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Abstract

Evolutionary Algorithms (EAs) are currently the
most popular tool for solving multi-objective op-
timization problems. Balancing exploration and
exploitation is fundamental to the performance of
Multi-Objective EAs (MOEAs). Achieving this
requires maintaining a set of high-quality solu-
tions for effective exploitation while simultane-
ously enabling exploration of diverse regions of
the search space. In MOEAs, these two roles are
typically fulfilled by a single evolutionary popu-
lation. However, high-quality solutions that are
promising for exploitation may lack the potential
to guide the search toward different regions of the
search space. Conversely, solutions with high ex-
ploratory potential that can lead the search toward
more promising regions may themselves be of low
quality. To address this issue, this paper proposes
a dual-population MOEA with Exploration. and
Exploitation Decoupled (MOEA/EED): the explo-
ration population uses a simple aging mechanism,
while the exploitation population preserves the cur-
rently optimal solutions. We theoretically prove the
benefits of MOEA/EED, i.e., it achieves the up-
per bounds, O(n**1 - min{1, (eIn(3¢)/k)*}) and
O((5e1n(3e))"™/%), on the expected running time
for solving two commonly studied bi-objective
problems OneJumpZeroJump and bi-objective Re-
alRoyalRoad, which are significantly better (even
exponentially smaller) than that of the popular
SMS-EMOA, NSGA-II, and their non-elitist vari-
ants. Lastly, we empirically show its effectiveness
on a wide range of practical optimization problems.

1 Introduction

Multi-objective Optimization Problems (MOPs) refer to opti-
mization scenarios involving multiple, often conflicting ob-
jectives that need to be optimized simultaneously. Unlike
single-objective optimization, an MOP usually has no single
optimal solution, but instead a set of Pareto optimal solutions
representing different trade-offs among the objectives [Deb,
2001; Zhou et al., 2019]. The corresponding objective vec-
tors of these Pareto optimal solutions constitute the Pareto

front. The goal of a multi-objective optimizer is to find the
Pareto front or approximate it as accurately as possible. Evo-
lutionary Algorithms (EAs), inspired by natural evolution
and operating with populations, are particularly well-suited
to MOPs and have been widely applied in real-world do-
mains [Deb, 2001; Zhou et al., 2019]. Over the years, nu-
merous Multi-Objective EAs (MOEAs) have been developed,
including the Non-dominated Sorting Genetic Algorithm II
(NSGA-II) [Deb et al., 2002], MOEA based on Decompo-
sition (MOEA/D) [Zhang and Li, 2007], and S-Metric Se-
lection Evolutionary Multi-objective Optimization Algorithm
(SMS-EMOA) [Beume et al., 2007].

As in many stochastic optimization processes, balancing
exploration and exploitation is fundamental to the perfor-
mance of MOEAs. To support effective exploration, the pop-
ulation in MOEAs needs to maintain a diverse set of solutions
capable of guiding the search towards different regions of the
search space. At the same time, effective exploitation requires
the population to retain high-quality solutions found so far,
enabling intensive local search for further improvement.

However, these two roles are not always fully aligned. So-
lutions with high exploratory potential may be of low quality
- for example, they lie near the middle of multiple attraction
basins. In contrast, high-quality solutions may lack the poten-
tial to guide the search toward different regions of the search
space - for example, they are located in a local optimal region.
As such, using a single population in MOEAs may not always
help. This is echoed by recent studies showing that introduc-
ing randomness, non-elitism or aging mechanisms into popu-
lation update of MOEAs (thereby allowing inferior solutions
to survive longer) can benefit the search, both theoretically
[Bian et al., 2025; Zheng and Doerr, 2024b; Opris, 2025a;
Li ef al., 2025] and empirically [Tanabe and Ishibuchi, 2019;
Sanchez et al., 2023; Liang ef al., 2023]. And, adding an ex-
ternal archive to store the non-dominated solutions (despite
not being used for exploitation [Li er al., 2024b]) can further
enhance exploration by freeing the evolutionary population
from the role of preserving solution quality [Ishibuchi ez al.,
2020; Ren et al., 2025].

In this work, we propose a simple yet effective algorithmic
framework that alleviates the conflict between exploration
and exploitation by decoupling these two aspects, i.e., a dual-
population MOEA with Exploration and Exploitation Decou-
pled (MOEA/EED). Specifically, we use a probability p to
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OneJumpZeroJump

Bi-objective RealRoyalRoad

Original algorithm

O(pn*) [Bian et al., 2025]
[ >n—2k+ 3]

Q(n™/5~1) [Bian et al., 2025]
[ = poly(n)]

O(pn* - min{1, (eln(2eu)/k)*~11})

O(u?n"/>+1/2 27/10) [Bian et al., 2025]

SMS-EMOA  Stochastic method 'S 9, 91 " 4)] [Ren et al., 2025] (1> 2(2n)5 + 2)]
, O(kr(e*n/(k(L — e /1))
Aging method (> n — 2k + 4+ 7] [Li et al., 2025] -
Oricinal aleorith O(pun*) [Doerr and Qu, 2023] Q(n™/>=1) [Bian et al., 2025]
NSGA-II nemE e [p = 4(n — 2k + 3)] [ = poly(n)]
, O(un® - min{1, (eln(4e)/k)*—1}) O(pn/n(20€%)"/5) [Bian et al., 2025]

Stochastic method "5, — 9k 4 3)] [Ren e al., 2025] (1> 8(2n/5 + 1)]

MOEA/EED O(nF*+! - min{1, (eIn(3¢)/k)*}) [Thm 1] O((5e1n(3e))™/®) [Thm 2]

Table 1: The expected running time (i.e., number of fitness evaluations) of MOEA/EED and different versions of SMS-EMOA and NSGA-II
for solving OneJumpZeroJump and bi-objective RealRoyalRoad, where n denotes the problem size, k£ denotes the parameter of OneJumpZe-
roJump (2 < k < n/2), i denotes the population size, and 7 denotes the maximum lifespan for the aging method. The results of MOEA/EED
are obtained under the condition of p = 1/2, where p denotes the probability of selecting a parent solution from the exploitation population.
The expected running time of the aging-based NSGA-II on the RealRoyalRoad problem has not yet been analyzed so far.

decide to exploit (select a parent solution from the exploita-
tion population Pexploit) Or explore (select a parent solution
from the exploration population Pypiore). The exploitation
population Peyploit stores only non-dominated solutions with
unique objective vectors; the exploration population Peyxplore
uses an aging mechanism, meaning that solutions are pre-
served for a fixed duration regardless of their quality. Both
populations are updated after a new solution is generated.

We analyze the expected running time of the proposed
MOEA/EED on two commonly studied bi-objective prob-
lems OneJumpZeroJump [Doerr and Zheng, 2021] and bi-
objective RealRoyalRoad [Dang et al., 2024], and obtain a
significantly better upper bound compared to previously an-
alyzed single-population algorithms. The results are shown
in Table 1. The original SMS-EMOA [Beume ‘et al., 2007]
and NSGA-II [Deb et al., 2002] serve as the baselines for
comparison, as they do not incorporate any non-elitist mech-
anisms. Stochastic population update (stochastic method) is
an approach that introduces randomness into the population
update process of MOEAs (randomly selects a fraction of
the current population and the offspring solution(s) to directly
survive into the next generation), which has been theoretically
shown to enhance the search capability [Bian er al., 2025;
Zheng and Doerr, 2024b; Ren et al., 2025]. Very recently, Li
et al. [2025] analytically showed that SMS-EMOA equipped
with an aging method (where solutions increment their age
by 1 in every generation, and are excluded from population
updates until their age reaches a threshold 7) achieves greater
acceleration. The main comparison results are as follows.

* On the OneJumpZeroJump problem, the expected
running time of SMS-EMOA and NSGA-II is both
O(un¥) [Bian et al., 2025; Doerr and Qu, 2023]. SMS-
EMOA combined with the stochastic method achieves
a speedup of ©(max{1, (k/(eln(2eu)))*~11) [Ren et
al., 2025]; when using an aging method (with 7 =

n — 2k + 4 and p = 27), it further reduces the upper
bound by a factor of O(((1—e~/2) In(2ep)/e)*~1) [Li
et al., 2025]. On the other hand, NSGA-II that em-
ploys the (u+ ) update mode and the stochastic method
achieves an upper bound comparable to that of the aging-
based SMS-EMOA. By decoupling exploration and ex-
ploitation with two distinct populations, our proposed
MOEA/EED achieves the best expected running time
upper bound, faster than the stochastic NSGA-II by a
factor of O(k - (logs, (4e))k1).

* On the bi-objective RealRoyalRoad problem, the ex-
pected running time of SMS-EMOA and NSGA-II is
both Q(n"/5~1) [Bian et al., 2025]. SMS-EMOA com-
bined with the stochastic method achieves a speedup of
Q2710 /(u?n3/?)), while NSGA-II with the stochastic
method further reduces the upper bound by a factor of
O(p(n/(20v/2¢?))"/5). Our proposed MOEA/EED can
further reduce the upper bound of the stochastic NSGA-
II by a factor of ©(uv/n(4e/ In(3e))/?).

The above proved (even exponential) speedup of
MOEA/EED over the stochastic and aging-based meth-
ods stems from the fact that the latter operate in the search
process of a single population. Consequently, the only
way to increase the intensity of exploration in inferior, yet
potentially promising regions is by increasing the proportion
of non-elite solutions in the population. Although some
non-elite solutions are helpful, most of them offer little
exploratory value, and an excessive number of such solutions
waste search resources. In contrast, MOEA/EED decouples
exploration and exploitation by maintaining two distinct pop-
ulations and uses a selection probability to directly determine
the intensity of exploration in inferior regions. This allows
it to allocate a reasonably sized non-elite population for
exploration, thereby reducing the chance of selecting useless
individuals and leading to a more efficient search. The
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advantage of MOEA/EED is also validated on well-known
practical problems at the end of this paper.

The main contribution of this work is proposing the frame-
work of MOEAs with exploration and exploitation decou-
pled, and showing that even a simple instantiation can work
well both theoretically and empirically. Note that the use
of dual-population or dual-archive mechanism (where the
archive is used to generate solutions) is not uncommon in em-
pirical studies of MOEAs (see [Li e al., 2024b] for a survey).
However, existing methods do not explicitly separate explo-
ration and exploitation by assigning each role to a dedicated
population. Instead, they employ multiple populations for
other purposes: for example, considering a different selection
criterion each (e.g., Pareto dominance, indicator or decompo-
sition criteria [Li et al., 2018]), or introducing an additional
population to address problem-specific characteristics such as
constraints [Xie et al., 2025] and multi-modality [Liu et al.,
2018], alongside the main population.

Finally, we provide a brief overview of running time
analyses of MOEAs, which have received growing interests
over the last two decades. Early theoretical works [Lau-
manns et al., 2004; Neumann, 2007; Giel and Lehre, 2010;
Doerr et al., 2013; Qian et al., 2013; Qian et al., 2016;
Bian et al, 2018] primarily focused on simple MOEAs
such as (G)SEMO, showing results on their expected run-
ning time. Recently, attention has shifted toward practi-
cal, widely used MOEAs. Huang er al. [2021] analyzed
MOEA/D and evaluated the impact of different decom-
position approaches. Zheng et al. [2022] conducted the
first runtime analysis of NSGA-II. Bian er al. [2025] stud-
ied SMS-EMOA and showed that stochastic population up-
date can yield significant acceleration. Wietheger and Do-
err [2023] showed that NSGA-III outperforms NSGA-II on a
tri-objective problem. Ren et al. [2024a] and Opris [2025b]
provided a first runtime analysis of SPEA2 and PAES-25,
respectively. Additional theoretical studies on established
MOEAs include [Zheng and Doerr, 2024a; Bian ef al., 2024;
Dang et al., 2024; Doerr et al., 2025; Benjamin et al., 2025;
Opris, 2025b].

2 Preliminaries

In this section, we first introduce the basic concepts of multi-
objective optimization, followed by a description of the bi-
objective problems OneJumpZeroJump and bi-objective Re-
alRoyalRoad, studied in this paper.

Multi-objective optimization aims to simultaneously opti-
mize two or more typically conflicting objective functions.
Without a canonical complete order in the solution space X,
solutions are compared using the domination relationship in
Definition 1. A solution is Pareto optimal if no other solution
in X dominates it. The set of objective vectors correspond-
ing to all Pareto optimal solutions constitutes the Pareto front.
The goal of multi-objective optimization is to find the Pareto
front or its good approximation.

Definition 1. Ler f = (f1, fa,.-., fm) : X — R™ be the
objective vector. For two solutions x andy € X':

e x weakly dominates y (denoted as x > y) if for any
1L<i<m,fi(x) > fi(y);

25 25

20 o 20 .

15 o 15
& & .
-~ . -~ .
.

.

10 o 10

5 5 . L]

0
0 5 10 15 20 25 0 5 10 15 20 25
h fi

Figure 1: Illustration of the objective vectors of solutions in the
(f1, f2) objective space for the OneJumpZeroJump problem with
n = 20 and k = 5 (left subfigure), and the bi-objective RealRoyal-
Road problem with n = 5 (right subfigure).

e x dominates y (denoted as © = y) if x > y and
fi(x) > fi(y) for some i;
* x and y are incomparable if neither x > y nory > x.

Next, we introduce the benchmark problems OneJumpZe-
roJump and bi-objective RealRoyalRoad studied in this paper.
The OneJumpZeroJump problem as presented in Definition 2
is constructed based on the Jump problem [Doerr and Neu-
mann, 2020];-and has been widely used in MOEAS’ theoret-
ical analyses [Doerr and Zheng, 2021; Doerr and Qu, 2023;
Lu et al., 2024; Ren et al., 2024b]. Tts first objective is the
same as the Jump problem, which aims to maximize the num-
ber of 1-bits of a solution, except for a valley around 1" (the
solution with all 1-bits) where the number of 1-bits should be
minimized. The second objective is isomorphic to the first
one, with the roles of 1-bits and 0-bits reversed.

Definition 2 (OneJumpZeroJump [Doerr and Zheng, 2021]).
The OneJumpZeroJump problem is to find n bits binary
strings which maximize

k+lxl1, i <n-—k =1,
f1(€8){ |z, if|le) <n orx

n— x|, else,

k+‘$|03 lf|w|0§n—korw:0”,
n—|xly, else,

f2() :{

where k € ZN2 < k < n/2, and |z|1 and |x|y denote the
number of 1-bits and 0-bits in x € {0,1}", respectively.

The left subfigure of Figure 1 illustrates the objective vec-
tors of OneJumpZeroJump in the (fi, f2) objective space,
where the green points represent Pareto-optimal solutions and
the black points denote dominated solutions. A solution is
Pareto optimal if and only if it contains (a — k) 1-bits, for
a € [2k..n] U {k,n + k}; the corresponding objective vector
is (a,n 4+ 2k — a). Consequently, the Pareto front is given
by{(a,n + 2k — a) | a € [2k..n] U {k,n + k}}, whose size
is n — 2k 4+ 3. We denote the inner part of the Pareto front
by Fi = {(a,n+ 2k — a) | a € [2k..n]}. As observed, the
Pareto front consists of F; and two isolated extreme points
corresponding to 0™ and 1™. The OneJumpZeroJump prob-
lem serves as a representative benchmark where some adja-
cent Pareto optimal solutions in the objective space locate far
away in the decision space.
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The bi-objective RealRoyalRoad problem, formally de-
fined in Definition 3, is originally proposed in [Dang et
al., 2024] to evaluate the ability of MOEASs to escape from
local optima. It consists of two objectives that combine
the number of 1-bits with structural information captured
by the number of trailing zeros (TZ) and leading zeros
(LZ), where TZ(z) = >2;_, [[j_;(1 — z;) and LZ(x) =
> iy [T, (1 — ;). The solution space is partitioned into
two special regions G and H. The set G contains all so-
lutions with at most 3n/5 1-bits, while the set H con-
sists of all solutions with exactly 4n/5 1-bits and satisfying
LZ(x) + TZ(x) = n/5. For solutions in G or H, fi(x) is
defined as the sum of n - |x|; and the number of trailing ze-
ros TZ(x), whereas all remaining solutions receive objective
value 0. f>(x) is defined analogously, replacing TZ with LZ.

Definition 3 (Bi-objective RealRoyalRoad [Dang et al.,
2024]). The bi-objective RealRoyalRoad problem is to find
n bits binary strings which maximize

n- |zl +TZ(x), ifrxeGUH,
0, else,

fi(z) =

|lely + LZ4(x), ifxe GUH,
fQ(iB): n | |1 ( ) lf
0, else,

where n/5 € Zt, G = {z | |z|1 < 3n/5} and H = {x |
|z|1 = 4n/5 ALZ(x) + TZ(x) = n/5}. Here, |x|1, LZ(x),
and TZ(x) denote the number of 1-bits, leading zeros, and
trailing zeros in © € {0,1}", respectively.

The right subfigure of Figure 1 gives an example illustra-
tion of bi-objective RealRoyalRoad in the (f1, f2) objective
space, where green points denote Pareto-optimal solutions
and black points denote dominated ones. The set of Pareto
optimal solutions is exactly H, and the corresponding Pareto
front is {(4n%/5+a,4n*/5+n/5—a) | a€ [0.n/5]},
which has size n/5 + 1. We further denote by G = {x |
|z]1 = 3n/5 A LZ(x) + TZ(x) = 2n/5} the set of non-
dominated solutions located in the local region GG. Thus, the
bi-objective RealRoyalRoad problem simulates scenarios in
which the search landscape contains structural barriers, pos-
ing significant challenges for MOEAS to transition from local
to global optimality (i.e., from G’ to H).

3 Proposed MOEA with Exploration and
Exploitation Decoupled

The proposed algorithm MOEA/EED as shown in Algo-
rithm 1 considers two populations for exploitation and ex-
ploration (denoted as Pexploit and FPexplore), respectively.
In each generation, a parent is selected for variation either
from Peyploit to exploit with probability p, or from Pexplore
to explore with probability 1 — p. The exploitation pop-
ulation retains only high-quality solutions (i.e., nondomi-
nated solutions found) for individual refinement, while the
exploration population disregards solution quality and uses
the age of solutions during the evolutionary process to pro-
mote the search in “under-developed” regions. Note that ag-
ing mechanisms are widely used in evolutionary algorithms
and artificial immune systems [Oliveto and Sudholt, 2014;

Algorithm 1 MOEA/EED

Input: objectives f1,..., fm, maximum lifespan 7 for the
exploration population Pexplore, Number of initial solutions f
and selection prob. p for the exploitation population Peyxpioit
Output: solutions from Pexploit

L: Pexplore — Q);

2: Pexploit < initialize p solutions by uniform and random
sampling from {0, 1}", and retain the non-dominated so-
lutions with distinct objective vectors;

3: while criterion is not met do

4:  sample u from uniform distribution over [0, 1];

5:  if u < por Peplore = 0) then

6: select a solution @ from Pxp10i¢ randomly
7
8

else
: select a solution  from Peypiore randomly
9: endif
10:  apply bit-wise mutation on & to generate x’;
11:  add (2',0) to Pexplore:
12:  if Az € Pexploit such that z = « then

13: Pexploit — (Pexploit \{Z € Pexploit|m/ - z}) U {ZC/}
14:  end if

15:  for each (z,age) € Pexplore do

16: age <= age + 1

17:  end for

18:  remove all (x, age) from Peyplore With age > T
19: end while
20: return Pexploit

Stefano et al., 2016; Corus et al., 20201, and recently ana-
lyzed for their advantages in multi-objective optimization [Li
et al., 2025]. In such mechanisms, each solution is assigned
an age that increases by one in each generation, and solutions
whose age exceeds a maximum lifespan 7 are typically re-
moved. The algorithmic procedure is as follows.

At the beginning, MOEA/EED initializes an empty popula-
tion Pyyplore and a population Peyploi, by uniformly sampling
o solutions from {0,1}™, and retaining the non-dominated
solutions with distinct objective vectors (lines 1-2). In each
generation, MOEA/EED uniformly at random selects a parent
solution @ from Peyploit With probability p (or from Pexploit
if Pexplore = (), and otherwise selects a parent solution
from Peypiore (lines 4-9). Then, bit-wise mutation flips each
bit of & with probability 1/n to produce an offspring «’
(line 10), which is added to Peyplore directly (line 11). Af-
terwards, o’ will be tested if it can enter Peypioit. If there is
no solution in Peypieit that weakly dominates @, it will be
placed in Pexploit, and meanwhile those solutions dominated
by the new solution will be deleted from Py p10i¢ as the classic
GSEMO/SEMO [Giel, 2003] does (lines 12—14). Afterwards,
the ages of all individuals in Pexpiore are increased by 1 (lines
15-17). Finally, all solutions with the age more than 7 are
removed (line 18).

4 Theoretical Analysis of MOEA/EED

In this section, we theoretically analyze the expected run-
ning time of MOEA/EED on the OneJumpZeroJump and bi-
objective RealRoyalRoad problems. We show that the ex-
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pected running time is O((n**1/p) - min{1, (e(In C)/k)*})
and O((5elnC)"/% /p), respectively, where C' = e(2 —
p)/(1 — p). These bounds are much better than those
of the original NSGA-II [Doerr and Qu, 2023] and SMS-
EMOA [Bian et al., 2025] and their non-elite methods [Li
et al., 2025; Ren et al., 2025]. Note that the running time of
EAs is often measured by the number of fitness evaluations.

4.1 Runtime Complexity on OneJumpZeroJump

We first show that the expected running time for
MOEA/EED solving OneJumpZeroJump is O((n**1/p) -
min{C, (e(InC)/k)*}), where C' = e(2 —p)/(1 — p), which
is better than that, i.e., O(un*), of the original SMS-EMOA
and NSGA-II [Bian ef al., 2025; Doerr and Qu, 20231, where
@ = ©(n). Intuitively, the exploration population Pexplore
considers only the age of solutions but not their quality. Thus,
the evolutionary search has a chance to go along inferior re-
gions which are close to Pareto-optimal regions, making the
search easier. Actually, non-elitist strategies have been shown
to be effective in multi-objective optimization in prior works:
Li et al. [2025] analyzed SMS-EMOA with aging mecha-
nisms, while Bian et al. [2025] studied stochastic population
updates on SMS-EMOA and NSGA-II. Compared with these
strategies, our MOEA/EED framework also achieves a better
upper bound due to its dual-population mechanism.

Theorem 1. For MOEA/EED solving OneJumpZeroJump
with n — 2k = Q(n), if using the maximum lifespan 7 =
O(n(InC)/k), and the number of initial solutions y =
Q(logn), then the expected running time for finding the
whole Pareto front is O((n*1/p) - min{1, (e(In C)/k)*}),
where C = e(2 — p)/(1 — p).

Proof Sketch of Theorem 1. The optimization is split into two
phases: finding the inner Pareto front F}', and then locating
the extreme solutions 1" and 0™.

For the first phase, we consider the case that there is at least
one initial solution @ such that ||, € [k..n — k]; otherwise,
the probability of all initial solutions having at most (k — 1)
or at least (n — k + 1) 1-bits is (exp(=2(n)))* by Chernoff
bound. Starting from x, in each generation the algorithm se-
lects a parent (whose neighboring solution is Pareto optimal
but not yet in Poxploit) from Fegpioit, flips one of its 1-bits (or
0-bits), and thereby generates a new Pareto-optimal solution.
By repeating this process until I is covered, the expected
running time of the first phase is O(n?(Inn)/p).

Next, we consider the second phase. By using the aging-
based population Peypiore, any newly generated solution (in-
cluding dominated ones) can survive for 7 generations. This
allows the algorithm to gradually reach 1™ through the dom-
inated solutions ¢ € {z | |z]1 € [n —k+ 1.n—1]}. A
symmetric process applies for reaching 0™. Similar to the
proof technic in [Doerr et al., 2023] and [Ren et al., 20251,
we assume a “‘jump” to be an event where a solution & with
|z|1 € [n—Fk..n—1] is selected, and a new dominated solution
closer to 1™ is generated and added to Pexplore. Thus, 1™ can
be reached more easily through multiple jumps across the gap
of dominated solution set (i.e., {x | |x|1 € [n—k+1..n—1]}).
We refer to the dominated solutions along the multiple jumps
as “stepping stones” and assume that 1" can be reached

through M stepping stones. Then, we consider M + 1 jumps,
which start from a solution  with n — k 1-bits, and con-
tinue to generate the next stepping-stone solution until finding
1™. We analyze the probability that the first jump succeeds
within n generations and that each of the remaining jumps
succeed within 7 generations. If any intermediate jump fails,
the process restarts from a solution with n — k 1-bits. By
enumerating all possible jump sizes (the sum of which is re-
quired to be k), we prove that the M + 1 jumps can hap-
pen with probability at least p(M + 1)k /(e(1 + p)n*CM),
where C' = ¢(2 — p)/(1 — p). Thus, 1" can be found after
O(nkCM /(p(M + 1)*)) trials in expectation. As each trial
requires up to n + M7 generations, the expected number of
generations for finding 1™ is

(n+ M7)-O(nk - CM/(p(M +1)k)).

Finally, we minimize this upper bound by taking M = [(k —
1)/InC—1] whenk > eln C,and M = O whenk < elnC.
This leads to that the expected running time of the second
phase is at most O((n**1 /p) -min{1, (e(In C)/k)*}), where
C=e(2-p)/(1-p)

Combining the  two phases, the total expected run-
ning time is O((n**1/p) - min{1, (e(InC)/k)*}), where
O(n?(Inn)/p) required by the first phase is dominated. [

On OneJumpZeroJump, the expected running time of
SMS-EMOA and NSGA-II is both O(un*) [Bian et
al., 2025; Doerr and Qu, 2023]. SMS-EMOA com-
bined with the stochastic method achieves a speedup of
O(max{1, (k/(e(In2ep)))*~1}) [Ren et al, 2025]; when
using an aging method (with 7 = n — 2k + 4 and p = 27),
it further reduces the upper bound by a factor of O(((1 —
exp(—1/2))In(2ep)/e)*=1) [Li et al., 2025]. The advantage
stems from that under the stochastic method, a solution that
is poor in objective values but beneficial for exploration can
survive for about 2 generations on average, whereas the aging
method guarantees its preservation for 7 generations, further
increasing exploration chances in promising regions. On the
other hand, the NSGA-II that employs (x + p) update mode
and the stochastic method has a high probability of exploring
promising regions in each generation. As a result, it achieves
an upper bound comparable to that of the aging-based SMS-
EMOA. Our proposed MOEA/EED further achieves a better
upper bound than NSGA-II using the stochastic method by a
factor of O(k - (logs,(4e))*~!) when p is commonly set to
1/2. The speedup stems from the fact that both the stochastic
method and the aging-based approach are applied to a single
population during the search. Consequently, the probability
of selecting a solution with exploratory value in inferior re-
gions is limited by the proportion of non-elite individuals in
the population, which is at most O(1/n) per generation. In
contrast, MOEA/EED structurally decouples exploration and
exploitation. It uses a selection probability p to control the
intensity of exploration in inferior regions, allowing it to al-
locate a reasonably sized non-elite population for exploration.
This structural separation inherently favors newly generated
(“young”) individuals by preserving them in the non-elite
population for exploration. Consequently, it implies a proba-
bility of (1—p)/7 to choose a solution with exploratory value
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in inferior regions per generation, leading to a speedup. It is
also worth noting that the classic GSEMO equipped with a
heavy-tailed mutation operator obtains a competitive runtime
of O(n*+1k=®(k)) on OneJumpZeroJump [Doerr and Zheng,
2021]. Integrating similar operators with the dual-population
mechanism may yield even greater acceleration, which we
leave as an interesting future work.

4.2 Runtime Complexity on Bi-objective
RealRoyalRoad

We next theoretically show that the expected running time for
MOEA/EED solving the bi-objective RealRoyalRoad prob-
lemis O((5¢In C)"/® /p), where C = e(2—p)/(1—p), which
is significantly better than that, i.e., Q(n"/5~1), of the origi-
nal SMS-EMOA and NSGA-II [Bian et al., 2025]. Thanks
to the dual-population that decouples exploration and ex-
ploitation, MOEA/EED even achieves a significantly greater
speedup compared to both SMS-EMOA and NSGA-II with
the stochastic method.

Theorem 2. For MOEA/EED solving the bi-objective Re-
alRoyalRoad problem, if using the maximum lifespan T =
O(InC), and the number of initial solutions . = Q(logn),
then the expected running time for finding the whole Pareto
front is O((5eIn.C)"/ /p), where C' = e(2 — p)/(1 — p).

Proof Sketch of Theorem 2. We divide the optimization pro-
cess into five phases, where the first phase aims at finding a
solution with 3n/5 1-bits, the second phase aims at finding a
solution in G’ = {z | |x|1 = 3n/5 ALZ(x) + TZ(x) =
2n/5}, the third phase aims at finding the whole G’, the
fourth phase aims at finding a solution in H (i.e., a Pareto
optimal solution), and the fifth phase aims at finding all solu-
tions in H (i.e., all Pareto optimal solutions).

For the first phase, we consider the case that there is at
least one initial solution x such that |z|; < 3n/5; otherwise,
the probability of all initial solutions having more than 3n /5
1-bits is (exp(—2(n)))* by Chernoff bound. Note that for
any two solutions z,y € G with |z|1 < |yl1 < 3n/5, the
solution x is dominated by y. Thus, the number of 1-bits
of solutions in Peyploit 1S non-decreasing (and increases un-
til reaching 3n/5). In each generation, a new non-dominated
solution with more 1-bits can be generated by selecting any
parent from Peyp10i¢ and flipping one of its 0-bits without dis-
turbing the others. By repeating this process until a solution
with 3n/5 1-bits is found, the expected running time of the
first phase is O(n(logn)/p).

Next, we consider the second phase. By selecting a solu-
tion @ in Peypioir Where all the solutions have 3n/5 1-bits and
flipping the last 1-bit as well as one 0-bit before the last 1-bit,
we keep LZ(x*) and |x*|; of the offspring «* unchanged,
and increase TZ(x*) by one. Then by repeating the process
at most 2n/5 times, we can have a solution in G’. Thus, the
expected running time of this phase is at most O(n*/p).

Now we consider the third phase. Suppose G’ is not fully
covered; then there exists a solution y € G'\ Pexploit that can
be generated from some x € G' N Pexploit by either flipping
the first 1-bit of « together with the first 0-bit in its trailing
0-bit block, or by flipping the last 1-bit of x together with

the last 0-bit in its leading 0-bit block. Intuitively, this opera-
tion shifts the position of the 1-bit block without changing its
length, hence producing a non-dominated offspring that be-
longs to G’. By repeating this process at most 2n,/5 times, the
entire G’ can be found in expected running time of O(n?/p).
Next, we consider the fourth phase. By using the aging-
based population Pexpiore, any newly generated solution (in-
cluding dominated ones) can survive for 7 generations. This
allows the algorithm to gradually reach H through the domi-
nated solutions « € {z | |z|1 € [3n/5+1..4n/5—1]}. Simi-
lar to the analysis in Theorem 1, we assume a “jump” to be an
event where a dominated solution is selected, and a new dom-
inated solution closer to 1 is generated and added to Peyplore-
Let G := {0°13%/502%/5=% | n/10 < i < 3n/10} de-
note a subset of G’. For any * € G”, flipping the con-
secutive ;5 0-bits before the block of 1-bits and the consec-
utive n/5 — j 0-bits after the block of 1-bits generates a so-
lution in H, where the number of valid choices for j is at
least n/10. That is, there are at least n/10 different ways to
generate a solution in H from one solution in G”. To in-
crease the success probability of reaching H, we consider
M + 1 consecutive jumps, which start from a solution in
G”, and continue to generate the next stepping-stone solu-
tion until finding a solution in H. If any intermediate jump
fails, the process restarts from a solution in G”. By enumer-
ating all-possible jump sizes (the sum of which is required
to be n/5), we prove that the M + 1 jumps can happen with
probability at least p(M + 1)"/5/(2en™>CM), where C' =
e(2=p)/(1—p). Since there are at least n/10 different ways
to reach H, and each trial needs at most 1 + M 7 generations,
the expected number of generations for reaching H is at most
(1+M7)-(20en™/5=1CM /p(M +1)"/5). Finally, we mini-
mize this upper bound by taking M = [n/(5InC)—1]. This
leads to that the expected running time of the fourth phase is
at most O((5e1n C)™/® /p), where C' = e(2 — p) /(1 — p).
Finally, we consider the last phase. The proof is almost
the same as that of the third phase, except that we only need
to find at most n/5 remaining solutions in H. Thus, we can
directly derive that the total expected number of generations
of this phase is at most O(n*/p). Combining the five phases,
the total expected running time is O((5¢ In C')"/% /p). O

On the bi-objective RealRoyalRoad problem, the ex-
pected running time of SMS-EMOA and NSGA-II is
both Q(n"/5~1) [Bian et al, 2025]. SMS-EMOA com-
bined with the stochastic method achieves a speedup of
Q2710 /(1u?n3/2)) [Bian et al., 20251, while NSGA-IT with
the stochastic method further achieves an additional speedup
factor of ©(u(n/20v/2¢2)™/). Yet, single-population ap-
proaches remain structurally bottlenecked. Our proposed
MOEA/EED shows yet another improvement, with a speedup
factor of ©(u+/n(4e/1n(3€))"/) when p is commonly set
to 1/2. As on OneJumpZeroJump, the improvement stems
from decoupling exploitation and exploration through a dual-
population mechanism. This mechanism avoids restricting
the number of non-elite solutions, resulting in a higher prob-
ability, i.e., (1 — p)/, of selecting solutions with exploration
value in inferior regions and thus achieving a speedup.



PRELIMINARY PREPRINT VERSION - DO NOT CITE
This is not the version of record. The final version will appear in the Proceedings of JCAI-ECAI 2026.

Problem Budget NSGA-II NSGA-II-Stochastic ~ SMS-EMOA SMS-EMOA-Aging  MOEA/EED
KP-100 107 2.289e+03 (5.2¢+03)T 3.036e+03 (4.9e+03)T 2.549¢+04 (2.1e+04)T 2.140e+04 (2.2e+04)7 1.826e+05 (2.5e-+04)
10°  2.355e405 (1.4e+04)" 2.518e+05 (1.6e+04)" 2.563e+05 (1.3e+04)" 2.532e+05 (1.5e+04)" 2.917e+05 (5.3e+03)
KP-200 10% 0.000e+00 (0.0e+00)T 0.000e+00 (0.0e-+00)T 0.000e+00 (0.0e+00)T 0.000e+00 (0.0e+00)" 1.315e+05 (4.9e-04)
10°  3.155e405 (4.2e+04)" 3.227e+05 (4.7e4+04)" 3.457e405 (3.8¢+04)" 3.546e+05 (4.4e+04)" 5.097e+05 (2.5e+04)
TSP-100 10% 3.479e+01 (9.7e+00)" 3.037e+01 (7.7e+00)T 7.966e+01 (1.0e+01)T 8.145¢+01 (1.2e+01)7 4.188e+02 (2.9¢+01)
10°  6.630e402 (1.3e+01)" 6.306e+02 (1.7e+01)T 6.929e+02 (1.2e4+01)T 6.789e+02 (1.6e+01)" 8.093e+02 (2.0e++01)
TSP-200 10% 0.000e400 (0.0e+00)T 0.000e+00 (0.0e+00)T 0.000e-+00 (0.0e+00)" 0.000e+00 (0.0e+00)" 3.270e+01 (3.6e+01)
10°  2.859e402 (2.5e+01)" 2.493e+02 (2.8¢+01)" 4.038¢+02 (3.0e4+01)" 3.923e402 (3.5e+01)" 7.510e+02 (5.6e-01)
QAP-100 10* 7.801e+13 (1.4e+13)T 6.809e+13 (1.4e+13)T 1.382e+14 (1.9e+13)" 1.309e+14 (2.1e+13)7 5.093e+14 (6.0e+13)
10° 9.662e+14 (4.9e+13)7 9.334e+14 (5.4e+13)" 1.008e+15 (3.6e+13)" 9.869e+14 (5.1e+13)" 1.137e+15 (6.4e+13)
QAP-200 10% 4.271e+11 (1.9e+12)T 0.000e+00 (0.0e+00)T 4.457e+13 (4.0e+13)" 4.315e+13 (3.2e+13)7 1.315e+15 (7.7e+14)
10° 3.409e+15 (1.7e+15)" 3.113e+15 (1.5e+15)" 3.912e+15 (1.9e+15)" 3.824e+15 (1.8e+15)7 4.927e+15 (2.2e+15)
NK-100 10% 2.006e—02 (1.4e—03)T 1.957e—02 (2.0e—03)7 2.259¢—02 (1.5e—03)" 2.251e—02 (2.0e—03)" 2.934e—02 (2.1e—03)
10° 3.627e—02 (2.4e—03)" 3.779e—02 (2.8¢—03) 3.433e—02 (2.2e—03)7 3.476e—02 (1.9¢e—03)" 3.894e—02 (2.9¢—03)
NK-200 10* 5.653¢—03 (6.3e—04)7 5.409¢—03 (7.6e—04)T 7.594e—03 (9.3e—04)" 7.413¢—03 (7.7e—04)" 1.411e—02 (1.5e—03)

10°

2.228e—02 (1.4e—03)"

2.265e—02 (1.2e—03)"

2.160e—02 (1.2e—03)"

2.148¢—02 (1.5e—03)"

2.490e—02 (1.4e—03)

“” indicates that the algorithm is significantly different from MOEA/EED, based on the Wilcoxon rank-sum test with 95% confidence.

Table 2: The HV (mean and standard deviation) of the NSGA-II, NSGA-II-Stochastic, SMS-EMOA, SMS-EMOA-Aging and MOEA/EED

on KP, NK, TSP and QAP. The number next to each problem denotes the number of variables. The best mean is highlighted in bold.

S Experiments

In this section, we conduct experiments on four well-
known practical problems: the multi-objective 0/1 knap-
sack (KP) [Teghem, 1994], travelling salesman problem
(TSP) [Ribeiro et al., 2002], quadratic assignment prob-
lem (QAP) [Knowles and Corne, 2003], and NK-landscapes
(NK) [Aguirre and Tanaka, 2004], following the settings
in [Li et al., 2024a; Liang and Li, 2026]. These problems
cover binary representation (KP, NK), order-based (TSP) and
position-based (QAP) permutation representations, constraint
(KP), highly rugged landscape (NK when K = 10) and rela-
tively smooth landscapes (KP, TSP). Each problem is consid-
ered at two sizes: 100 and 200 decision variables.

We consider five algorithms: NSGA-II, the stochastic vari-
ant of NSGA-II (NSGA-II-Stochastic), SMS-EMOA, the ag-
ing variant of SMS-EMOA (SMS-EMOA-Aging) and the
proposed MOEA/EED, as described in the above sections.
NSGA-II, SMS-EMOA and their variants follow similar set-
tings: 1) a population size of 200; 2) the parent selection uses
uniform random selection; 3) the variation operator uses only
a problem-specific mutation. Following the practice in [Li et
al., 2024al, for pseudo-Boolean problems (KP, NK), we use
the bit-wise mutation [Eiben and Smith, 2015] with a rate of
1/n, where n is the number of variables. For permutation
problems (TSP, QAP), we use the 2-opt and 2-swap muta-
tions [Eiben and Smith, 2015], respectively, and the mutation
rate is set to 1.0. For the proposed MOEA/EED, the same
problem-specific mutation is used; the maximum lifespan 7
is set to 10; the number p of initial solutions is set to 1; the
probability p of selecting the exploitation population is set
to 0.75. The two non-elitist variants of NSGA-II and SMS-
EMOA adopt this ratio, as well. For the NSGA-II-Stochastic,
1/4 of the parent U offspring (100 out of 400 solutions) are
randomly selected to enter the next generation. For the SMS-
EMOA-Aging, the maximum lifespan is set to 1/4 of the pop-
ulation size (i.e., 50), so 1/4 of the population are preserved

at each generation regardless of their quality. For all algo-
rithms, we consider two common computational budgets: 10*
and 10° evaluations; the number of independent runs is 30.

We use the hypervolume (HV) [Zitzler and Thiele, 1999] to
compare the performance of the algorithms. According to [Li
etal., 2022], the reference point of HV is set to nadir — 0.1 x
(ideal — nadir) for maximization problems (KP, NK), and
to nadir 4+ 0.1 x (nadir — ideal) for minimization problems
(TSP, QAP), where the ideal/nadir point is computed from the
non-dominated set of all algorithms at 10* evaluations.

Table 2 gives the HV results of the five algorithms on the
four practical problems. The proposed MOEA/EED achieves
the best HV across all problem instances and budgets, with
statistically significant differences over the others in almost
all cases. The difference is substantial (one to two orders of
magnitude in HV) in some instances under the small budget.
This indicates that MOEA/EED gains advantages quickly,
particularly for larger problem instances (e.g., QAP-200). In-
deed, for some large instances (KP-200 and TSP-200), the so-
lutions obtained by the other four competitors after 10* eval-
uations fail to match the nadir point of the non-dominated set
obtained by MOEA/EED, resulting in a HV value of zero.

6 Conclusion

In this paper, we propose a dual-population MOEA with Ex-
ploration and Exploitation Decoupled (MOEA/EED): the ex-
ploration population uses a simple aging mechanism, and the
exploitation population stores only non-dominated solutions.
Exploration and exploitation are regulated by a probability p
instead of the proportion of non-elite populations. We the-
oretically show that MOEA/EED achieves significantly bet-
ter expected running time bounds on the OneJumpZeroJump
and bi-objective RealRoyalRoad problems than SMS-EMOA,
NSGA-II, and their non-elitist variants. Finally, the theoreti-
cal benefits are empirically validated on a range of practical
optimization problems.
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