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Abstract

An index is a function that measures the extent to
which an election has a particular feature. We seek
indices that capture agreement, diversity, and po-
larization among voters in approval elections, nor-
malized with respect to saturation. The latter means
that if two elections differ by the fraction of candi-
dates approved by an average voter, but otherwise
are of similar nature, then they should have similar
index values. We propose several indices, analyze
their properties, and use them to derive a new map
of approval elections, and compare various real-life
elections from Pabulib, Preflib and other sources.

1 Introduction

Our main goal is to design three functions that given an ap-
proval election—i.e., an election where voters give yes/no
answers regarding their support for particular candidates—
indicate the extent to which the votes are in agreement,
are diverse, or are polarized. Following Hashemi and En-
driss [2014], we refer to functions that quantify election fea-
tures (by giving values between 0 and 1) as election indices.

Such indices would be valuable because they would al-
low us to compare approval elections coming from different
sources. For example, it is not uncommon to use participa-
tory budgeting (PB) elections from Pabulib [Faliszewski et
al., 2023a] outside of the PB context and it is important to val-
idate if this data remains relevant.! Further, as recently shown
by Faliszewski et al. [2025b], for ordinal elections (where the
voters rank the candidates) having good agreement, diversity,
and polarization indices leads to appealing maps of elections
(i.e., visualizations of election datasets where each election is
a dot and distances between these dots give an idea of their
elections’ similarity). While a map of approval elections ex-
ists [Szufa et al., 2022], it seems to be less useful than those
for ordinal ones (see the argument below).

One characteristic issue when dealing with approval elec-
tions is that they may largely differ in terms of their satu-
ration, i.e., the average number of candidates approved by

'E.g., for year 2025 Google Scholar points to 18 papers that cite
the Pabulib database and perform numerical experiments. Among
these, only 12 are indeed focused on participatory budgeting.

a voter, while being very similar in-nature. As an extreme
example, consider one election where all voters approve the
same 10% of candidates, and a second one, where all voters
approve the same 50% of candidates. They both represent
perfect agreement, but the map of Szufa et al. [2022] puts
them far apart. Indeed, its main dimensions are election satu-
ration and the position on the agreement-disagreement spec-
trum. We seek saturation-independent agreement, diversity,
and polarization indices, so a map based on them would be
capable of discovering more nuanced relations between data.
Our general strategy is to focus on designing a saturation-
independent agreement index. Given such an index, we de-
rive a diversity one by clustering the voters into as like-
minded groups as possible and claiming that the election is
diverse if the agreement within these groups is low. For
polarization—which we define as the presence of two groups
with conflicting preferences—we take the difference between
the overall agreement and the agreements in two voter groups
after clustering (the overall agreement in a polarized election
would be low, but it would be high in the like-minded groups).
This approach was proposed by Faliszewski et al. [2023b] in
the ordinal case, for the special case of measuring agreement
using the Kemeny rule [Kemeny, 1959]. We extend their idea.
Altogether, our contributions are as follows. First, we pro-
pose a number of agreement indices and analyze them theo-
retically and experimentally, paying careful attention to sat-
uration independence. In particular, we verify if their results
are intuitive on a number of selected election instances. Then,
using these indices, we derive and test diversity and polar-
ization ones (using both the general scheme and some other
ideas). Finally, we identify three indices—capturing agree-
ment, diversity, and polarization—that work best together in
a certain measurable way, and use them to form a map of
approval elections. Our map contains both synthetic and real-
life elections, e.g., coming from Preflib [Mattei and Walsh,
2013] and Pabulib [Faliszewski et al., 2023al, but also from
other sources, including some new ones. Omitted proofs and
discussions are in the full version of the paper [Faliszewski
et al., 2026al; for code appendix, see: github.com/Project-
PRAGMA/Approval-DAP-1JCAI-2026.

2 Preliminaries

For an integer ¢, we write [¢] to denote {1, . .., t}. For a vector
z € R, we write z[i] to denote its i-th coordinate, as well as


https://github.com/Project-PRAGMA/Approval-DAP-IJCAI-2026
https://github.com/Project-PRAGMA/Approval-DAP-IJCAI-2026
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Z = }(z[1]+. . .+[t]) to denote its mean. Forp € [0,1], z ~
Bernoulli(p) indicates that x gets value 1 with probability p
and value 0 with probability 1 — p.

Elections. An (approval) election is a pair E = (C,V),
where C' = {c1,...,cm} is a set of candidates and V' =
(v1,...,vy) is a collection of vorers. Each voter has an ap-
proval ballot (or, a vote) where he or she indicates which
candidates he or she approves (and he or she disapproves the
other ones). Formally, we represent a vote as a binary vector,
whose entries correspond to the candidates and have value 1
if a given candidate is approved and 0 otherwise. To simplify
notation, we write v; to refer both to the respective voter and
his or her vote; the exact meaning will always be clear from
the context. Additionally, for a voter v; we write A(v;) to de-
note the set of candidates that this voter approves, and for a
candidate c; we write A(c;) to mean the set of voters approv-
ing ¢;. Given an election E = (C, V), by E~! we mean an
election obtained from E by reversing all entries of all votes
(i.e., for each voter v; and candidate c;, in E~1, for c; this
voter reports 1 — v;[]). We refer to E~! as a reverse of E.

Pearson Correlation Coefficient. Given two ¢-dimension-

al vectors, z,y € R!, their Pearson correlation coefficient
(PCCQO) is:
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pee(x, y) takes values between 1 and —1, where 1 means per-
fect correlation (positive linear dependence between the en-
tries of x and y), —1 means perfect anti-correlation (nega-
tive linear dependence between the entries of x and y), and
0 means a complete lack of linear correlation. In rare cases
when z or y contains only 1s or only Os, the denominator
would be equal to 0, so we fix the value of pce(z, y) as 1.

(Dis)similarity Measures Between Votes. Given two
votes, u and v, over m candidates, their Hamming distance is
ham(u,v) = 3¢, |uli] — v[i]| and their Jaccard distances
Zie[m] min(ufi],v[i])
2 ic[m) max(uld],v[i])
takes values between 0 and m, whereas Jaccard takes val-
ues between 0 and 1. We also sometimes measure similar-
ity between two votes using Pearson correlation coefficient,
which in the case of binary vectors is known as the phi co-
efficient [Yule, 1912], or; Matthews coefficient (MCC) [Baldi
et al., 2000]. There are many other (dis)similarity measures
between binary vectors (see, e.g., the discussion of Duan et
al. [2014]) but we restrict our attention to these three as they
are common in voting literature.

is jacc(u,v) = 1 —

. Hamming distance

3 Election Data

We test our election indices on three kinds of data: Special,
fixed elections of particular, well-understood structure, syn-
thetically generated random elections, and elections obtained
from various real-life data (ranging from actual approval elec-
tions to those derived from other types of preferences). In
the discussion below we consider elections with candidate set
C ={ec1,...,cm} and voter collection V' = (vy,...,vp).

Special Elections. Our special elections are:

p-Identity (p-ID). In a p-Identity election, all voters
approve the same set of |pm] candidates (e.g.,
€1, -+, C|pm)) and disapprove the remaining ones.

k-Party. In a k-Party election there are k disjoint, equal-
sized groups of candidates (41, depending on divisibil-
ity) and k disjoint, equal-sized groups of voters (£1, de-
pending on divisibility) . For each i € [k], the voters
in the i-th group approve exactly the candidates in the
i-th group. For z,y € [0, 1], by (z,y)-2-Party we mean
a 2-Party election where the first group includes an x
fraction of candidates and y fraction of voters, and the
second group includes the remaining ones.

For the next three elections we require n = m:
Diagonal. This is an m-Party election.

Triangle. For each i € [n], the i-th voter approves the first
candidates, i.e., c1, ..., ¢;.

Cyclic. The first voter approves the first candidate and last
|m /2] —1 candidates. Foreachi € {2,...n}, we obtain
the i-th vote by taking the (i — 1)-st one and shifting
it cyclically by one position to the right, i.e., replacing
each candidate ¢; by ¢; 1, with c,,, mapped to c;.

Synthetic Elections. Next let us describe our models of gen-
erating random elections. If we only describe a process of
sampling a single vote, it means that all the votes in the elec-
tion are generated this way, independently from each other:

p-Impartial Culture (p-IC). For p € [0, 1], we sample vote
v so that for each i € [m], we have v[i] ~ Bernoulli(p).

(P15 - .y Pm)-Independent Approval Model (IAM). For
(p1,---yPm) € [0,1]™, we sample vote v so that for
each i € [m], v[i]] ~ Bernoulli(p;). TAMs were dis-
cussed, e.g., by Faliszewski ef al. [2025a], Lackner and
Maly [2025], and Xia [2025].

(p, ¢)-Resampling. Given p,¢ € [0, 1] and a fixed central

vote u with |A(u)| = |pm], we sample vote v as fol-
lows: For each ¢ € [m], with probability 1 — ¢ we
let v[i] = w[i] and with probability ¢ we let v[i] ~

Bernoulli(p). This model is due to Szufa er al. [2022].
Some authors, such as Faliszewski et al. [2025a], allow
arbitrary central votes, but we use the original variant as
it gives pm approved candidates in expectation.

Euclidean. Here, we assume that each voter and candidate
is associated with a point in a d-dimensional Euclidean
space, and each voter v; approves a candidate c if the dis-
tance between their corresponding points is smaller than
some threshold value r; (which can be different for each
voter). Such a model was studied, e.g., by Godziszewski
etal [2021].

We also consider a few special distributions, to generate elec-
tions with particular features:

p-ID/IC. The first half of the voters form a p-ID election and
the second half is generated using the p-IC model.

Lin-IC. In this model, v; is generated using 1-IC, vy using
(1 — 1/n)-IC, v3 using (1 — 2/n)-IC, and so on, until vy,
generated using 1/n-IC.
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N(D, ¢). D is a distribution over elections. We first gener-
ate an election using D and then we replace each vote v
with a new one as follows: We let p be the fraction of
candidates approved in v and we generate a vote using
(p, ¢)-resampling model with central vote equal to v. In
other words, N(D, ¢) introduces noise on top of elec-
tions generated using D (N stands for noisy).

4 Indices and Initial Experiments

By an election index, we mean a function f that given an elec-
tion E outputs a value between 0 and 1, quantifying the extent
to which F has a feature captured by f. In the following sec-
tions we define agreement, diversity, and polarization indices.
For now, we discuss indices on a high level and describe our
approach to evaluating them.

Normalization. Given an election £ = (C, V'), we con-
sider its average vote length (avl; the average number of can-
didates approved by a voter), reverse avl (the average number
of candidates disapproved by a voter), and its saturation (satr;
the fraction of candidates that an average voter approves):

avl(E) = \71| Yvev [A(W)], rev-avl(E) = avl(E~!),
satr(F) = avl(E)/|C].

While saturation is a natural election index by itself, for the
other indices we are mostly interested in normalizing them
in a way that would be independent of saturation. In other
words, if two elections are similar in nature except that their
saturations differ (as would be the case, e.g., for 0.5-IC and
0.25-IC elections), we would prefer an election index to give
them similar values. Naturally, this is not a precise mathe-
matical statement, but rather an intuitive desideratum. Yet, in
some cases it is easy to argue that a particular index is not
saturation-independent, and we often view it as an-argument
against this index.

Resampling Experiment. For each of ourindices, we per-
form the following resampling experiment: For each p €
{0.1,...,0.9} and each ¢ € {0,0.1,..., 1}, we generate 10
(p, ¢)-resampling elections with 60 candidates and 60 voters,
and compute for them the average value of the index in ques-
tion. We arrange the results as a matrix, where each row cor-
responds to a fixed value of p and each column corresponds
to a fixed value of ¢. Color brightness represents the average
value of the index. We present such matrices in the first row
of Table 1, and we provide an enlarged example (including
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Figure 1: Results of the resampling experiment for Approval Agree-
ment index (fixed p values in rows, and fixed ¢ values in columns).

axis labels and the color-bar scale) in Figure 1. The impor-
tant feature of these plots is that each column corresponds
to a fixed value of ¢, while saturation (i.e., p) varies across
rows. Hence, if the columns of the matrix are not (approxi-
mately) uniformly colored, then we claim that a given index
is not saturation-independent (as, arguably, resampling elec-
tions with different values of p but the same value of ¢ are of
the same nature). For such an index, we say that it fails the
resampling test of saturation independence.

Index Values on Example Elections. In Table 1 we also
give values of our indices on a number of characteristic (dis-
tributions over) elections. Each row gives index values for a
given family of elections. All elections have 60 candidates
and 60 voters and the results for each family are averaged
over sampling 10 elections (we report standard deviation in
smaller font). For each family we give its name and an icon
presenting an example election; in this icon, columns are the
candidates, rows are the voters, and darker spots indicate that
a given voter approves a given candidate. We discuss this
table throughout the following sections.

S Agreement Indices

An agreement index should identify whether the voters have
similar views; i.e., tend to approve and disapprove the same
candidates. We consider two types of such indices: Global
ones look at the extent to which all voters agree with each
other, whereas local ones also detect large groups of voters
that are internally in agreement, but that may disagree with
each other. We propose six agreement indices that we de-
scribe below. All our indices give value 1 exactly for p-ID
elections—which, indeed, represent perfect agreements—and
for most of them we also characterize when they give value 0.

5.1 Approval Agreement

Our first index, Approval Agreement, adapts an idea from the
world of ordinal elections (where the voters rank the candi-
dates). There, for every pair of candidates a and b we com-
pute the absolute difference between the fractions of voters
that rank them one way or the other, and output the average of
these values [Alcalde-Unzu and Vorsatz, 2013, Hashemi and
Endriss, 2014, Can et al., 2015, Faliszewski et al., 2023b].
In the approval setting, we compare the numbers of voters
approving and disapproving each given candidate.

Definition 5.1. Given an election E = (C,V), its Approval
Agreement is av-agr(E) = I—é‘ Y oece | "?‘(/Cl)l —(1—%) =

7 Zeec 1= 2554

Unfortunately, this index has several drawbacks. Foremost,
as we see in the first row of Table 1, it fails the resampling test
of saturation independence (and, indeed, we see that it gives
different values for 1/2-IC and !/4-IC). This is also visible
in the following proposition, where we show that it assumes
value 0 if and only if each candidate is approved by exactly
half of the voters and, hence, it is not possible to assume this
value for saturation different from 0.5.

Proposition 5.2. For an election E, av-agr(E) = 1 exactly
if E is an identity election, and av-agr(FE) = 0 exactly if each
candidate is approved by exactly half of the voters.



PRELIMINARY PREPRINT VERSION - DO NOT CITE
This is not the version of record. The final version will appear in the Proceedings of IJCAI-ECAI 2026.

< <
& 0 ‘véé rvé‘% ‘1’63 x"v% 5 N 3 & & QO\

P < & ; ¢ / / S R N &

& X 3 o@ S QC.J Q\S OQ ¥ '-&S QC: 3

S & N N y N S N 3 S N N

—— AN

saturation independence: X X 4 4 X v X 4 v - - -
L /51D I [000 1007 L000 T000 SR00T ST000 | 000 000 000 | 000 000  0.00
+0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00
2 2Pamy -. 000 000 000 000 050 050 | 020 023 010 | 00N [EOON MO0
+0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.01 +0.00 +0.00 +0.00 +0.00
3. NQ-Party, 0.6) 010 008 001 001 035 010 | 1066 [082% 029 | 027 017 024
+0.01 +0.01 +0.00 +0.00 +0.00 +0.01 +0.02 +0.01 +0.00 +0.07 +0.01 +0.01
4 3Py '.. 033 000 000 000 033 033 | 033 031 014 | 033 050 063
+0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.01 +0.00 +0.00 +0.00 +0.00
5. 4-Pany '-.- 050 000 000 000 025 025 | 045 040 016 | 025 033 | 043
+0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00
6. 2-Party(i/s) '- 033 024 010 011 056 056 | 015 018 010 | WO76 WOB9N W09
+0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00
7 Cyclic Q 000 000 000 000 039 025 | 046 057 022 |L050 033 [ 058
+0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.02 +0.00 +0.00 +0.00 +0.00
8. Diagonal \ 0977 000 000 000 002 002 | HWO97% MO97E WO64T| 002 002 001
+0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.01 +0.00 +0.00 +0.00
9. Triangle k 050 049 033 050 051 050 | 041 £032° 018 | 001 014 | 047
+0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00 +0.00
10, NTH06) g 022 020 006 015 033 019 | FOS9W WOF7T° 026 | 000 005 038
’ +0.01 +0.01 +0.00 +0.02 +0.01 +0.03 +0.01 +0.03 +0.00 +0.02 +0.00 +0.01
1. 1IDAC 049 050 026 026 051 030 | 0400 050 019 | 008 026 045
+0.01 +0.02 +0.01 +0.01 +0.01 +0.01 +0.00 +0.00 +0.00 +0.02 +0.01 +0.01
2. 1Ic 011 010 002 002 035 007 | W00" MOOL 029 | 007 005 0.8
+0.01 +0.01 +0.00 +0.00 +0.01 +0.00 +0.01 +0.00 +0.00 +0.01 +0.00 +0.00
B, 1aIC 050 000 002 002 016 007 | H098% W09 031 | 001 005 0.6
+0.01 +0.00 +0.00 +0.00 +0.01 +0.00 +0.00 +0.00 +0.00 +0.01 +0.00 +0.00
4. LindC 008 007 001 009 ©31 013 | 096" 084" 027 | 000 004 037
+0.01 +0.01 +0.00 +0.03 +0.00 +0.02 +0.00 +0.03 +0.00 +0.01 +0.00 +0.01

Table 1: Values of our indices for elections from various distributions. The elections have 60 candidates and 60 voters. Index values are
averaged over 10 samples and the standard deviation is reported in smaller font.

The index also behaves poorly on Party elections. As we
see in Table 1, for 2-Party its value is 0, but it increases as we
consider 3-Party and 4-Party, to become close to 1 for Diag-
onal. Indeed, the index treats the fact that many voters disap-
prove the same candidates as asign of agreement among them
(while in some cases—such as elections within parliaments—
this indeed might be a reasonable view, in others—such as in
participatory budgeting—it is ungrounded).

5.2 Central Agreement(s)

Our second index, Central Agreement, is designed to re-
semble the Kemeny voting rule for ordinal elections [Ke-
meny, 1959]. In that setting, a Kemeny ranking is a rank-
ing that minimizes the sum of swap distances to all the votes
in a given election. The larger is this value, the bigger
is the disagreement among the voters. We implement the
same idea for approval elections using the Hamming dis-
tance (while computing a Kemeny ranking is well-known to
be intractable [Bartholdi III ez al., 1989, Hemaspaandra et al.,
20051, in our case the analogous task is very simple).

Let E = (C,V) be an election. A vote u over candidate
set C' is central for E if for each candidate ¢ € C, u agrees

regarding c with at least half of the voters. So, if exactly half
of the voters approve some candidate and half disapprove it,
then there is more than one central vote for the given election.
We write cen(E) to denote the set of all central votes for E.

Definition 5.3. Let E = (C, V) be an election and let u be
an arbitrary member of cen(E). We define cntr-agr(E) =
1— Eviev ham(v;,u)

|V ]-min(avl(E),rev-avl(E))

The denominator in the definition of cntr-agr(E) is cho-
sen to be (nearly) equal to the largest possible value of the
numerator for elections of the same size and saturation as F.

Proposition 5.4. For an election E, cntr-agr(E) = 1 exactly
if E is an identity election, and cuntr-agr(E) = 0 exactly if
either cen(E) contains a vote approving all candidates or
cen(E) contains a vote disapproving all candidates.

Central Agreement has two major drawbacks. First, as in-
dicated by Proposition 5.4, it is quite non-discriminative and
often assumes value 0 (e.g., on the majority of Pabulib elec-
tions). Second, it fails the resampling test of saturation in-
dependence (see Table 1). Interestingly, Central Agreement
and Approval Agreement differ mostly by their normalization
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(replacing the denominator with m in Proposition 5.5 below,
we would get Approval Agreement).
Proposition 5.5. Let E = (C,V), then cntr-agr(E) = 1 —

Y eec(l— 1= 2520 /(2 - min(avi( B), rev-avl(E))).

We do not consider central agreement based on the Jaccard
distance as it would be intractable [Chierichetti et al., 2010]
and we find sufficiently many other agreement indices.

5.3 Pairwise Agreements

The final four indices are based on computing expected
(dis)similarity between two randomly selected votes.

Definition 5.6. For an election E = (C,V'), we define Ham-
ming, Jaccard, PCC, and PCC™ Pairwise Agreement Indices:

1— Zuev > vev ham(u,v)
2|V |2|C|-satr(E)(1—satr(E))’

pair-agr(E) =
jace-ngr(E) = 4 Soey Soey (1 - jace(u,v))

poc-agr(E) = i Yoy Soey poc(u, v),
pect-agr(E) = ‘V% Y wev 2vey max(0, pee(u, v)).

The normalization for Hamming Pairwise Agreement fol-
lows that for Central Agreement: the denominator is equal to
the maximum possible value of the numerator among elec-
tions with the same size and saturation (assuming that it is
possible to ensure that every candidate has the same approval
score). The normalizations for Jaccard and PCC™ use the
fact that we average over values that are between 0 and 1. For
PCC Agreement, we need an additional argument.

Proposition 5.7. For each election E, pcc-agr(E) € [0, 1].

At first sight, computing each of these indices requires
O(|C||V|?) time: Computing similarity between a pair of
votes requires O(|C]) time and there are O(|V'|?) pairs to
consider. Yet, by changing the order of summation, we can
compute Hamming Pairwise Agreement in O(|C||V/|) time.

Theorem 5.8. For an election E = (C,V), we have that

: Y cec [A(VI=]A()])
pair-agr(E) =1 — \V|2|€cc\-satr(E)(ksatr(E))

Next we characterize when Hamming and Jaccard Pairwise
indices assume values 1 and 0. In case of PCC-based indices
we only provide some examples and observations.

Theorem 5.9. Each of Pairwise, Jaccard, PCC, and PCC*
Agreement Indices assumes value 1 exactly for identity elec-
tions. Hamming Pairwise Agreement has value 0 exactly if
all candidates have equal approval score, and Jaccard Pair-
wise Agreement has value 0 exactly if all the voters approve
disjoint sets of candidates.

Proposition 5.10. For each k-Party election E = (C,V)
such that both |C| and |V| are divisible by k, we have
pec-agr(E) = 0 and pect-agr(E) = 1/k.

Remark 5.11. Let p € [0, 1] be a number and let u and v be
two votes such that a p* fraction of candidates is approved
in both votes, a (1 — p)? fraction is disapproved in both, a
p(1—p) fraction is only approved in u, and a p(1—p) fraction
is only approved in v. Then pcc(u,v) = 0. As votes in p-IC
elections are close to satisfying these conditions, we expect
PCC and PCC™ Agreements to be close to 0 for IC elections.

We note that Hamming Pairwise Agreement and PCC
Agreement tend to give very similar results for the examples
in Table 1. In fact, if all voters approve the same number of
candidates, then the two indices are equal (but this is not the
case when vote lengths differ; see the Triangle election).

Proposition 5.12. Let E = (C,V) be an election such that
0 < |A(u)| = |A(v)] < |C| for all u,v € V. Then we have
that pair-agr(E) = pcc-agr(E).

In the resampling experiment both Hamming and PCC
Agreements give results independent of saturation. Overall,
we view both of them as good global agreement indices.

Jaccard and PCC™ Pairwise Agreement indices capture lo-
cal agreement, by detecting large agreeing groups, even if
they disagree with other such groups (indeed, in PCC* we
only sum positive PCC values to account for like-minded vot-
ers, disregarding negative correlations that could cancel them
out). For example, they give high—and nearly identical—
values for party elections (the fewer parties, the higher agree-
ment, as there are larger agreeing groups) and detect agree-
ing groups in 1/2-1D/IC, and-Lin-IC. Yet, we prefer PCC™
Agreement as it passes the resampling test of saturation in-
dependence and assigns close-to-zero values to IC elections.
The fact that Jaccard Pairwise Agreement fails the resampling
test of saturation is expected, as it treats approvals and dis-
approvals assymetrically. If such asymmetry is natural in a
given setting it still might be a valuable index.

6  Diversity and Polarization Indices

Intuitively, an election is diverse if (a) its votes tend to be
different from each other, and (b) they cover the space of all
possible votes (modulo saturation). For example, we view
Diagonal as a maximally diverse election, because for its sat-
uration (one approval per voter) it contains exactly one copy
of each possible vote. Yet, we view Cyclic, which is similar
in spirit to Diagonal, as much less diverse than 1/2-IC; these
two types of election have the same saturation, but the votes
in the latter are notably more different from each other and,
intuitively, cover the preference space more evenly.

On the other hand, we say that an election is polarized if
it consists of two groups of voters that agree internally but
strongly disagree with each other. Consequently, 2-Party is
an example of a maximally polarized election. We acknowl-
edge that elections with three, four, or more internally consis-
tent but disagreeing groups could also be seen as maximally
polarized—and seeking indices capturing this intuition would
be valuable—but we leave this for future work.

For a broader view of diversity and polarization, see the
special issue edited by Levin et al. [2021]. In voting lit-
erature, see, e.g., the works of Nehring and Puppe [2002],
Hashemi and Endriss [2014], Can et al. [2015], Karpov et
al. [2024], Ammann and Puppe [2025], and Faliszewski et
al. [2023b, 2025b, 2026b, 2026¢].

6.1 Clustering-Based Diversity and Polarization

Our first approach to designing diversity indices follows the
view of Faliszewski et al. [2023b, 2026b], that an election
is diverse if even after clustering its voters into like-minded
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groups, these groups disagree internally. As opposed to them,
we parameterize our definition with an agreement index.

For a given integer k and an election E = (C,V), let
Pi(V) be a set of all complete partitions of voters into k
disjoint subsets V7, ..., Vi, and let a be some agreement in-
dex. We aim to find a partition that maximizes average agree-
ment within the subsets, weighted by the size of each cluster,
ie., Z’;Zl ||“/}'|| a(C,V;). In principle, there are many ways in
which the values for different & can be aggregated to give a
single index. We follow a simple approach of Faliszewski ef
al. [2025b] and take the average of values for k from 1 to 5.
This results in the following definition.

Definition 6.1. For an election E = (C, V'), and agreement
index a, we define the a-Diversity index as:

. 5 k Vi
edv(B) = 1= ¥, mex 5 pa(C V).

Taking Central Agreement as the underlying index, we
obtain Central Diversity, denoted cntr-div, and taking PCC
Pairwise Agreement we obtain PCC Diversity, denoted
pce-div. We do not consider Hamming Pairwise Agreement
for the sake of focus and due to its similarity to pcc-agr.
In both cases, obtaining the optimal partition of votes is not
computationally feasible, thus we rely on clustering heuris-
tics. We approximate cntr-div with an algorithm based on the
k-means clustering: We employ the k-medoids version using
Hamming distance, where cluster centers are restricted to ob-
served votes and are iteratively updated to minimize the sum
of intra-cluster distances. For pcc-div we use spectral cluster-
ing [Ng et al., 20011]; our input for spectral clustering is the
number k of clusters and the affinity matrix, where for each
pair of votes u, v we provide value 1 + %pcc(u, v) (value 0
means total dissimilarity, and 1 means the votes are equal).

To quantify polarization, we measure the increase of agree-
ment arising from clustering the election into two groups in-
stead of viewing it as a single group (again, the general idea
is due to Faliszewski et al. [2023b, 2026b]).

Definition 6.2. For an election E = (C, V'), and agreement
index a, we define the a-Polarization index as:

pol(E) = 2 Wlgcv) — a(B).
a-pollE) {vl,vrzriae)%z(v)z”:l oG V) —a(B)

We consider Central Polarization (cntr-pol) and PCC Po-
larization (pcc-pol), based on the Central and PCC Pairwise
Agreement indices, and we use the same clustering heuristics
as in the case of diversity indices.

Additionally, we consider the Pairwise Polarization index,
which outputs the standard deviation of Hamming distances
between all pairs of votes. The intuition is that in a polarized
electorate each two voters either have very similar or close-to-
opposite preferences (factor of 2/|C| ensures values in [0, 1]).

Definition 6.3. For an election E = (C,V), the Pair-

wise Polarization index is defined as pair-pol(E) =

2\/Eu,v€V(ham(ulv)7Zz,yEV ham(z,y)/[V[?)?
VI2[C]? )

6.2 Outer Diversity

Recently, Faliszewski et al. [2026¢] proposed an alternative
diversity index, based on the average distance between the

votes in the election and all possible votes. If the average
distance is small, the votes are well spread in the whole space,
i.e., diverse. It was originally proposed in the ordinal setting
and for domains (sets of votes without specified multiplicity)
rather than elections, but we adapt it to our setting as follows.

For two collections of votes over the same set of can-
didates, U = (uy,...,ug) and V. = (v1,...,0v,), by
ham(U, V') we mean the average Hamming distance between
n copies of votes in U and k copies of votes in V', matched
so as to minimize this distance, i.e.:

ham(U, V) = % minﬂ':[k:'n,]—)[kn] ijl haIn(“h vﬂ'(i))a

where 7 is a bijection and indices from U are taken modulo
k and from V' modulo n.

For a candidate set C, let Uc consist of a single copy
of each vote from {0,1}/°!. Then, in principle, we could
measure diversity of an election £ = (C,V) based on
ham(V,Uc), i.e., the average distance between votes in V/
and all possible votes. However, if the saturation of E is very
small or large, the value of ham(V,Uc) is always substan-
tial (as most votes inlf¢ have moderate saturation). Thus, no
election with small/large saturation could be considered di-
verse according to-such a measure. To circumvent this issue,
instead of Ue we use p-Uc, defined as a collection in which
the number of copies of each vote is proportional to the prob-
ability of drawing such a vote from p-IC (so, 1/2-Uc = Up).

We would like the index to be maximum and equal to 1 if
V' = p-Uc, and minimum and equal to 0 if V' is a singleton.
From the following lemma we get that for a single vote v with
saturation p, it holds that ham({v}, p-Uc) = 2p(1 — p).

Lemma 6.4. For candidate set C, q € {0, ﬁ, ..., 1} and

v € {0, 11 with q|C| ones it holds that ham({v}, p-Uc) =
p(1—q) +q(1—p).
Definition 6.5. For an election E = (C, V') with satr(E) =

p, the Outer Diversity index is defined as out-div(E) = 1 —

mham(‘/, p-Uc).

As discussed, the value 1 obtained for V' = p-Ug, and a
single vote v always yields the value of 0. It remains to prove
that this is indeed the minimum and maximum value.

Proposition 6.6. For each election E, out-div(E) € [0, 1].

6.3 Comparison of the Indices

As we see in Table 1, Central Diversity fails the resampling
test of saturation independence, but the other diversity indices
pass it. For polarization indices the test is not meaningful, as
we expect low polarization for all values of p and ¢ param-
eters. Clustering-based diversity indices give close-to-1 val-
ues for Diagonal and IC elections (including Lin-IC), while
outer diversity performs poorly and gives low values for these
elections. We tested that its values are much closer to 1 for
analogous elections with a notably larger number of voters,
but overall this index is not satisfying (even if outer diversity
for ordinal preference domains works well [Faliszewski et al.,
2026c]). Further, all diversity indices give higher values for
the noisy variants of respective elections (see, e.g., the values
for 2-Party and N(2-Party, 0.6)).
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Figure 2: Map of synthetic elections.

All polarization indices give value 1 for 2-Party and lower
values for its noisy variant, as well as for 3- and 4-Party,
as expected. Pairwise Polarization still gives nearly-1 for
(1/3,1/3)-2-Party whereas Central and PCC Polarization give
lower ones, but both approaches could be justified. Overall,
Pairwise Polarization tends to give highest values. For exam-
ple, for Triangle it gives nearly 1/2, while the other indices
give values much closer to 0. Both approaches could be jus-
tified, either by Triangle’s similarity to 2-Party, or by saying
that in Triangle all voters agree on best-to-worst ranking of
the candidates, but have different approval thresholds.

7 Experiments

To present experimental results for our indices, we use the
map of elections framework [Szufa et al., 2025]. We con-
struct the map as follows. First, we assemble a collection of
elections. Next, we compute pairwise distances between elec-
tions using the feature distance, as in the work of Faliszewski
et al. [2025b]. Specifically, let f(E) = (f1(E), v, fr(E))
denote the feature vector of election F, where f1,..., fi are
our indices. For two elections £ and F', we define their
distance as the (standard) Euclidean distance between their
feature vectors, d;(E,F) = ||f(E) — f(F)||2. Finally, we
embed the resulting distance matrix using multidimensional
scaling (MDS [Kruskal, 1964]).

For the map, we use the following three indices: pcc-agr,
pce-div, and pce-pol.? In Figure 2, we show a map based
on synthetic elections; while Figure 3 presents a map based
on real-life ones (all our datasets will be publicly available).
Each point corresponds-to a single election. We describe the
selected/generated elections in the full version of the paper.

Interestingly, the synthetic map forms a triangle whose ver-
tices correspond to three extreme cultures: ID (maximizing
agreement), IC (maximizing diversity), and 2-party (maxi-
mizing polarization). The edge between IC and ID is popu-
lated by Resampling elections; the edge between 2-party and
IC is filled by N(2-Party) elections; and the edge between

>The sum of these indices is the most consistently close to 1
among those studied. This means they are complementary and, to-
gether, provide a good high-level summary of the nature of a given
election. For elections with more than 200 candidates or more than
1000 voters, we computed the indices using their sampled subsets.

.. ® Synthetic

' Pabulib
- X Pol.is
X Eurovision
@ Chopin
French
‘- @ Polkadot
* @ Other

¥ .‘.“"s . .I
Figure 3: Map of real-life elections.

2-party and ID is filled by (z, y)-2-Party elections. Both 2D-
Euclidean (brown) and IAM (red) elections lie close to IC,
reflecting high diversity together with low polarization and
agreement. Finally, the partylist (green) elections occupy the
upper region of the triangle, indicating high polarization.

Turning to the real-life map (Figure 3), we observe that
most elections exhibit very low polarization and, on aver-
age, substantially higher diversity than agreement. Compared
with other real-world datasets, the Polkadot blockchain data
(stakeholders voting over validators) shows relatively high
agreement. Both Polkadot and Pol.is (users approving com-
ments on an online deliberation platform) exhibit particularly
low polarization. Intuitively, this may reflect a shared “search
for ground truth” dynamic in both settings. Notably, the Euro-
vision (song contest) data looks similar to the Chopin (piano
competition) one, which is interesting given that both involve
people evaluating musical performances. In comparison to
other real-life data, the French (presidential) elections seem
relatively polarized. Regarding Pabulib (participatory bud-
geting voting), with few exceptions, the data shows high di-
versity, with low agreement and low polarization. (This may
stem from the fact that, in most cities, people can approve
only a very limited number of projects, so the saturation is
extremely low). To conclude, it is worth noting that our map
of real-life elections resembles the one from the work of Fal-
iszewski et al. [2025b], in which (while focusing on ordinal
elections), most real-life instances appeared in a similar re-
gion of the map, i.e., low polarization, mid to high diversity,
and low to mid agreement.

Finally, we note that MDS embeddings of maps in Fig-
ures 2 and 3 achieve mean multiplicative distortions of 1.014
and 1.010, respectively, indicating extremely good represen-
tation. In particular, this is far more accurate than the original
maps presented in [Szufa et al., 2025, Section 4.3.2], where
overall distortion is between 1.21 and 1.26.

8 Future Work

Three main directions for future work include (a) a deeper
study of agreement indices in ordinal elections, (b) finding
more principled diversity/polarization indices (also for polar-
ization with multiple disagreeing groups), and (c) looking for
further features of (approval) elections and their indices.
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