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Abstract

In heuristic search, a well-known technique to
speed up search while providing a suboptimality
guarantee is to multiply the heuristic function by
a weight w > 1. In this paper, we study the the-
oretical and practical implications of using such a
technique in bi-objective heuristic search, a nat-
ural academic exercise that has remained unex-
plored. We introduce Weighted BOA? (WBOAY),
a weighted version of the BOA* algorithm, which
uses two real parameters: a weight w for the
heuristic and an approximation factor e. Higher
values of w and € allow for faster computation
of approximate Pareto-optimal solution sets. We
prove that WBOA! returns a representative solu-
tion set containing (w — 1, ¢)-approximate solu-
tions. We empirically compare it to A*pex, the
state-of-the-art approximate bi-objective search al-
gorithm. We find that WBOA is competitive with
A*pex: when using perfect heuristic functions, in
road maps WBOA? is faster for higher approxi-
mation factors, while in grid maps WBOA? dom-
inates A*pex. With imperfect heuristic functions,
WBOA performs better than A*pex for lower ap-
proximation factors, while the opposite is true for
larger approximation factors.

1 Introduction

In bi-objective search, we are given a graph G where each
edge has an associated pair of costs, an initial state and a goal
state. The task is to find a Pareto-optimal solution set, which
contains all solution paths (paths that connect the start and
goal states) that are not dominated by other solution paths.
Bi-objective search is important in Al research. Many real-
world decision problems can be represented as an instance of
it, such as balancing distance and risk when transporting haz-
ardous materials [Bronfman et al., 2015] or ecological and fi-
nancial impact when planning power grid expansions [Bach-
mann et al., 2018].

Finding the Pareto-optimal solution set may be very com-
putationally expensive.< Indeed, its size can be exponential
in the size of the graph [Breugem er al., 2017]. A key ap-
proach to tackle this problem is to compute approximations of
the solution set using a relaxed version of dominance called
e-dominance [Breugem et al., 2017; Zhang et al., 2022;
Goldin and Salzman, 2021; Salzman et al., 2023]. While
a path 7 with cost (c1, ca) weakly dominates path 7' with
cost (cf;c5) when ¢; < ¢} and co < c), we say that 7 e-
dominates path 7' if ¢; < (1 + €1)c] and co < (1 + €3)c),
with € = (€1, €2). An intuitive reason why search runs faster
with e-dominance is that such a relation allows more pruning
than standard dominance.

In this paper, we propose an algorithm to compute approx-
imate Pareto-optimal solution sets drawing inspiration from
standard heuristic search. In single-objective search, costs
are scalars numbers, and A* [Hart et al., 1968], which uses
an Open priority queue with the priority function f(s) =
g(8) + h(s), is guaranteed to find optimal solutions when the
heuristic function is admissible. In many problems, faster ex-
ecution times can be obtained when multiplying the heuristic
function by a real number w > 1. The resulting algorithm,
Weighted A* [Pohl, 1970], can be proven to return solutions
whose suboptimality is bounded by w. Despite the practical
advantage of weighted heuristics in single-objective search
and the fact that algorithms in bi-objective search are based
on A*, the theoretical and practical implications of multiply-
ing the heuristic by a positive weight w > 1 in bi-objective
search have remained unexplored.

We propose the Weighted Bi-Objective A* (WBOA?) algo-
rithm, which builds on top of the state-of-the-art Bi-Objective
A* algorithm [Herndndez et al., 2020] and its approximate
variant BOA] [Goldin and Salzman, 2021]. WBOA mul-
tiplies the first component of the heuristic by a given scalar
parameter w (with w > 1) and can be proven to return a
representative approximation of the Pareto-optimal solution
set. Specifically, for every optimal path 7* in the Pareto-
optimal solution set, there is a solution returned by WBOA?
that (w — 1, €)-dominates 7*. For an illustration of this prop-
erty, Figure 1 shows the regions in which WBOA guarantees
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Figure 1: The plot shows a Pareto-optimal solution set with three
paths {71, 75, 73 }. The gray region represents impossible cost pairs
for solution paths. Each path 7§ represents the cost of 7; multiplied
by 1.5. With parameters w = 1.5,e¢ = 0.5, our Theorem 1 estab-
lishes that WBOA returns a solution set which contains, for every
i€ {1,2,3},an; that weakly dominates ;.

at least one solution will be found.

We evaluate WBOA? on two benchmark domains: DI-
MACS challenge road maps and Moving Al gridworld maps.
For road maps we use perfect heuristic functions computed
via Dijkstra’s algorithm, while for gridworld maps we eval-
uate both perfect heuristics and the less informed Octile dis-
tance heuristic. WBOA achieves substantial speedups over
BOA*; for instance, on the LKS road map with 2,758,119
states, we observe speedups of 96x and 351x when using
w = 1.1 and w = 1.2, respectively. In our empirical com-
parison with A*pex [Zhang er al., 2022], the state-of-the-
art approximate bi-objective search algorithm, we find that
WBOA is competitive across different scenarios. With per-
fect heuristic functions, WBOA? outperforms A*pex on road
maps at the highest approximation factors, while on grid-
world maps WBOA? dominates A*pex across nearly all ap-
proximation factors tested. When using the less informed
Octile heuristic on gridworld maps, WBOA” maintains its
advantage at lower approximation factors, though A*pex be-
comes superior as the approximation factor increases. Addi-
tionally, WBOA tends to return fewer solutions than A*pex,
which may be preferable in applications where concise solu-
tion sets are desired.

2 Notation

Boldface lower case letters are used to represent two-
component vectors or vectorial functions. For v a vector,
v and v, represent the first and second components of v
respectively. The addition of two such vectors is defined as
v+w = (vi + W, Ve + wy). Weuse v < w to denote
that v weakly dominates w (that is, vi < wi and vy < wy),
and v < w to denote that v (strongly) dominates w (that
is, v X wand vi < wy or vo < ws). We also use
v = w if, for a vector of approximation factors € = (1, €3),
v1 < (1 +€1)wy and vo < (1 + e2)wa. In this case, we say
that v e-dominates w.

A bi-objective search graph is a triple (5, F, ¢), where S
is a set of states, £ C S x S is a set of directed edges and
c: F — Rar X RS’ is a cost function mapping every edge

to a pair of non-negative numbers. A path 7 is a sequence
e1,e9,...,e, of edges in F such that there exists a sequence
of states s1,S2,..., 8,41 such that e; = (s;, 8;11), for ev-
ery i € {1,...,n}, which we say starts in s; and reaches
Sn+1- We denote the state reached by a non-empty path 7 by
last(7r). The symbol A denotes the empty sequence. The cost
of a path 7 is denoted by c() and is defined as the sum of
the costs of all edges in 7.

A  Dbi-objective  search instance is a tuple
(S, E, ¢, Ssart; Sgoal)» Where P = (S, E, c) is a bi-objective
search graph, and where 54,4+ and 544, denote, respectively,
the start and goal states (in S). A path 7 is a solution to a
problem if its starting state is S, and its final state iS Sgoal-
A path 7 is an optimal solution if 7 is a solution and no other
solution 7’ is such that 7’ < 7. The Pareto-optimal solution
set for a given instance P contains all optimal solutions to
that instance, and is denoted by solsp.

Bi-objective search algorithms utilize heuristic functions,
definedash : S — RZxR29 Forastate s € S, h(s) serves
as an estimate of the minimum cost for each component on all
paths from s to sg0q1. A heuristic function h is admissible if
and only if, for every state s, h(s) < c(x) for every path 7
from s t0 Sg0q1. <A heuristic function h is consistent if and
only if h(sga) = (0,0) and h(s) = c(s,t) + h(t) for all
(s,t) € E. Consistency implies admissibility.

3 Background

3.1 Bi-Objective A*

Bi-Objective A* (BOA¥*) is a state-of-the-art best-first bi-
objective search algorithm, whose algorithmic design closely
resembles A*. BOA* has been shown to have better perfor-
mance than other bi-objective search algorithms based on A*
[Hernandez et al., 2020].

BOA* uses a priority queue Open, which stores paths in
the search graph.l Each path 7 in Open starts in Sgzqt
and is associated with an f-value defined as f(7) = c(7) +
h(last(r)), where h is a consistent heuristic function.

The execution of BOA* resembles that of A* in that in both
a path is extracted from Open (Line 7), the state s reached by
such a path is expanded (Line 15), and resulting paths reach-
ing the successors of s are added to Open (Line 20).

Paths in Open are sorted according to their f values in lex-
icographically ascending order; that is, paths are sorted in
ascending order by their first-component cost and, in case of
ties, in ascending order by their second-component cost. To-
gether with the fact that h is consistent, such an order guar-
antees that given any state s in the search graph, paths found
by BOA* to s have a non-decreasing c;-value, which in turn
allows implementing pruning in constant time by applying
dimensionality reduction [Pulido et al., 2015]. Specifically,
BOA¥* keeps, for each state s, a g‘z‘“n-value that stores the

"Herndndez et al. [2020] consider Open as composed by nodes
which actually represent paths, albeit efficiently implemented via a
state plus a parent pointer. In this paper, we define Open as con-
taining paths rather than nodes, since this allows us to simplify our
theoretical analysis. Nevertheless, as we see later, WBOA[ can be
implemented as efficiently as BOA* since it is only different from it
in a few lines of code.
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Algorithm 1: Bi-Objective A* (BOA*)

Input : A search problem (S, E, ¢, Sstart, Sgoar) and a
consistent heuristic function h
1 sols +— Empty list
2 for each s € Sdo
3 ‘ gg’i“(s) < 00
4 f()\) < h(Sstarf,)
s Initialize Open and insert the empty path X\ into it
6 while Open # 0 do

7 Remove a path 7 from Open with the lexicographically
smallest f-value

8 s < state reached by 7 or Sszar¢ if 7 is empty

9 if co(m) > g5™(s) V f2 () > g5 (540a1) then

10 | continue

1 goin () + ca(m)

12 if s = s540a then

13 Append 7 to sols

14 continue

15 for each (s,t) € E do

16 ' m, (s,t)

17 f(r') < c(7") + h(t)

18 if co (') > g5 (t) V fa (') > 5™ (540a1) then

19 | continue

20 Insert 7’ to Open

21 return sols

ca-value of the last path found that reached s. A path 7 is
pruned either when co(7) > g5 (last(w)) (local pruning)
or when c2(7) > g5(sg0a1) (global pruning). Herndndez
et al. [2020] show that this form of pruning is sound, which
means that a prefix of an optimal solution may be pruned only
if another solution of equal cost is returned.

3.2 BOA!

Goldin and Salzman [2021] propose a simple modification to
BOA* that allows it to compute a subset of the Pareto-optimal
solution set. In BOA?, the global pruning rule of BOA* is
changed to (1 + €) fo(m) > g5 (S40q1). It can be proven that
for any given instance, BOA? returns a subset of the solutions
returned by BOA* such that no pair of solutions in such a set
(0, €)-dominates each other [Goldin and Salzman, 2021].

4 Weighted BOA®

Weighted BOA? (WBOA?) is obtained by making two simple
modifications to BOA?. First, it associates the following f-
value to each node in Open.

f*(z) = e(2) + (whi(2), hy()),

with w > 1. Second, we replace Line 13 in Algorithm 1
with Algorithm 2. WBOAY is conceptually simple because
it requires almost no additional modification with respect to
BOA*. In contrast, A*pex [Zhang et al., 2022], the state-
of-the-art approximate search algorithm for bi-objective (and
multi-objective) search problems, has to check if it can merge
two paths at each step. This checking technique provides a
performance advantage to A*pex when there are many simi-
larities between paths [Zhang et al., 2022], but it comes with
computational overhead.

Algorithm 2: Handling new solutions in WBOA?

1 while [sols| > 0 and ¢, (last(sols)) > c1(7) do
2 | Remove the last element from sols
3 Append 7 to sols

Before we continue with the theoretical analysis, we make
two important observations. Firstly, in the definition of f*,
the second component is not affected by w. There are two
reasons for this. First, BOA already has an approxima-
tion factor associated with the second component and thus by
not changing f’s second component we allow the theoretical
properties of BOA! to be leveraged by WBOA? (see Theo-
rem 1). Second, from a practical perspective, in WBOA?, like
BOA¥*, Open is sorted lexicographically and thus the weight
w affects search mainly in the first component, since the sec-
ond component of f* is only used as a tiebreaker.

The second observation is that WBOA, in practice, does
not use a consistent heuristic even if its input heuristic h is
consistent, since multiplying. the first component of h by w
can make its first component inconsistent. This implies that
an important property of BOA? is broken: paths to a given
state s are not guaranteed to be found in monotonically non-
decreasing c1 order.

One implication of using a non-monotonic f function is
that BOA?’s technique of using gi'" value of s to prune in
constant time does not allow pruning all dominated paths to s.
This means that while a path m may be initially found to a cer-
tain state, subsequently another path 7’ may be found to the
same state such that ¢, (7') < c;(7) while at the same time
c3(7’) < co(m). Even though this means that 7’ dominates 7,
WBOA does not prune m from Open. This is why WBOA
uses Algorithm 2 to filter out dominated paths from the re-
turned solution set. Observe that after running Algorithm 2,
the paths in sols remain sorted by ascending c;-value. This,
together with the local pruning rule, which still guarantees
that solutions found have a decreasing co cost, ensures that
sols contains a set of non-dominated paths.

While BOA* never prunes a prefix of an optimal path from
Open, WBOA? can do so, which is important to note since it
influences our theoretical analysis. Indeed, consider that 7 is
a path that passes through state u; for simplicity, let us rep-
resent 7 as the concatenation of two paths m; 7o where 7 is
the sequence that reaches state u. Since f* is non-monotonic,
during the execution of WBOA? it may be possible to extract
a path p to u, before extracting 71, even if c¢1(p) > c1(m1).
After finding p, g5™(u) is set to co(p). If it is also the case
that c2(p) < co(my) then, due to the local pruning rule, 7
will be pruned if it is ever extracted from Open, meaning the
optimal solution 7 will not be found.

4.1 An Example Execution

Figure 2 and Table 1 show an example of an execution of
WBOA? over a search graph, using the parameters w = 2
and € = 1. For the execution, we consider a perfect heuristic
distance, which can be computed using Dijkstra’s algorithm.
For ease of understanding, in this section we represent a path
(s1,82)...(Sn—1,5n) by its sequence of states in the form
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Figure 2: Example search graph. Each state contains a pair of values
representing its (perfect) h-value.

of s;—s9 — ... —s,_1—>s,. Although the Pareto-optimal
paths of the search instance are 54— 51—54—8 goql (With a
cost of (8,10)) and Ssart—>S3—>Sgoar (With a cost of (11, 6)),
neither of these is returned by the algorithm as their prefixes
end up being pruned. The events in each iteration of the algo-
rithm are as follows:

1. The initial empty path \ at s+ is expanded, adding
to the Open list the paths Sstort—>S1, Sstart—>S2, and
Sstart—S3-

2. Sstart—S2 is expanded.  ¢gP"(sp) is set to 5 and
Sstart—S2— 84 is added to Open.

3. Sstart—S2—>s4 is expanded.  gFi"(sy) is set to
6, which means that the path sgyqt—s1, if ex-
panded, will have its only successor be locally pruned.
Sstart—52—S4—>S goql 1S added to Open.

4. Sstart—r52—>54—5g0q1 1s expanded and found as a solu-

tion with a cost of (11, 8). g5 (s4041) is set to 8.

5. Sstart—>S1 is‘extracted from open. As it has a 3" value
of 10 and ¢5™(Sg40a1) = 8, it is pruned according to the
global prune no matter the value of e.

6. Sstart—s3 is extracted from open. Asqit has a f3” value
of 6, g5 (8goa) = 8, and e.= 1,.it is pruned according
to the global prune because (14 1) - 6 > 8.

7. Finally, as Open is empty, the execution of WBOA fin-
ishes. The approximate Pareto-optimal solution set re-
turned is the single solution path 544 — 52545 goal-

5 Theoretical Results

In this section we prove our main theoretical result. Based on
the previous discussion, in which we saw that optimal paths
may be pruned by a run of WBOAY, we formally define when
a solution path locally prunes another solution path, a notion
that is useful later for our proof.

Definition 1. Given an execution of WBOA: over a bi-
objective search instance P we say that path 7 is locally
pruned by path p if and only if:

1. both 7 and p reach a common intermediate state u, from
where they continue with the same path. Formally, m =

w=2,e=1
. Open list Update of
feration - (jast(m), g(m), £°()  gg"(s(r))
1 (ssf,a,rta (0, 0)7 (16 6)) <~ gg‘in(ssf,m‘f,) = 0
(s1,(1,6),(15,10)) _
2 (32~,(87 5)*(1478)) — gg“n(SQ) =5
(537 (3~ 3)7 (197 6))
(517(176)7(157 10)) .
3 (s3(3,3),(19,6)) 95" (s4) = 6
(547 (107 6)7 (127 8)) —
(31~,(176)s(157 10)) .
4 (537 (3~, 3)7 (197 6)) gg]m(sgoal) =38
(Sgoal; (11,8), (11,8)) +—
s (51,(1,6),(15,10) «
(537 (37 3)7 (197 6))
(33~, (37 3)* (197 6)) «
empty
Table 1: A trace of the Open priority queue and updates of

g3 during each iteration. < marks the path extracted at each it-
min

eration. No gp""update indicates that the extracted path was pruned.

w'o and p-=_p'o, such that both @' and p' reach the
same state u;

2. during execution, path p' is extracted from Open before
7' and not pruned, while a (not necessarily proper) pre-
fix of ™ is in Open; finally,

3 e () > ea(p)).

Additional notation To simplify presentation, in the re-
mainder of the proof we assume that if 7 is a path and h is a
heuristic function, then h(7) abbreviates the notation h(s;),
where s is the state reached by 7. Furthermore, if a path 7
is the concatenation of p and o, then the notation ™ — o corre-
sponds to removing the suffix ¢ from 7; therefore 7 — o = p.

We start off our theoretical analysis with Lemma 1, which
is a standard result of consistent heuristics.

Lemma 1. Let my and o be paths such that w7 is also a
path. Then h(m) < c(ma) + h(m7a).

Our first original theoretical result below shows that when-
ever a path is locally pruned by another path, then the pruner
path’s cost (w — 1, 0)-dominates the pruned path’s cost. This
holds, in particular, when the pruned path is an optimal path.

Lemma 2. In an execution of WBOA?, if my, 7o, ..., Ty is a
sequence of paths such that m; 11 locally prunes m;, for every
i€ {l,...,n— 1}, then c(m,) Z(w-1,0) c(m1).

Proof. The proof is by induction on n. For the base case,
n = 1, we have trivially c(m1) <(—1,0) ¢(71).

For the induction, we assume the property holds for n = k,
and we prove for n = k + 1. Since c(mx) =(w—1,0) (1),
we have:

ci(mg) < weq(m), e
co(my) < co(m). 2)
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To prove c(mr41) =(w—1,0) ¢(m1) we need to prove the
two inequalities:

ci(mpy1) < wey(m) (3)
co(Trt1) < co(m) 4)

We start by proving (4). Observe that, by Definition 1,
since 711 locally prunes mg, co(mr+1) < co(mg), which,
together with (2), implies (4).

We continue with the proof for (3). From Definition 1,
we know that 74 and 7 share a common suffix; therefore
T, = pro and Tg4+1 = pr+10, where both py and py41 reach
the same state uy. Because pj1 locally prunes py, at state uy,
we observe that a (not necessarily proper) prefix of py, say p}.,
is in Open at the time p1 is extracted; that is p, = p}.p).
At that point in execution £}’ (pr+1) < £1*(p},), thus:

c1(pr+1) +whi(pry1) < ei(py) +whi(pf),  (5)
Observe that the sequence of k paths given by:

T1y T2y« 5 Ty (6)

where 7, = m; — pjlo is also such that 7;; locally prunes
7;, for every i € {1,...,k — 1}. ? Therefore, we apply the
inductive hypothesis over the sequence in (6) and obtain:

c1(me) = c1(py) < wei(m — pro) = wei(r).  (7)

Now we instantiate Lemma 1 as follows:

hy (p},) < ci(p) +hi(py). ®)

By adding (5), (7) and the multiplication of (8) by w, and
by using the fact that hy (px+1) = hi(p}), since both pp14
and pj/ reach the same state, we obtain:

c1(prr1) < wlei(m —pigo)+ei(p))) = wei(mi—a). 9)

Now we add ¢ (o) to the left-hand side of (9) and wc; (o) to
the right-hand side of (9) and obtain the desired result. O

Theorem 1. Let 7 be an optimal solution to a bi-objective
search instance P. Then the solution set returned by WBOA?
over P contains a path that (w — 1, €)-dominates 7*.

Proof. An execution of WBOA? defines a sequence of paths
P15 P2y, Pn (n > 1) such that p; = 7* and p;;1 locally
prunes p;, for every < € {1,...,n— 1}, and such that p,, is
not locally pruned by any other path. From Lemma 2,

c(pn) Rw-1,0) €(p1) = c(77). (10)

If p, is in the solution set returned by WBOAZ, then
the result is straightforward since Inequality (10) implies
C(pn) j(w—l,e) C(ﬂ—*)'

If p,, is not in the solution set returned by WBOA, then a
prefix p!, of p,, is pruned by the global pruning rule. There-
fore, when p!, is extracted, there is a solution 7 in sols, such
that:

ca(m) < (1+ €)(ca(p),) +ha(p),)) (11)

2Note that all paths 71, . . . , 7 share a common suffix represent-
ing the path from the state ux—1 (wWhere m,—1 was locally pruned)
to last(r1). As the local pruning of 75 occurs after that of mj_1,
the state ux—1 is traversed in pj, and pjo is a suffix of all paths
T1lyeeey Tk

Because h is admissible, Inequality (11) implies:
co(m) < (14 €)ealpn) (12)

In addition, when WBOA? extracts 7 from Open there is a
prefix of p,, pi in Open such that £{*(7) < f(p!’). This
implies that ¢ (7) < c1(p]!) + wh(p!). By admissibility of
h:

ci(m) < weq(pn) (13)
Inequalities (12) and (13) imply:
() Z(w-1,e) €(pn) (14)
In turn, (10) and (14) imply:
c(m) S(w—1,e) () (15)

Finally, after p,, is globally pruned by 7 in sols, it could be
the case that 7 is removed from sols by another solution 75,
and later on 7w, removed by 73, and so on and so forth. More
formally 74, ..., m,, can bea sequence of solutions such that
m = m, and ;41 removes 7; from sols via Algorithm 2,
and 7, is not removed by any solution and therefore m,,, €
sols when sols is returned. But Algorithm 2 guarantees that
c(miy1) < c(m;). Thus, c(m,,) = c(m) , which together with
(15) yields c(m,n) = (@w—1,) ¢(7*), which is what we wanted
to prove. O

6 Experimental Results

We compared WBOA? to the approximate multi-objective
search algorithm A*pex,? as it has recently been shown to
be the most efficient algorithm of the state of the art and
surpasses even dedicated bi-objective algorithms like PP-A*
[Goldin and Salzman, 2021]. A*pex uses two approximation
factors (€1, €2) as its parameters for bi-objective search, each
corresponding to their respective objective.

We ran all tests on a Linux machine with a 4.4GHz Intel®
Core™ {5-12400 CPU and 32GB RAM. WBOA? was im-
plemented in C++* and we used the C++ implementation
of A*pex provided by the authors. To compare the algo-
rithms, we used the standard road maps benchmarks obtained
from the 9th DIMACS Implementation Challenge - Shortest
Paths’, with the cost components representing travel distance
(c1) and time (c3). We compare the algorithms in two large
maps of the dataset. We used 76 search instances of LKS
road map and 50 instances of CAL road map, which represent
the available queries that ran to completion for every approx-
imation value with both algorithms. Additionally, we used
8-neighbor grid maps from the Moving Al Lab repository,®
with c¢; representing travel distance and co being a random
number between 1 and 6. We compare the algorithms in two
maps of size 1024 x 1024 (Expedition and Paris-1) and in two
maps of size 512x 512 (Random-512-20-0 and Maze-512-16-
0). We used 50 random search instances for each map.

3There exist three main implementations of A*pex which vary in
merge strategy. We use the Greedy variant as described by Zhang et
al. [2022], as this one tends to be superior in their evaluation.
“https://github.com/hansjkl/ WBOAE
Shttps://www.diag.uniromal..it/challenge9/download.shtm]
®https://movingai.com/benchmarks/grids.html
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Figure 3: Average runtimes of WBOA! and A*pex across all in-
stances for a given map and heuristic plotted against €.

The heuristic h used corresponds to the exact minimum
travel distances and minimum travel times to s 447, computed
using Dijkstra’s algorithm. In grid maps, we also run experi-
ments with the Octile distance. For h; we used the standard
Octile distance and for hy we use a cost equal to one for both
orthogonal and diagonal moves. The computation time of h is
omitted from the reported runtime of each test, as both algo-
rithms compute it in the same manner. To provide equivalent
theoretical guarantees from both algorithms, we use a single
approximation factor € > 0 so that WBOA uses parameters
(w=1+¢€,e=¢)and A*pex uses ¢ = (¢’,¢'). We evalu-
ated 11 € values: 0.0001, 0.0005, 0.001, 0.002, 0.005, 0.01,
0.02, 0.05, 0.1, 0.2, and 0.5.

6.1 Runtime

Figure 3 shows the average runtime of both algorithms on all
search instances for each map and each approximation value
tested. For the grid maps, we have chosen Expedition and
Random as representatives, because the results from Paris and
Maze512 are similar. We observed that when the algorithms
used a Dijkstra (i.e., perfect) heuristic function on road maps
A*pex outperform WBOA? in most of the e values evalu-
ated (7 of 11 values), and on grid maps the opposite occurs:
WBOA outperforms A*pex on 10 out of the 11 € values eval-
uated. When the algorithms were run with the Octile heuristic
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Figure 4: Runtimes of WBOA and A*pex plotted against the run-
time of BOA* for a given ¢ and a type of map.

function on'the grid maps, we observed that WBOA? outper-
forms A*pex for the 6 smaller e values evaluated, and A*pex
outperforms WBOA? for the remaining values.

Figure 4 shows the runtimes of each instance using a Dijk-
stra-heuristic for values of ¢’ € {0.01, 0.2}, sorted along the
x-axis in ascending order according to the runtime of BOA*
for each. We observed that on road maps with €’ equal to 0.01,
A*pex is faster than WBOA in most of the instances, and on
grid maps the opposite happens. On the other hand, with ¢’
equal to 0.2, WBOA is faster than A*pex in road and grid
maps in almost all instances. Figure 4b also shows us that
for some approximation values, such as 0.2, WBOA;k scales
better than A*pex as the runtime of BOA* increases.

These differences in performance by map type and heuris-
tic arise from the different pruning mechanisms of each algo-
rithm. A*pex acts on a local level by merging paths which
share a last state, which means that graphs where each state
has a higher degree (such as grid maps, where states usually
have degree 7 or 8) lead to paths in Open less often sharing a
final state during the execution of the algorithm, allowing for
fewer path mergers. Meanwhile, maps with lower state de-
grees (such as road maps, with degrees around 2 or 3) allow
for more mergers and better time optimization. Similarly, as
A*pex relies on the merger of paths in Open, the exact path
extraction order as determined by the used heuristic is less
likely to stop pruning. Furthermore, the cost components in
DIMACS road maps have been shown to have a strong pos-
itive correlation [Halle et al., 20251, which allows A*pex to
more easily merge paths even while using lower approxima-
tion factors. WBOA?, meanwhile, executes its local prunes
according to a locally determined g5"" value, which means
high-quality paths being extracted early are vital for efficient
pruning. The algorithm also allows for paths to be explored in
depth according to the given weight to allow solutions to be
found earlier, which means the global pruning can act earlier
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Figure 5: Average number of solutions found for bi-objective search
instances for different maps and approximation factors €’. Results
for grid maps with Octile heuristic are similar to those with Dijkstra.
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Figure 6: An optimal solution 7* and an example approximate
Pareto-optimal solution set {7, 7% 7¢}. The point 77_ 4 shows
the costs of the optimal solution multiplied by 1.4. Such a point is
dominated by 7, so we know that 7° (0.4, 0.4)-dominates 7*.

in a map with higher degree states when compared to A*pex.

6.2 Number and quality of solutions

Figure 5 shows the average solution quantity found by both
algorithms for each map and approximation factor. We
observe that WBOA? tends to return fewer solutions than
A*pex, for each search instance, with the difference being
more pronounced for grid maps.

We evaluate the quality of a returned solution set using so-
called proximity values. Formally, the proximity value of an
optimal solution path 7* with respect to a solution set S is
the smallest real number ¢ such that there exists one path 7
in S such that ¢(7) =) c(7*). To illustrate this concept,
Figure 6 shows an optimal solution 7* and a set of found
solutions, with the smallest possible value for € being 0.4.

To evaluate the quality of an approximate solution set .S,
we average the proximity value of every solution path 7 in a
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Figure 7: Average proximity value across all instances for each al-
gorithm’s solution sets according to their approximation factors for
a given type of map and algorithm. Results for grid maps with Octile
heuristic are similar to those with Dijkstra.

Pareto-optimal solution set with respect to .S. Figure 7 shows
the average proximity value of all found solution sets for each
algorithm and approximation factor in both types of map. We
generally see WBOA? finding more representative solutions
for lower approximation factors, while A*pex gains an ad-
vantage at higher values such as 0.05, 0.1, 0.2 and 0.5.

7 Summary and Conclusions

We introduced Weighted BOA* (WBOA?), a novel approxi-
mate bi-objective search algorithm that extends the weighted
heuristic technique from single-objective search to the bi-
objective setting. Our approach builds on the state-of-the-
art BOA* algorithm and its approximate variant BOA? by
multiplying the first component of the heuristic function by a
weight w > 1. This simple modification, combined with an
approximation factor €, enables faster computation of approx-
imate Pareto-optimal solution sets while providing theoretical
guarantees on solution quality. We prove WBOA? returns a
(w — 1, €)-representative solution set. This result establishes
a relationship between the weight parameter and the approx-
imation quality, filling a gap in the literature where weighted
heuristics had not been studied in bi-objective search.

Our experimental evaluation compared WBOA? against
A*pex, the current state-of-the-art approximate bi-objective
search algorithm, across two benchmark domains: DIMACS
road maps and Moving Al gridworld maps. The results show
that WBOA is competitive with A*pex, with performance
depending on map characteristics, heuristic quality, and ap-
proximation factors. The performance differences can be at-
tributed to the distinct mechanisms of the two algorithms.
A*pex operates through local path merging, which benefits
from lower state degrees and correlated cost components,
while WBOA? relies on global pruning with g5'" values,
which excels when high-quality paths are explored early and
when state degrees are higher.

Our proximity analysis to measure quality of the solution
set showed that WBOA? finds better-quality solution sets at
lower approximation factors, while A*pex can be closer to the
Pareto-optimal solution set at higher factors. Additionally,
WBOA? generally returns fewer solutions than A*pex, which
may be advantageous in scenarios where concise solution sets
are preferred.
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