probability one) by alternating actions a and c, and 2.
{$2, 85}, which succeeds by repeatedly playing a. This sug-
gests that all beliefs supported on AMECs yield satisfaction
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with probability one. However, with partial observability, no
belief-based policy supported on {sg, s3} can satisfy ¢ al-
most surely: state sq requires action c, but taking c in ss leads
to the sink s4. Conversely, beliefs supported on {sa, s5} can
still satisfy @ almost surely by playing a.

Furthermore, assigning positive reward one to all states
within the state-space AMECs (i.e., {so, $2,83,S5}) incor-
rectly suggests that actions a and c are equally optimal at
bo. In reality, c is the uniquely optimal action.

More fundamentally, encoding exact LTL satisfaction as
a reward signal is undecidable for POMDPs because of the
probability leakage inherent in belief transitions, as shown in
Example 1 for beliefs supported on {sg, s3}. For such beliefs,
deciding whether a policy with positive satisfaction probabil-
ity exists is undecidable [Baier et al., 2008]. These theoretical
barriers make it difficult to construct sound reward signals.
Without these, approximate solvers struggle to converge on
reliable, belief-based policies for LTL objectives.

Contributions. We bridge the theoretical and practical
gaps in quantitative POMDP-LTL synthesis by introducing
a novel mechanism for sound reward shaping. In contrast
to fixed scalar reward structures, our approach defines re-
ward assignment rules that integrate with an enhanced online
POMCTP planner. This allows the system to dynamically eval-
uate rewards and guide the search toward maximising certi-
fied satisfaction, thereby enabling reliable belief-based pol-
icy synthesis. To the best of our knowledge, this is the first
sound and practical anytime synthesis algorithm for full LTL
in POMDPs. Our main contributions are summarised as fol-
lows: 1) Sound Reward Shaping: We introduce a sound re-
ward shaping mechanism over the belief space by leveraging
belief support structures, grounded in the insight that almost-
sure satisfaction is the only certifiable property in POMDP-
LTL. A pruning strategy streamlines reward construction, and
the resulting rewards provide a certified lower bound on the
true LTL satisfaction probability. 2) Sound Anytime Syn-
thesis: We integrate our reward assignment rules into an en-
hanced POMCP algorithm specialised for anytime LTL syn-
thesis. Once the search reaches a certified belief region, the
agent may continue exploring for higher satisfaction or switch
to a verified policy that guarantees satisfaction. This offers
the first sound and practical method for real-time POMDP-
LTL synthesis. 3) Empirical Validation: We show that our
method synthesises reliable belief-based policies in scenarios
where existing approaches fail. We further show its effective-
ness and scalability on three standard POMDP benchmarks
with diverse LTL tasks.

Related Work. Owing to the undecidability of quantitative
synthesis for POMDPs with LTL, prior work has turned to
tractable approximations. One possible approach is to restrict
policies to randomised finite-state controllers (FSCs) [Chat-
terjee et al., 2015; Sharan and Burdick, 2014; Ahmadi et
al., 2020; Carr et al., 2020; Carr et al., 2021]. However,
such finite-memory restrictions impose key limitations: op-
timisation remains only locally optimal for any fixed mem-
ory size, and while performance is highly sensitive to that
size, the minimal required memory is undecidable [Madani et
al., 1999]. A complementary line of work [Liu et al., 2021;
Kalagarla et al,, 2022; Kalagarla er al., 2024] considers

belief-based policies for finite-trace LTL (LTLy). However,
many complex planning tasks require infinite-horizon recur-
rence and persistence, necessitating full LTL. [Bouton et al.,
2020] addresses this by applying PBVI with reward signals
derived from state-based AMECs. As illustrated in Exam-
ple 1, such state-based reward shaping can be overly opti-
mistic under partial observability. A detailed discussion of
related work is provided in Appendix A !.

2 Preliminaries and Problem Statement

This section first outlines the preliminaries of LTL and its
equivalent Limit-Deterministic Biichi Automaton (LDBA)
representation. We then provide the foundations of POMDPs
and the POMCP algorithm for online planning. Finally, the
problem under consideration is formulated.

2.1 Linear Temporal Logic

LTL [Pnueli, 1977] extends propositional logic by introduc-
ing temporal operators that enable the specification of task
requirements over time. The syntax of an LTL path formula
over a finite set of atomic propositions (AP) is defined induc-
tively as follows:

@ u=true| a€ AP | ¢ | p Ao | Ogp | pUp,

where () (Next) and U (Until) are temporal operators. Ad-
ditional derived temporal operators include: ¢y = trueUyp
(Eventually) and Op = —(0—p) (Always). Standard
Boolean operators, such as V (or) and — (implies), are used
conventionally. The detailed semantics with satisfaction rela-
tion of LTL can be found in [Baier and Katoen, 2008]. For a
formula ¢ and an infinite word w = wowws - -+ € (28)«,
we write £(p) to denote the language of , which is the set
of infinite words over (2*F)% that satisfy .

Every LTL formula admits an equivalent representation
as a Nondeterministic Biichi Automaton (NBA) [Vardi and
Wolper, 1994] that accepts the language £(y). More recently,
a subclass of NBAs, known as limit-deterministic Biichi au-
tomata, has shown particularly suitable for the quantitative
analysis of probabilistic systems [Sickert et al., 2016]. In this
paper, we also make use of LDBAs to support our approach.

Definition 1 (LDBA [Sickert et al., 2016]). An LDBA A is
defined as a tuple A = (X, Q, qo, A, Acc) where % is an al-
phabet, QQ = Q; W Qqcc is the set of states partitioned into
two disjoint sets @Q; and Qqee. qo € Q) is the initial state.
A=A W Ay where: Ay Q; < (S U{e}) — 29, Ay
Qace X & — 2Qace g singleton-valued, and Acc C Qg is
the accepting set.

An infinite word w € ¢ is recognised by an LDBA A if
there exists an infinite run r = rorire - -+ € Q“, beginning
from ¢o and satisfying r; 11 € A(r;,w;) for all ¢ > 0 as well
as Inf(r) N Acc # (), where Inf(r) denotes transitions in
the accepting set appearing infinitely often in . The set of
infinite words accepted by the LDBA A is denoted by £(.A).
An LTL formula ¢ over AP can be efficiently translated into
an equivalent LDBA A with ¥ = 2 such that £L(A) =

'An extended version with the appendix is available at
https://arxiv.org/pdf/2605.12581
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L(¢), using state-of-the-art tools such as Owl [Sickert ef al.,
2016] and Rabinizer4 [Kfetinsky et al., 2018].

2.2 Partially Observable MDPs
In this paper, we consider the following mathematical model:

Definition 2 (Labelled POMDPs). A labelled POMDP is de-
fined as a tuple M = (S, Sy, A,0,T,Z, L), where S, S,
A, and O are finite sets of states, initial states, actions,
and observations, respectively. The state transition function
T:S5x A — Dist(S), where T(s,a)(s") denotes the proba-
bility of transitioning to state s' from state s by taking action
a. The observation function Z : S x A — Dist(O), where
Z(s',a)(0) denotes the probability of observing o after tak-
ing action a and reaching state s'. The labelling function
L : S — 2* maps each state s € S to the set of atomic
propositions in AP that hold true at s.

A belief state b of M is a probability distribution over its
state space S. Let by denote the initial belief state and let B
be the set of all possible belief states for a given POMDP M.
The belief support of a belief state b € B is the set of states
with positive belief, defined as Supp(b) := {s € S | b(s) >
0}. The set of all possible belief supports in M is then given
by Bsupp := {@ cs | doe O, Vs € O, o€ obs(s)},
where obs : S — 29. We write b(©) := Y b(s) for the
probability mass assigned by b € Bto ©® C S, called its belief
mass. The enabled action set at state s is defined as Ag(s) :=
{a € A | Post,(a) # 0} where Post,(a) = Supp(T'(s,a)).
We then define Ag(0) := (), o Ar(s). Without loss of gen-
erality, we assume that states with the same observation ad-
mit the same set of enabled actions; that is, for any s, s’ € O,

Paths. A history at time ¢ is a finite sequence h; =
(ag,01,...,a;_1,0;) € (A x O)* capturing the agent’s ob-
servable interaction with the environment. A belief path is
an infinite sequence p = (bg, ag, 01,b1, a1, 092, . ) in which
each belief b;11 = 7(bt, at, 0¢41) is obtained via Bayesian
update. The set of such paths starting from by is denoted
by BPaths(by). For any p, the set of compatible state paths
SPaths(p) C S contains all sequences (So; 51, - . . ) such that
S0 ~ bo, St41 ~ T(s¢,a¢), and 0441 ~ Z(S41,at), consis-
tent with the induced belief evolution.

Policy and LTL Satisfaction. We consider a deterministic
belief-based policy m € Il : B — A that maps a belief state
to an action. Denote by II the set of these policies. Under
a given policy 7, the probability that an LTL specification
holds at belief state b is denoted by

Pri(¢) = Pr{py € BPaths(b), ps € SPaths(pp) | ps = ¢},

which measures all belief executions induced by m whose
compatible underlying state paths satisfy . Accordingly, the
satisfaction probability for a POMDP M (under the policy )
with initial belief by is defined as Pry((¢) := Pry (¢).
Undecidability. Optimal policy synthesis for POMDPs
is generally undecidable under Biichi objectives induced by
LTL. [Baier et al., 2008] show that, for Biichi objectives,
both qualitative verification of positive (non-zero) satisfaction
probability and quantitative verification are undecidable. The
only property that can be certified is almost-sure satisfaction.

Product POMDP. Analogous to the product construction
for MDPs [Baier and Katoen, 2008], the product POMDP
M* synchronises the evolution of the POMDP M with the
LDBA A, generated from the LTL . This allows satisfac-
tion of ¢ to be checked by tracking accepting runs of the
LDBA along paths of M.

Definition 3 (Product POMDP). Given a labelled

POMDP M = (S,50,A,0,T,Z, L) and an
LDBA A, = (%,Q,q0,A Acc) from the given
LTL formula o, the product POMDP is a tuple

M* = (8%,85,A%,0,T*, Z*, L™, Acc™) with state-
space S* = S x Q. The set of accepting states is given by
Acc* ={(s,q) € S* | q € Acc}.

Given the initial belief state by of M, we have
by (s, A(go, £(s)))) = bo(s), Vs €5p. The set of all pos-
sible belief states of M* is denoted by B*. The complete
definition of the product POMDP is provided in Appendix B.

2.3 Partially Observable Monte-Carlo Planning

POMCP [Silver and Veness, 2010] is a widely adopted online
planning algorithm for POMDPs, as it effectively mitigates
the curse of dimensionality through state sampling and the
curse of historyviahistory sampling with a black-box simula-
tor. At each step ¢, it uses Monte Carlo Tree Search [Coulom,
2006] to build and explore a search tree rooted at 7 (h;) =
(N (h);V(ht), P(ht)), where N (hy) tracks the number of
visits to the history h:, V(h:) estimates the expected return,
and P (h;) holds particles that approximate the belief state b;.
Due to space limitations, details on how POMCP works are
provided in Appendix C.

2.4 Problem Statement
We study the following policy synthesis problem:

Problem 1. Given a POMDP M and an LTL specification
©, synthesise a deterministic belief-based policy m that max-
imises the probability of satisfying @, i.e. max e Priy ().

Following the standard product construction for
LTL and probabilistic systems [Baier and Ka-
toen, 2008], we form the product POMDP M* =
(8%, 85, A, 0,T*,Z*,L*, Acc™) of the POMDP M
with the LDBA A, derived from ¢ (Definition 3). This
synchronises the executions of M and A, and reduces LTL
satisfaction in M to the Biichi objective [J) Acc™ in M*:

P (o) = P (000 AccX).
max Priy(p) = max Priqx (00 Acc™)

Accordingly, we further reformulate Problem 1 as an equiv-
alent reward-based policy synthesis problem over M*. The
goal is to design a belief-based reward function that induces
an optimal policy whose expected reward is equal to the max-
imum satisfaction probability of Biichi objective.

Problem 2 (Reward-Based Policy Synthesis). Given the
product POMDP M induced by a POMDP M and an LTL

objective o, design a belief-based reward function R : B* —
[0, 1] and synthesis a policy 7> : B* — A* such that

> R
t=0

= max Pr”MXX(DOACCX).

X
max £}
X €I

X ellx
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3 Solution Technique

Solving Problem 2 presents significant theoretical hurdles.
Encoding LTL satisfaction via a fixed scalar reward is infea-
sible since assigning an exact reward is equivalent to comput-
ing exact satisfaction probabilities, which is known to be un-
decidable (Section 1). Moreover, even if such a reward were
available, maximising the expected reward within a POMDP
remains undecidable [Madani et al., 1999]. Practical methods
must therefore rely on approximations in both reward shaping
and policy synthesis.

We address this gap by proposing a sound approxima-
tion framework designed for practical POMDP-LTL synthe-
sis. Exploiting the fact that almost-sure satisfaction is the
only certifiable property, we first show that the exact reward
signal in Problem 2 can be soundly approximated by the be-
lief mass over certified satisfaction regions derived from the
belief-support structure (Section 3.1). We then develop a
belief-dependent reward-shaping mechanism that uses a set
of assignment rules to generate sound rewards dynamically,
together with a pruning strategy that streamlines reward con-
struction (Section 3.2). Finally, we integrate this mechanism
into an enhanced POMCP algorithm that steers the search to-
ward maximising certified satisfaction and synthesising reli-
able belief-based policies (Section 3.3).

3.1 Sound Approximation of Rewards Signal

For POMDPs with Biichi objectives, while determining ex-
act or zero satisfaction is undecidable, almost-sure satisfac-
tion fortunately admits a decidable property. Specifically, it
depends only on the belief support rather than the precise
probability distribution [Chatterjee et al., 2007]: if a belief
b is almost-sure winning, then any belief b’ with Supp(b’) =
Supp(b) is also almost-sure winning. This allows the contin-
uous belief space to be discretised into a finite belief-support
MDP (BSMDP), enabling structural evaluation of certified
satisfaction over belief support. In this abstraction, each state

corresponds to a belief support © C 25 *, and transitions
mimic the belief executions in the product POMDP.

Definition 4 (BSMDP [Junges et al., 2021]). Given a product
POMDP M* = (S*,S5, A*,0,T*,Z*,L*, Acc™), let
BSXupp be belief supports induced by M*. The corresponding
BSMDP is the tuple MESupp = (Bsupp 00, Tgupps A*), where
Og is the initial belief support, and the transition function
Tgupp i defined as ©' € Ty (0,0 € Ap(©)) if

0" € {UsecePost,(a) N{s| o€ obs(s)} |oc O*}. (1)

The BSMDP serves as a formal bridge between qualitative
almost-sure satisfaction and general quantitative analysis. By
reasoning over the BSMDP, we can identify specific winning
supports: subsets of state from which a belief-support based
policy exists to satisfy the Biichi objective with probability
1. These winning supports enable the construction of a sound
reward signal that, for any belief, lower-bounds the true sat-
isfaction probability by the portion of belief mass guaranteed
to satisfy the objective almost surely. We now formalise the
notion of winning supports and classify beliefs based on their
underlying support structure.

/2 01 /2 0.1

GRG0 (G-ER-65-<6))

Figure 2: Partially winning belief (supports).

Definition 5 (Winning Support and Winning Region). A sub-
set © C S* is a winning support if there exists a belief-
support policy & : BSXupp — A* beginning with © such that
every state s* € O satisfies the LTL objective with probabil-
ity one under 7. We denote the union of all winning supports

as a winning region W* := | ©.

Definition 6 (Belief Categorisation). A belief b* € B*
can be categorised by the relationship between its support
Supp(b*) and W* as follows:

1. Almost-sure Winning: if Supp(b™) € W*;
2. Partially Winning: if 30 € W* s.t. © C Supp(b™);
3. Non-Winning: if VO € W* and © Z Supp(b™).

Note that even if the initial belief is non-winning, the agent
may reach a (partially) winning belief during belief evolution.

Example 2. In the left of Figure 2, beliefs supported on
{8, 87, 85} are not almost-sure winning, but they contains
a winning support {slx} under action c. The satisfaction
probability for any belief supported by {s( , s1', s5 } is lower-
bounded by the belief mass assigned to {s; } by repeating c.

Notably, winning supports are defined with respect to
belief-support policies. Since a partially winning belief may
contain multiple winning supports (each associated with a
distinct policy), obtaining the tightest sound lower bound re-
quires selecting the specific winning support that maximises
the belief mass. Simply taking the union of all winning states
would result in the common policy issue (as discussed in Ex-
ample 1), where no single policy can satisfy the entire set.
This principle is illustrated in the following example.

Example 3. Consider beliefs supported by {s3 , sy ,s: , 54 }
in the right of Figure 2. The winning supports and their
admissible actions are: {s3} with {a}, {s;} with {a},
{s5, s} with {a}, and {s§} with {c}. These cannot be
merged into {s3 sy, s} when computing a sound lower
bound, as no single policy is winning for all three states. The
tightest lower bound is therefore determined by whichever
has the larger belief mass: {s5 ,sy } or {sg }.

We now define K« as the collection of all winning sup-
ports contained within the support of a belief state b* in the
product POMDP M*. For instance, in Example 3, a belief
b* with support {s5, s;, s2', sg } would have the set of win-
ning supports Ky« = {{s }, {s} }, {557}, {s¢'}}. Then
a sound belief-based reward signal can be defined as the max-
imum belief mass assigned to any winning support, reducing
Problem 2 to the following sound approximation:

Theorem 1. Given a product POMDP M, the maximum
expected reward in Problem 2 is lower-bounded by a belief-
based policy 7* : B* — A* that maximises the probability
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of reaching a (partially) winning belief b* with maximal be-
lief mass over its winning supports Ky :

> R

t=0

X
max [E7 .
X eIrx aXEelXx O€EK, x

where b* (0) is the belief mass assignment to the set of states
contained in ©.

Tightness. The lower bound in Theorem 1 attains the max-
imum certified LTL satisfaction probability. The remaining
gap to the true value reflects satisfaction probability that can-
not be certified in finite time, arising from the undecidable
leakage illustrated in Example 1.

3.2 Sound Reward Shaping

Theorem 1 allows sound reward signals to be constructed by
identifying winning supports in the BSMDP. However, the
state space of BSMDP grows exponentially with the state
space of the product POMDP, rendering all winning supports
and their associated winning policies computationally expen-
sive. To maintain tractability, we extract a sufficient subset
of winning supports, together with their almost-sure or par-
tially winning beliefs, by pruning the search space according
to two principles: (i) restricting the state space of the BSMDP
to obtain a sub-BSMDP; and (ii) focusing on structurally
relevant regions within this sub-BSMDP. A sound reward-
shaping mechanism is then derived from this refined subset.
Pruned Search Regions. Recall that in fully observable
product MDPs with a Biichi objective, any satisfying run
eventually enters and remains within a state-based AMEC.
We hence restrict the BSMDP construction to belief supports
that intersect the set of underlying state AMECs £J in M*:

|ONEX #0}. @)

This restriction gives an over-approximation of the belief-
support states relevant for satisfaction under belief-based
policies, while substantially reducing the BSMDP state
space. Moreover, since every winning support ensures
almost-sure satisfaction, any belief-support path must almost
surely enter a trapping region of .the BSMDP in which each
support state recurs infinitely often with satisfaction proba-
bility one. In the BSMDP, such closed recurrent accepting
regions correspond to belief-support accepting MECs (BS-
AMEC:s), defined formally below.

Definition 7 (BS-(A)MECs). A belief-support end compo-
nent (BS-EC) of an BSMDP Mlxasupp is a sub-MDP (E, Ag)
such that the digraph induced by (E, Ag) is strongly con-
nected. A belief-support MEC (BS-MEC) is an BS-EC
(E, Ag) that is not strictly contained in any other BS-EC
(E', A%;). We call a BS-MEC (E, Ag) accepting (BS-AMEC)
if all belief supports © € E are winning.

BE ., :={0 e B

Supp Supp

Sufficient Winning Region. We therefore restrict the

search for the set of winning-supports W* A% C WX)
to those contained in the BS-AMECs of the sub-BSMDP
Mlé’s“pp’ constructed over belief supports that intersect the

state-space AMECs defined in Eq. (2). Any other winning
support will almost surely reach WW* (thus W* is sufficient).

> max ETLXX [max I)X(G)}7

BS-MEC Non-BS-AMEC MNon-BS-AMEC BS-AMEC

Figure 3: BS-MEC structure under differing acceptance conditions.

Algorithm 1 Compute BS-AMECs
Input: BS-MECs (€5, Agx) of sub-BSMDP M5
Output: Sufficient winning region WX
L W* 0
2: forall (F, Ag) € (€§Supp, Agx) do
3: if 30 € Es.t. © C Acc™ then
WX« W*U{0 e E}
else
Construct the product MDP M **
Compute the winning state set S of M**
if S5 = 5% then
Wx «— WxuU{e c E}

D AR

Determining, however, whether a BS-MEC is accepting
is non-trivial, since the presence of Acc* alone is insuf-
ficient. As illustrated in Figure 3, a BS-MEC may con-
tain no winning support, may be only partially accepting,
or is a BS-AMEC (from left to right in Figure 3). Hence,
belief-support information alone is inadequate: one must
verify the existence of a belief-support-based policy under
which all underlying states are winning. To this end, Algo-
rithm 1 identifies BS-AMECs by constructing an auxiliary
product MDP M** = (§** AXX T** Acc**), where
S** = {(s*,0) | s* € ©,0 € E}, A**(s*,0) =
Agx (©), T**((s%,0),a)((s*,0')) = T*(s*,a)(s*),
and Acc™™ = {(s%,0) € §** | s* € Acc*}. One can
see that M** couples each BS-MEC with the underlying
state-space dynamics, permitting joint reasoning over belief-
support policies and state transitions. A BS-MEC is accepting
iff all states in this product MDP are winning.

Theorem 2. Given the sub-BSMDP Mlé’s“pp and its BS-MECs

(& ESHPP,AgX), Algorithm 1 returns a sound and complete

union set W* over all BS-AMECs.

Proof scratch. Soundness. If there exists © € E with © C
Acc*, then F is a winning support and (F, Ag) is a BS-
AMEC by the MEC property. Otherwise, consider the ran-
domised belief-support policy 7> that selects uniformly from
Ag. If S5 = 5%, every BSCC induced by 7* is accept-
ing. By Lemma 1 of [Chatterjee et al., 20101, a correspond-
ing deterministic policy 7> exists; hence (F, Ag) is a BS-
AMEC. Completeness. Immediate from Definitions 5 and 7.
A full proof is provided in Appendix D. O

Sound Reward Assignment Rules. We then define the
sound reward structure based on the sufficient winning re-

gion W computed by Algorithm 1. We call a belief sup-

port © € W* a certified winning support. Furthermore, ©
is called a certified partially winning support if there exists
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a certified winning support ©’ € WX such that @’ C ©.
The set of all certified partially winning support is denoted by

Wew- Since a belief b* with certified partially winning sup-
port Supp(b™) € Wy, may contain multiple certified win-

ning supports (see Example 3), we let K« be the collection
of all such supports contained within Supp(b*).
Following the lower bound established in Theorem 1, the

sound reward function R() is defined as:

1, if Supp(b*) € WX,

R(b¥) ={ max b*(0), ifSupp(bX) € Wpy, (3)
OcK,x
0, otherwise,

where b* (©) is the belief mass assignment to the set ©.

3.3 Online POMDP Planning

To synthesise reliable belief-based policies for POMDP-LTL
using the proposed sound reward function f%() in Eq. (3), we
develop an enhanced POMCP algorithm as an anytime ap-
proximation method. Standard POMCP, however, is not di-
rectly applicable, as it relies on Monte Carlo simulations that
assign rewards to individual state particles, which is incom-
patible with our belief-based reward signal. The termination
conditions for the Monte Carlo simulation also require rigor-
ous treatment. While entering a belief with a certified win-
ning support is terminal as it already yields the maximum re-
ward, entering a belief with a certified partially winning sup-
port is not necessarily so. In the latter case, the agent may
continue to explore beliefs that offer higher satisfaction prob-
abilities, a distinction further illustrated in Example 4.

Example 4. Consider a belief node b* in the Monte Carlo
search tree with ideal distribution {s{ : 0.8,s7 ©0.1,s5 :
0.1} in the left of Figure 2. It is clear that b™ is partially win-
ning since its support contains a winning Support {51X LoIf
simulations terminate whenever a particle reaches any (certi-
fied) winning support, the resulting satisfaction probability of
b* is 0.1 by the belief mass on {s{' }. However, if simulations
do not terminate early and all particles continue exploring,
taking action a leads to the belief {s§ : 0.08,s; : 0.73, 55 :
0.19}, which yields a higher lower bound as 0.73.

We address reward assignment for particles by augment-
ing each POMCP tree node 7 (h:), which represents the
belief th+ ;, at time ¢ and simulation depth %, with its ground-
truth belief support ©(/;11) = Supp(b,’, ;). This support is
directly recoverable from the history. Intuitively, the search
tree simulates BSMDP: each particle path induces a belief-
support trace determined only by the history, allowing be-
lief supports to be recovered without explicitly tracking belief
distributions. Hence, for each particle stx+ 1> We assign reward

1 if the associated belief support © (hyyy) is in WX, or if it
is in Wy, and the particle lies in a certified winning support
Ock ISR All remaining particles receive reward 0.

t+k

To handle termination for a POMCP tree node with a
certified partially winning support, the Upper Confidence
Bound (UCB) rule evaluates both terminal and exploratory

| d

Figure 4: Motivating Toy Example.

options. Consider, for instance, a belief b* with support
{s5, sy, s, s}, as shown on the right of Figure 2. As dis-
cussed in Example 3, the tightest lower bound for satisfaction
is determined by the maximum belief mass assigned to either
{s3, sy} or {s§}. Consequently, the UCB selection mecha-
nism identifies the optimal path by switching between: 1) the
terminal policy for {s3, s; } if it carries the dominant mass;
2) the terminal policy for {s; } if it is more probable; or 3)
any available exploration actions if they promise higher sat-
isfaction through further search. Exploration proceeds until
a certified winning support is reached or the maximum depth
is exceeded. This mechanism allows the planner to terminate
at any time during execution by selecting an optimal belief-
support-policy; the resulting satisfaction probability is then
guaranteed by the lower bound maxg z b*(©). The full

planning algorithm are given in Appendix E.2.

4 = Experiments

We implemented our framework in Python?. In the follow-
ing, we first evaluate a motivating toy example demonstrating
that existing methods fail even in simple cases, while our ap-
proach succeeds in synthesising reliable belief-based policies.
We further assess the effectiveness of our method on three
standard POMDP benchmarks under various LTL tasks. The
implementation details, experimental setup and additional re-
sults are provided in Appendix E and F.

4.1 Motivating Toy Example

Consider the POMDP in Figure 4 with initial belief by =
{so : 1} and actions left (), right (r), and down (d). The
LTL specification is ¢ = —(s3V s7) A OO(s3V sg), which
requires visiting s or sg infinitely often while always avoid-
ing so and s;. We compare our approach against optimistic
reward shaping [Bouton et al., 2020] and a deterministic FSC
variant [Sharan and Burdick, 2014].

Our method. Our analysis identifies a single winning sup-
port, {ss}. The sound reward shaping assigns to each be-
lief a value equal to its belief mass on {sg}. Running our
solver obtains the following belief-based policy and history:
bo:{sotl}gbl:{sl:1}i>b2:{33:1}i>b3:{56:1}

Loby s {ss o 1) Sobs : {s7 0 0.2,85 : 0.8} 2L At

the policy switches to the belief-support policy for {sg} (e.g.

’The source code is provided in https:/github.com/Safe-
Autonomy-and-Intelligence-Lab/POMDP-LTL
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alternating 7 and d), ensuring Prj; (¢) > 0.8. Experimental
details and POMCP values are provided in Appendix F.2.
Existing approaches. Using the optimistic reward shaping
in [Bouton ef al., 2020] with their PBVI solver reports a sat-
isfaction probability of 1 and forces early termination at the
belief b = {s3 : 1}, preventing sufficient exploration of the
reachable belief space. Hence, the solver fails to construct a-
vectors valid for successor beliefs. Since the only exit actions
encoded in these a-vectors are r and d, with [ absent for any
possible satisfaction, execution ultimately results in zero LTL
satisfaction. We next consider the deterministic one-memory
FSC variant in [Sharan and Burdick, 2014], which collapses
to a memoryless observation-based policy. However, no FSC
provides positive satisfaction for by. For observation oy, ac-
tion r leads to {s; : 1}, which self-loops under r; action d vi-
olates (- (s V s7); and action [ keeps the system at {sg : 1}.
Larger memory may help, but selecting a suitable memory
size is undecidable, making FSC synthesis brittle in practice.
Conversely, our deterministic belief-based policy remains ex-
ecutable and offers a meaningful certified lower bound.

4.2 Benchmark Domains and LTL Objectives

Hallway. We evaluate two Hallway models, HW; and H W5,
from [Littman et al., 1995]. The agent moves in an office en-
vironment with uncertain location and four orientations, us-
ing stochastic forward and left turn actions. A short range
sensor reports adjacent walls with some error. Three locations
are labelled A, B and C. We consider two LTL objectives:
p1 = QA AN O-B, requiring the agent to eventually reach A
while avoiding B at all times, and ¢y = OUC, requiring the
agent to reach C' and remain there indefinitely.

Rock Sample. We follow the rock sample model
from [Junges et al., 2021], where a robot moves on an n X n
grid with two rocks, each either good G or bad B with ini-
tially unknown quality. The robot can move, sense adja-
cent cells, and sample rocks. We consider two LTL tasks:
w3 = O(G A QOF) A OB, requiring it to first sample a good
rock, then reach in an exit state &/ while never reaching or
sampling a bad rock, and ¢, = QUG requiring the robot to
collect a good rock and remain there indefinitely.

Grid World. The Grid(n,n) model from [Littman ez al.,
1995] is an n x n grid where each cell is labelled as a trap
(T), goal 1 (G1), or goal 2 (G3). The agent moves left, right,
or down, with a 0.2 chance of movement failure, and receives
observations of neighbouring cells. We consider three LTL
tasks. The first is @5 = OG1 A O-T), requiring the agent to
eventually reach G while always avoiding traps. The second
is o5 = O(G2 — OG1) A O—T, requiring it to always avoid
traps and, whenever it reaches G5, eventually reach GG;. The
third is 7 = OOG1 AT, requiring it to visit G infinitely
often while avoiding traps.

4.3 Results and Discussion

Table 1 summarises the performance of our approach across
all tasks. For each case, we report the product model details
(IS™1/10*1/IT*]), the LTL objective (¢;) with its satisfac-
tion probability (Pr’(¢)), the time to construct the sound
reward function (SR (s)), and the policy synthesis time using
the enhanced POMCP solver (POMCP (s)). Further details

Domain [S*|/10*|/|T*| SR (s) POMCP (s) Pri,(¢)
HW
HWI ¢ 180/24 /624 0.015 74.967 0.254
[ 180/24 /684 0.020 52.759 0.707
HW2 ¢, 276 /241975 0.547 64.356 0.247
[ 276 /2411067 0.743 44.643 0.464
RS
4 3 1024 /11277936 42.231 79.102 0.453
©4 768 /11276208 0.078 91.788 0.469
53 1600/ 132 /12480 58.246 121.315 0.326

©4 1200/ 132 /9760 0.114
7 3 3136/ 244 / 24640 105.475
on 2352 /244119264 0.210

Grid
50 @5 7500 /1250 /30990 10.987 82.198 0.334
we 7500/ 1250/ 30990 10.597 0.246 1.000
w7 5000/ 1250 / 20660 1.843 67.959 0.530
100 ¢5 30000 /5000/ 120840  81.361 99.407 0.272
ws 30000/5000/120840  82.334 0.248 1.000
@7 20000/ 5000/ 80560 30.603 107.366 0.308
120 5 43200 /7200 /173580 « 191.431 182.667 0.000
e 43200/7200/ 173580 188.264 0.267 1.000
@7 28800/7200/115720  66.314 183.521 0.058

120.307 0.455
129.259 0.180
160.291 0.003

Table 1: Numerical Results for POMDP-LTL Policy Synthesis.

on the original models and additional experimental results are
provided in Appendix F.4.

The results show that our method synthesises POMDP-
LTL policies effectively and efficiently, scaling to product
models with over forty thousand states, with both sound re-
ward construction and planning completing in about 190 sec-
onds on a single CPU thread. Our approach is particularly ef-
fective for LTL tasks such as the reach-persistence objective
w4 and the recurrence objective ¢r. Although the underlying
state-space AMECs grow proportionally with the model size,
they remain confined to a small region of the overall state
space, which enables efficient construction of sound reward
signals. For example, in the Rock Sample domain, as the
model scales, the construction time for the task ¢, increases
only from 0.078 to 0.210 seconds.

For the POMCP results, although theory ensures
Pra(ps) > Praq(pr) as every trace satisfying o5 also sat-
isfies @7, we observed Praq(¢s) < Praq(pr) in practice.
This mismatch arises from the differing sizes of their LDBAs:
|Ag,| = 3 versus |A,,| = 2. The larger automaton for s
results a larger product POMDP, requiring more simulations
and deeper search for similar approximation quality.

5 Conclusion

This paper presented the first sound and practical any-
time belief-based policy synthesis algorithm for full LTL
in POMDPs. We approximate undecidable quantitative
POMDP-LTL synthesis by seeking policies that maximise
verifiable success. Central to this approach is a sound belief-
dependent reward-shaping mechanism, integrated into an en-
hanced POMCP algorithm for reliable policy synthesis. For
future work, we plan to extend this sound reward mechanism
to a model-free setting, enabling safe POMDP reinforcement
learning under LTL objectives.
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