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Abstract
It has been shown that a neural network’s Lips-
chitz constant can be leveraged to derive robust-
ness guarantees, to improve generalizability via
regularization or even to construct invertible net-
works. Therefore, a number of methods varying
in the tightness of their bounds and their compu-
tational cost have been developed to approximate
the Lipschitz constant for different classes of net-
works. However, comparatively little research ex-
ists on methods for exact computation, which has
been shown to be NP-hard. Nonetheless, there are
applications where one might readily accept the
computational cost of an exact method. These ap-
plications could include the benchmarking of new
methods or the computation of robustness guaran-
tees for small models on sensitive data. Unfortu-
nately, existing exact algorithms restrict themselves
to only ReLU-activated networks, which are known
to come with severe downsides in the context of
Lipschitz-constrained networks. We therefore pro-
pose a generalization of the LipBaB algorithm
to compute exact Lipschitz constants for arbitrary
continuous piecewise linear neural networks and p-
norms. With our method, networks may contain
traditional activations like ReLU or LeakyReLU,
activations like GroupSort or the related MaxMin
and FullSort, which have been of increasing interest
in the context of Lipschitz-constrained networks, or
other piecewise linear functions like MaxPool.

1 Introduction
In recent years, various methods have been developed that re-
quire the computation or approximation of a neural network’s
(NN’s) Lipschitz constant. As the Lipschitz constant quan-
tifies a NN’s maximum change in output to small changes
in input, a core application is the quantification of a NN’s
robustness to adversarial examples [Szegedy et al., 2014;
Cisse et al., 2017; Tsuzuku et al., 2018; Weng et al., 2018a].
Furthermore, it can be used for regularization [Gouk et al.,
2021] and the construction of invertible networks and Resid-
ual Normalizing Flows [Behrmann et al., 2019; Chen et al.,
2019]. Unfortunately, an exact computation of the Lipschitz

constant is NP-hard, which was proven in the case of ReLU
networks and the ||.||2-norm [Virmaux and Scaman, 2018].
The majority of research in the field therefore focuses on
scalable methods for increasingly tight approximations of the
Lipschitz constant [Fazlyab et al., 2019; Weng et al., 2018b;
Shi et al., 2022; Pintore and Després, 2024]. Newly proposed
methods usually come with certain theoretical guarantees and
are also benchmarked on example networks, ideally with a
known true Lipschitz constant. To our knowledge, there are
currently only two approaches that are able to exactly com-
pute this true constant for non-constructed examples: LipMIP
[Jordan and Dimakis, 2020] and LipBaB [Bhowmick et al.,
2021]. LipMIP assumes that the ||.||1 or ||.||∞ vector norms
are used to define the Lipschitz constant, proposing a gener-
alization to norms which they call “linear”. The LipBaB al-
gorithm works for arbitrary p-norms. However, both methods
are only applicable to NNs using the ReLU activation. In the
context of Lipschitz-constrained NNs, ReLU is however seen
with increasing skepticism as authors have proven inapprox-
imability results for layerwise-constrained ReLU-networks
[Huster et al., 2019] and raised issues of diminishing gradi-
ents for deep networks [Anil et al., 2019].
In practical applications in which the Lipschitz constant only
needs to be computed once, like robustness analyses [Pauli et
al., 2023] of NNs working with sensitive (small) data (e.g.
[Zhang et al., 2024]), which would benefit from an exact
computation, as well as in benchmarks mimicking such ap-
plications, we therefore argue that there is a need for more
general exact computation algorithms to obtain best possi-
ble benchmarks and robustness bounds. Even in cases where
other activation functions could theoretically be expressed as
ReLU-networks, this would result in a sharp increase in com-
putational cost due to increased network size and existing
methods would nonetheless have to be adapted to residual
networks [Pauli et al., 2024]. We therefore propose in this
paper a generalization of the LipBaB algorithm [Bhowmick
et al., 2021], which we call Extended LipBaB (ExLipBaB)1

and which is able to compute the exact local and global Lip-
schitz constant w.r.t. arbitrary p-norms for any continuous
piecewise linear NN . ExLipBaB is therefore in particular
also applicable to networks using the GroupSort activation

1Supplementary material, including the code for our experiments
can be found under: https://github.com/tsplittg/ExLipBaB Code.
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or the related FullSort and MaxMin, which are of particular
interest in the field of Lipschitz constraints [Anil et al., 2019;
Pauli et al., 2024]. Networks may also include general con-
tinuous piecewise linear functions like MaxPool or learned
spline activations [Tao et al., 2022; Ducotterd et al., 2024].
Like [Bhowmick et al., 2021], we leverage the Branch-and-
Bound framework to split the input space of piecewise linear
NNs into local regions on which the Lipschitz constant can
be easily computed. This framework results in an exponen-
tial runtime in the worst case but a faster runtime in most
practical applications, as not all possible regions will actually
have to be evaluated. In cases where running our algorithm
to completion would be computationally infeasible, it can be
stopped at any time and still deliver a hard upper and lower
bound for the Lipschitz constant for a highly flexible class of
NNs and arbitrary p-norms.

2 Preliminaries
We first define the following [Jordan and Dimakis, 2020]:
Definition 1. The Lipschitz norm of a function
f : (Rd, ||.||p) → (Rm, ||.||q) over an open set Ω ⊂ Rd is
defined as:

Lp→q(f,Ω) := sup
x1 ̸=x2∈Ω

||f(x1)− f(x2)||q
||x1 − x2||p

.

If this supremum exists and is finite, f is called Lipschitz con-
tinuous on Ω.

For better readability, we will usually omit the subscripts
p, q and p → q. Also, as is common, we will use the term
Lipschitz constant when referring to the Lipschitz norm. If
the set Ω is equal to the entire space Rd, this is often referred
to as the global Lipschitz constant. In the more general case
in which Ω is an arbitrary open subset, L(f,Ω) is referred to
as the local Lipschitz constant [Jordan and Dimakis, 2020;
Bhowmick et al., 2021]. This should not be confused with
the mathematical concept of local Lipschitz continuity.

Many approximation approaches, like the basic layerwise
approximation [Gouk et al., 2021] or LipSDP [Fazlyab et al.,
2019; Pauli et al., 2024] only aim at computing the global
Lipschitz constant. LipMIP [Jordan and Dimakis, 2020] on
the other hand is able to exactly compute the local Lipschitz
constant w.r.t. “linear” norms, whereas the LipBaB approach
[Bhowmick et al., 2021] is able to exactly compute the local
and global constant w.r.t. arbitrary p-norms; both algorithms
are however only applicable to ReLU networks.

For our generalization of the LipBaB approach, we assume
that all functions contained in our NN are continuous piece-
wise linear (PWL) [Tao et al., 2022; Gorokhovik et al., 1994]:
Definition 2. Let Ω ⊂ Rd1 , then a function α : Ω → Rd2

is called PWL if there exists a set {P1, . . . ,Pk} of polyhedra
(we will always assume convex polyhedra) with interiors P◦

i
such that:

i)
⋃k

i=1 Pi = Ω and P◦
i ̸= ∅ ∀i = 1, . . . , k

ii) P◦
i ∩ P◦

j = ∅ for all i ̸= j

iii) For all i = 1, . . . , k, the function α restricted to Pi, is
an affine function, i.e. there exist T i ∈ Rd2×d1 , ti ∈ Rd2

such that α|Pi
(x) = T ix+ ti.

In the following sections, we will always assume that we
are working with a neural network f : Rd0 → RdL of the
form:

f(x) = αL ◦WL ◦ αL−1 · · · ◦ α1 ◦W1(x), (1)
where each Wi is an affine function Wi(x) = Wix+wi cor-
responding to a linear layer and each αi is a continuous PWL
function. One can easily see that the assumption that the lin-
ear and PWL layers alternate comes without loss of general-
ity, as we can simply either pad layers with the identity func-
tion or join layers (concatenations of affine/PWL functions
are again affine/PWL).
NNs based on PWL activations are commonplace in mod-
ern machine learning. An overview over the concept can be
found in [Tao et al., 2022]. We prove in the supplementary
material that componentwise PWL activations like ReLU,
LeakyReLU or ParametricReLU (with a slope learned dur-
ing training) as well as GroupSort (and the related FullSort
and MaxMin) satisfy definition 2. A similar argument for the
MaxPool function can be found in [Gehr et al., 2018].
For the ReLU activation in d dimensions, a full decomposi-
tion of the input space into linear regions would have 2d poly-
hedron elements. For use in our algorithm, we will therefore
use an equivalent decomposition, where the activation state is
only fixed for a subset of neurons in each region. This trans-
fers the approach of [Bhowmick et al., 2021] into the general
PWL setting:
Remark 1. Let Ω ⊂ Rd1 , then a function α : Ω → Rd2 is
called PWL if there exists a set {Q1, . . . ,Qk̃} of polyhedra
such that for every neuron n ∈ {1, . . . , d2}, there exists a
subset In ⊂ {1, . . . k̃}, such that:

1.
⋃

i∈In
Qi = Ω

2. for all i ∈ In, there exist Tni ∈ R1×d1 , tni ∈ R, such
that πn ◦ α|Qi

(x) = Tnix + tni is an affine function,
where πn is the projection onto the n-th vector element.

2.1 Lipschitz Constant and Jacobian
It is well known that the Lipschitz constant of a linear func-
tion A(.) + b : (Rd, ||.||p) → (Rm, ||.||q) equals the in-
duced matrix norm ||A||p→q := maxx̸=0

||Ax||q
||x||p . Such ma-

trix norms are comparatively easy to compute for common p
and q [Johnston, 2016]. Our goal is therefore to reduce the
computation of L(f,Ω) to computing the maximum over all
matrix norms in the PWL decomposition of f :
Theorem 1. Let α : (Rd1 , ||.||p) → (Rd2 , ||.||q) be a PWL
function. Using the notation from definition 2, the following
holds:

Lp→q(α,Ω) = max
i=1,...,k

||T i||p→q . (2)

The proof of this theorem is very similar to the arguments
used in [Bhowmick et al., 2021] and therefore not discussed
in detail here - we instead refer to the supplementary material.
Essentially, we use a result from [Jordan and Dimakis, 2020]
to relate the Lipschitz constant of f to the supremum over the
norm of its generalized (Clarke) Jacobian over Ω. Then, we
show that only differentiable points need to be considered for
this supremum, which are exactly the points in the interior of
polyhedra Pi in the notation of definition 2.
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Algorithm 1 Overview ExLipBaB
Input: Network f , input polyhedron Ω, approximation

factor θ
Output: Tuple (glb, gub); global lower- and upper bound

for L(f,Ω) where gub≤ θ· glb
1: initial activation pattern← SymProp(Ω, f )
2: initial subproblem ρI ← SubProblem(Ω, . . . )
3: ρI .Lub ← LipschitzBounds(ρI , . . . )
4: initialize glb, gub← (0, ρI .Lub)
5: initialize: ϱ← maxHeap([ρI ])
6: if l̃ == L+1 then
7: glb← ρI .Lub //trivial case
8: end if
9: while gub > θ· glb do

10: ρ′ ← argmaxρ∈ϱ(ρ.Lub)
11: ϱ← ϱ\{ρ′}
12: (new subproblems, glb)← Branch(ρ′, . . . )
13: ϱ← (ϱ ∪ new subproblems )
14: gub← maxρ∈ϱ ρ.Lub

15: end while
16: return (glb, gub)

3 Methodology
In theorem 1, we have reduced the computation of L(f,Ω)
to the discrete optimization problem ρI : maxi∈S ||T i||, with
S := {1, . . . , k} the finite index set of all polyhedra Pi in
the PWL decomposition of the NN f . Like [Bhowmick et
al., 2021], we follow the standard branch-and-bound (BnB)
framework to recursively solve this problem. A high-level
overview of our algorithm is given in Algorithm 1.
At the core of our algorithm is the set ϱ of active subprob-
lems, each representing a discrete optimization problem over
a subset Sρ ⊆ S . We will impose that the input space asso-
ciated with each ρ ∈ ϱ in Rd0 is always a polyhedron. We
follow [Lee, 2004], and describe the three main components
of our BnB algorithm:

1. Bounding ρ ∈ ϱ with good upper bounds, which is de-
scribed in section 3.3

2. Branching a subproblem ρ ∈ ϱ into new subproblems ρ′
with Sρ′ ⊆ Sρ, such that an optimal solution for any ρ′

is also an optimal solution to ρ, see section 3.4
3. An efficient method to obtain lower bounds, see section

3.2
The set ϱ is initialized as ϱ = {ρI}, where the bounding of

ρI is described in section 3.2. Our algorithm then maintains a
global upper bound (gub) and global lower bound (glb) over
all subproblems. In the recursive step, the subproblem ρ ∈ ϱ
with the largest upper bound is removed from ϱ and branched
into subproblems associated with smaller regions of the input
space. For each smaller subproblem ρ′, an upper bound is
computed and the gub is updated accordingly. Also, if the
upper bound is smaller than the glb, we discard ρ′ (fathomed
by bounds). If we can solve ρ′ exactly, we also return a lower
bound LB and update the glb as max(glb, LB); afterwards,
we again discard ρ′ (fathomed by optimality). If a ρ′ is not
discarded by either of these rules, it is appended into ϱ. The

algorithm runs until all subproblems are fathomed or until
θ · glb ≥ gub for a pre-determined approximation factor θ.
Either way, termination is guaranteed and if the algorithm is
run to completion, the true maximum is found [Lee, 2004;
Gendron and Crainic, 1994]. In the following sections, we
describe the components of our algorithm in more detail.

3.1 Abstract Interpretation
At creation, each subproblem ρ is assigned an associated
polyhedron Ωρ ⊂ Ω in input space. We consider ρ exactly
solvable, if f , constrained to Ωρ, is fixed affine, in which case
we only have to compute a single matrix norm to solve ρ.
To determine whether f is fixed affine on Ωρ, we compute
a list of neurons in f which we call ⋆-neurons, which po-
tentially take different activation states in Ωρ. For this, we
leverage the concept of abstract interpretation [Gehr et al.,
2018]. Given a layer index 1 ≤ l ≤ L, we wish to find
an abstract transformer f#

l that transforms the polyhedron
Ωρ of possible inputs into f to a dl-dimensional polyhedron
f#
l (Ωρ) of potentially possible pre-activation states in the l-

th layer. We can then intersect f#
l (Ωρ) with all polyhedra

in the PWL decomposition of αl. If for a neuron n, there
are at least two polyhedra with non-empty intersection with
f#
l (Ωρ), such that the activation state of n on these polyhedra

is different, then we call n a ⋆-neuron.
An abstract transformer f#

l can simply be constructed by
concatenating abstract transformers of the individual layers
of f . For linear layers, the affine transformation of a polyhe-
dron automatically is a polyhedron. For PWL layers αm, the
polyhedron of potential pre-activations is intersected with all
polyhedra of the PWL decomposition of αm. Then, each in-
tersection is transformed with the corresponding fixed affine
state of αm and finally a polyhedron is constructed that is a
superset of all these smaller transformed polyhedra. This pro-
cess is described in more detail in [Gehr et al., 2018] (note
that what the authors call “CAT” functions is simply a sub-
class of PWL functions).

For each layer, we record the minimum and maximum
value of the activation weights and biases for each neuron
over all non-empty intersections in an interval matrix [Λ]l and
an interval vector [λ]l respectively. In other words, these in-
terval matrices (vectors) contain at each entry an interval of
plausible values for the activation state at the given entry (see
e.g. [Rump, 2012]). We also record with l̃ the first layer of f
in subproblem ρ which contains ⋆-neurons.

In abstract interpretation, one often restricts the type of
abstract sets to be boxes or zonotopes instead of polyhedra.
This drastically improves performance at the cost of looser
bounds, which is why the initialization algorithm which we
describe in section 3.2 uses the box region for all newly added
abstract variables. Note that the tightness of the bounds in
the initial symbolic propagation only affects initialization and
does not alter the exactness of the final result.

3.2 Initialization
To initialize the set of subproblems ϱ, an activation pattern
and an upper bound have to be computed for the initial sub-
problem and an initial glb has to be specified. In [Bhowmick
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et al., 2021], the initial glb is simply set to zero and updated
only when a subproblem is solved exactly. We instead pro-
pose to evaluate the norm of the Jacobian of f in a few ran-
domly chosen points in Ω. This is computationally inexpen-
sive and, due to theorem 1, results in a hard lower bound if f
is differentiable in all chosen points. Theoretically, the prob-
ability of accidentally choosing a non-differentiable point is
zero [Jordan and Dimakis, 2020]; in practice, due to float-
ing point inaccuracy, it is only very small. Also, the case of
accidentally selecting non-differentiable points could easily
be prevented algorithmically. We test this non-trivial lower
bound initialization in practice in section 4.3.

For the computation of the initial activation pattern, we
adapt the SymProp algorithm from [Bhowmick et al., 2021]
to the general PWL setting. This algorithm makes use of
symbolic propagation [Li et al., 2019] and does not propa-
gate explicit polyhedra through f as was described in section
3.1. Instead, it propagates linear relations whenever possible.
This approach can help to reduce the overapproximation re-
sulting from the well-known dependeny problem. The idea is
to represent the state of a neuron as an abstract linear equation
of input variables if the activation state of f is fixed affine on
that neuron. If the activation state of the neuron isn’t fixed,
a new abstract input variable is introduced to preserve linear
relations in deeper layers. We detail the propagation through
the first layer, the other layers follow recursively:

For f , we assume the notation of equation (1). The in-
put is represented as a d0-dimensional symbolic variable that
takes values in a polyhedron Ωρ. Let C, c be the half space
representation of Ωρ, i.e. Ωρ = {x ∈ Rd0 : Cx ≤ c} and
define B̃ := W1, b̃ := w1. Denote also by Ai, ai the half
space constraints of the i-th polyhedron Pi in the PWL de-
composition of α1 according to remark 1. Formally, all of
these variables need an additional index because they are it-
erated upon in the recursion, but to improve readability we
will slightly abuse notation and omit these indices. We then
first determine which activation states α1 possibly takes. For
this, we set

Ãi := stack(Ai · B̃, C) , ãi := stack(ai −Ai · b̃, c) ,

where stack(.) represents the vertical stacking of two matri-
ces. It holds that

W1(Ωρ) ∩ Pi ̸= ∅ ⇐⇒ {x ∈ Rd0 : Ãi · x ≤ ãi} ̸= ∅. (3)

Let I be the set of indices of the polyhedra that fulfill either
side of equation (3). The candidate set of ⋆-neurons in the
current layer is then the set of neurons whose state is deter-
mined in at least two Pi, i ∈ I. In order to reduce the number
of unnecessary splits, we however only classify a neuron as
⋆-neuron, if the activation states differ in these polyhedra. Us-
ing the notation from remark 1, we demand that either Tni or
tni differ between at least two polyhedra. This check is nec-
essary for certain decompositions and less so for others; for
example, in the full PWL decomposition of a d-dimensional
ReLU activation according to definition 2, any neuron is fixed
active in 2d−1 polyhedra whereas we describe an alternative
decomposition in the supplementary material where it is only
fixed active in exactly one polyhedron.

Let J be the index set of ⋆-neurons at the current layer.
For a neuron n /∈ J , we denote by Tni and tni the n-th row
and n-th bias element of the unique activation state of α on
n respectively. To propagate the symbolic linear relations on
non-⋆-neurons through α1, we can simply apply these affine
functions. For ⋆-neurons however, we can no longer main-
tain linear relationships. Like [Li et al., 2019] suggests, we
therefore concretize the post-activation bounds of these neu-
rons and add new symbolic variables to the input set that take
values within these bounds. Thereby, we hope to maintain
linear relations in following layers.
Let j ∈ J and denote by min(j),max(j) the minimal and
maximal post-activation value of this ⋆-neuron. We then form
Ω̂ρ := Ωρ ×

(×j∈J [min(j),max(j)]
)
, which is a polyhe-

dron of dimensionality d̂0 := d0 + |J |.
Let T be the d1 × d0 matrix and t be the d1-dimensional

vector, whose rows, respectively entries, are zero for ⋆-
neuron indices and equal to Tni, respectively tni, for neurons
with a unique activation state. We then define a new vector
b̂ of length d1 and a matrix B̂ of shape d1 × d̂0, by setting
b̂ := T · b̃+ t and, for (n, j) ∈ d1 × d̂0:

B̂nj :=

{
(T · B̃)nj , if j ≤ d0
1i=(j−d0) , else

(4)

It is easy to see that the propagation via these matrices is an
overapproximation of the propagation by α1 in the sense that
α1 ◦ W1(Ωρ) ⊂ B̂ · Ω̂ + b̂. In the previously mentioned
slight abuse of notation, we now close the recursive loop by
renaming

Ωρ := Ω̂ρ, d0 := d̂0, B̃ := W2 · B̂, b̃ := W2 · b̂+w2.

While recursively continuing this propagation through the en-
tire network, we save the indices and layers of the ⋆-neurons
and the layer l̃ ∈ {1, . . . L} in which the first ⋆-neuron ap-
pears. We also compute two lists of interval matrices: [Λ]
and [λ]. They contain, for each layer, an interval matrix and
an interval vector which each contain as their entries an in-
terval defined by the maximum and minimum entries over all
possible linear activation states Tni and tni. These interval
matrices are necessary for section 3.3. Note that, unlike in
[Bhowmick et al., 2021], the interval matrices we obtain in
our algorithm are not necessarily diagonal matrices.

3.3 Lipschitz Bounds
To compute the upper Lipschitz bound for an individual sub-
problem ρ with associated region Ωρ, we first assume that the
activation state of f on Ωρ, in the form of l̃, as well as [Λ]
and [λ], has already been computed. These computations are
either done in SymProp or FFilter (see section 3.4 below).

As l̃ is the first layer index with ⋆-neurons, the function
f̃ := (Wl̃ ◦ αl̃−1 ◦ · · · ◦W1)|Ωρ

is affine (where we define
WL+1 =Id). We can therefore easily compute the Jacobian
Jf̃ of f̃ through a simple matrix product.

If l̃ = L + 1, i.e. if the network contains no ⋆-neurons on
Ωρ, then f = f̃ and we simply return ||Jf̃ ||.
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If l̃ ≤ L, we leverage interval matrix multiplication to con-
struct a matrix which is in each component absolutely larger
than Jf . In interval matrix multiplication, the product of two
interval matrices [A], [B] is again an interval matrix which,
as its components, contains intervals that overapproximate all
possible results A·B, where A and B have entries from the in-
tervals of [A] and [B]. This product can be computed through
a brute force combinatorial approach which is intuitive but
lengthy, which is why we refer to [Diep, 2012] for a more
comprehensive introduction.

We now define an initial interval matrix [Jl̃] := [Jf̃ , Jf̃ ]

and recursively compute

[J ]l+1 = [Λ]l · [Wl,Wl] · [Jl] (5)

for l = l̃ + 1, . . . , L. Notice that, even though we allow both
our linear and activation layers to include biases, their pres-
ence does not matter for the computation of the (approxima-
tion of the) Jacobian. Finally, we set U as the (dL × d0)-
matrix with entries Uij := max(|[Jij ]L|, |[Jij ]L|).

If now x ∈ Ωρ is an arbitrary point in which f is differ-
entiable, then there exists a polyhedron P ⊂ Ωρ on which
f is fixed affine, such that x ∈ P◦. Then, for each layer l,
the PWL function αl takes a fixed affine form Alx + bl with
A ∈ [Λ]l, where we slightly abuse notation to denote by “∈” a
realization of the interval matrix. Then, due to the properties
of interval matrix multiplication,

Jf (x) = AL ◦ · · · ◦W1 ∈ [Λ]L ◦ · · · ◦ [W1,W1] = [JL]. (6)

Therefore, by definition of U , it holds for all i, j that
Jf (x)ij ≤ Uij .

The following lemma therefore proves that ||U || is a hard
upper bound for L(f,Ωρ):
Lemma 1 ([Bhowmick et al., 2021, Lemma 2]). Let U be
a matrix of the same size as the Jacobian Jf (x) of a PWL
function f . If U is such that supx∈Ω |Jf (x)ij | ≤ Uij for
all i, j and all points x in which f is differentiable, then
Lp→q(f,Ω) ≤ ||U ||p→q .

In [Bhowmick et al., 2021], this lemma is only proven for
p = q. However, as their proof easily transfers to the general
case, we only discuss it in the supplementary material.

3.4 Branching
After having described the bounding step, we now describe
the branching step of the recursion in more detail. At a given
iteration, given the current set of subproblems ϱ, we first re-
move the subproblem ρ with the maximal upper bound from
ϱ. We assume that [Λ], [λ] and l̃ have been computed for ρ
in an earlier iteration and that ρ is associated with a polyhe-
dron Ωρ. As ρ will not have be solved, we can get the index
n of the first ⋆-neuron in layer l̃. We then iterate through all
polyhedra Pi in the PWL decomposition of αl̃ with respect to
neuron n as defined in remark 1. Similar to our approach in
equation (3), we stack the half-space constraints of Ωρ with
the constraints of Pi, propagated back to the input dimension,
to obtain a new polyhedron Qi. This propagation is possible
because, on ρ, f is fixed affine in all layers before l̃. If the in-
tersection defined by the stacking of constraints is not empty,

we initialize a new subproblem ρi associated withQi in input
space. Since Qi ⊂ Ωρ, we know that the Lipschitz constant
of each new subproblem is not larger than that of ρ, meaning
that a feasible solution of the new subproblems is also a fea-
sible solution of ρ. Also, per definition, each ρi has strictly
fewer ⋆-neurons than ρ as the state of n is fixed. We then up-
date the activation states of ρi (see below) and compute the
upper (lower) bounds. Afterwards, each new subproblem is
either terminated according to the rules at the beginning of
section 3 or added to ϱ, which completes the recursion.

Note that iterating through all polyhedra in a decomposi-
tion according to remark 1 can be intuitively understood as
setting the activation state of only that neuron (plus some oth-
ers that automatically get set with it, depending on the PWL
function). One hopes that the constriction enforced by setting
one neuron also results in the fixing of others. One could also
use a decomposition as in definition 2 to force this, but this
would imply a drastic increase in the number of necessary
polyhedra. The advantage would be that we would be certain
that layer l̃ is fixed in all newly created subproblems.

FFilter After the branching step, we run a feasibility fil-
ter, which combines the LinProp and FFilter algorithms of
[Bhowmick et al., 2021], to check whether we have also im-
plicitly set the state of other neurons. We multiply the first
(l̃ − 1) layers, on which f is linear, into one linear function
and then, starting with layer l̃, check whether the other layers
contain ⋆-neurons or not. Also, [Λ]l̃ and [λ]l̃ are updated. If
a layer does not contain ⋆-neurons, its linear state is multi-
plied with the propagated linear function and l̃ increased by
one. We terminate this process if we encounter a layer with
⋆-neurons. Activation states of deeper layers are not updated.

3.5 Convergence Guarantee
After the algorithm has been run - either to completion or un-
til a fixed approximation quality has been reached - the global
upper and lower bounds are returned. If the algorithm is run
to completion, these two bounds match and are an exact solu-
tion to the maximization problem in equation (2):

Lemma 2. The solved subproblem with the greatest upper
bound is an optimal solution of the maximization problem,
i.e. its upper bound equals the true Lipschitz constant of f .

This is a standard result from Branch-and-Bound theory
[Lee, 2004]. We also mention that our algorithm suffices the
theorem of [Gendron and Crainic, 1994]:

Proof. As we only implemented an elimination via upper and
lower bounds, we only have to check the first two conver-
gence assumptions of [Gendron and Crainic, 1994]. Firstly,
our algorithm only returns a lower bound for a subproblem ρ,
if ρ contains no ⋆-neurons. In such a case, the lower bound
equals the true Lipschitz constant of f constrained to Ωρ and
is therefore a feasible solution to the original problem. Sec-
ondly, a subproblem is solved if and only if its upper and
lower bound have been computed and are equal.

In particular, if the initial input space is set as Ω = Rd0 ,
our method computes the true global Lipschitz constant.
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ReLU GroupSort

L(f)[std] time L(f)[std] time

Layerwise 3.12 [0.50] 0.00s 1.62 [0.32] 0.00s
ExLipBaB 1.15 [0.20] 0.03s 1.01 [0.24] 0.03s
LipSDP 1.62 [0.32] 3.63s 1.30 [0.30] 0.00s

Table 1: Mean [std] global Lipschitz constant estimate of different
methods over 20 runs of NNs trained on synthetic data from the
absolute value function. Listed: ReLU-NN (mean test RMSE: 0.11,
std: 0.04) and GroupSort NN (mean test RMSE: 0.11, std: 0.05).

4 Experiments
In this section, we apply the ExLipBaB algorithm to networks
trained on various datasets and compare the obtained Lips-
chitz constants to other approximation methods. However,
as a test of basic correctness, we first applied our method to
the four ReLU-activated networks for which exact Lipschitz
constants were reported in [Bhowmick et al., 2021]. We are
happy to report that our approach is able to replicate the Lip-
schitz constants computed by their algorithm to over 10 dec-
imals for all tested norms (||.||1, ||.||2, ||.||∞).

In the other listed results, we frequently compare our
method to the LipSDP approach, which is a widely cited
global approximation approach. For ReLU networks, we use
the original implementation [Fazlyab et al., 2019], if not oth-
erwise mentioned in the most accurate “network” variant. For
GroupSort networks with group size two, we use the recently
proposed generalization of LipSDP [Pauli et al., 2024], which
is based on the more scalable “neuron” variant. All computa-
tions were performed under Windows 11 on an AMD Ryzen
9 7900X3D CPU with 32 GB of RAM. The code for all sim-
ulations can be found in the supplementary material.

4.1 Absolute Value Function
The absolute value function |.| is of specific importance in
the context of Lipschitz-constrained NNs. It has been shown
that a ReLU-NN which is constrained via layerwise approx-
imation to be Lipschitz continuous with a constant less than
2 cannot learn this 1-Lipschitz function [Huster et al., 2019].
Other activations, such as GroupSort, do not suffer from this
and other theoretical limitation(s) [Anil et al., 2019].

To put these theoretical results into perspective, we show in
Table 1 the global Lipschitz constants of two unconstrained
NNs, trained on data from |.| for 20 random initializations.
It can be seen that the ReLU networks, which had learned |.|
reasonably well, had a true Lipschitz constant very close to
one for most random seeds. However, in the layerwise ap-
proximation, their Lipschitz constant was overestimated by
almost 200% on average. For GroupSort networks, the true
constant was “only” overestimated by, on average, 60%. It
is therefore important to highlight that the aforementioned
inapproximability results only speak to the inadequacy of
layerwise-constrained ReLU-networks. Still, as restricting a
NN’s Lipschitz constant usually requires its computation at
every iteration of the optimizer, the computationally efficient
layerwise approximation will likely remain one of the most
common ways of Lipschitz constant estimation during train-

Abalone, Shape [9, 16, 16, 1]

Rd0 ReLU MaxMin

estimate time (s) estimate time (s)

Layerwise 14.27 0.000 10.41 0.000
LipSDP 11.22 30.72 8.827 0.016
SymProp 15.22 0.017 8.918 0.015
ExLipBaB 11.21 20.83 4.487 357.8

Table 2: Lipschitz constant estimates for NNs trained on the
Abalone dataset w.r.t. ||.||2

ing. Therefore, the ReLU activation remains non-ideal for
Lipschitz-constrained NNs.

4.2 Real Data Applications
For realistic data applications, we trained generic, uncon-
strained NNs on the Abalone [Warwick et al., 1994], Wine
Quality [Cortez et al., 2009] and Bike Sharing [Fanaee-T
and Gama, 2014] datasets. We then compare the exactly
computed Lipschitz constant with a layerwise approximation
and estimations by SymProp and LipSDP. We always use
the ||.||2-norm and, to give a meaningful comparison, always
consider the global Lipschitz constant on Rd0 if not other-
wise specified. In section 4.4, we discuss the implications of
different input region sizes for the ExLipBaB algorithm.

As can be seen in the listed results, the bounds approx-
imated by the LipSDP algorithm were relatively tight rel-
ative to exact computation in many cases, especially when
compared to the layerwise and SymProp approximations. In
the relatively simple Abalone/ReLU case (Table 2), the ap-
proximation was almost exact. However, in the moderately
more complex small Wine/ReLU example (Table 3) and large
Wine/GroupSort (Table 4), the approximation by LipSDP
was improved by 10% through exact computation and in the
Abalone/GroupSort example by almost 50%.

It is also important to mention that the exact global compu-
tation through ExLipBaB did not fully converge in two cases
(see Tables 4 and 5) and the LipSDP algorithm did not (prop-
erly) converge in one case (Table 5). We discuss the impact
of the size of the input region in section 4.4.

Generally, one can unsurprisingly see that an increase in
network size (Table 3 vs. Table 4 and Table 6.A) results in an
increase in runtime. However, dataset complexity seems to
be even more impactful (compare Table 2 vs. Table 3), likely
due to a more segmented PWL representation.

4.3 Lower Bound Effectiveness
We also test the effect of a simple initial lower bound as pro-
posed in section 3.2 by comparing the cardinality of ϱ dur-
ing a full run of ExLipBaB with and without an initial lower
bound computed on 5 · 106 grid points. On the GroupSort
NN from Table 4, the lower bound computation took 5.66
seconds, resulting in a bound of 1.629 and only one fewer
subproblem was added to ϱ. On the ReLU NN from Table 3,
the lower bound computation took 2.65 seconds with a bound
of 1.677. As can be seen in figure 1, this resulted in a drastic
reduction of the cardinality of ϱ but the number of iterations
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Wine, Network shape [11, 12, 12, 1]

Rd0 ReLU MaxMin

estimate time (s) estimate time (s)

Layerwise 5.86 0.000 3.78 0.000
LipSDP (*) 1.84 26.65 2.87 0.014
LipSDP (**) 1.30 4.257 - -
SymProp 4.78 0.015 11.09 0.013
ExLipBaB 1.74 36.65 2.79 2.444

Table 3: Global Lipschitz constant estimates for NNs trained on the
Wine dataset w.r.t. ||.||2. LipSDP (“network”) (**) converged to an
implausible value, therefore we also list the “neuron” variant (*).

0 500 1000 1500 2000 2500
Iteration

0

1000

2000

|%|
with lower bound
no lower bound

Figure 1: Number of subproblems for ExLipBaB on the ReLU-NN
from Table 3 with and without initial lower bound.

needed for an exact ExLipBaB run did not change. The use-
fulness of a lower bound seems therefore highly dependent on
its quality and will most likely only lie in a reduction of re-
quired memory. Given its comparatively quick computation
time, there is however little downside to using it and espe-
cially for low-dimensional inputs a reasonably good coverage
of the input space can likely be obtained fairly easily.

4.4 Influence of Input Space Size
Unlike the layerwise and LipSDP estimators, our method
is not just able to compute the global Lipschitz constant
L(f,Rd0), but also local constants L(f,Ω) for Ω ⊊ Rd0 .
Since generally only a subset of linear regions of f inter-
sects Ω, this can drastically reduce computational cost. Also,
local robustness guarantees can potentially be more helpful
(tighter) than global ones. We illustrate the aforementioned
implications of the size of Ω in Table 6.B for the GroupSort
NN from Table 4 and show in Table 6.A the increasing com-
putational cost for an increasing network size. The latter is
also further discussed in the supplement.

5 Conclusion
The ExLipBaB algorithm we discussed can compute the ex-
act Lipschitz constant for general continuous piecewise linear
NNs. This generalization is of special importance in the field
of Lipschitz-constrained NNs in which the ReLU function,
which most existing methods are tailored towards, has been
shown to have theoretical limitations.

Our generalization also allows a relatively straightforward
extension to convolutional and residual NNs in future re-
search. The importance of Lipschitz constant estimation for
convolutional neural networks (CNNs) specifically, even for
small ones, has been a topic of study in recent years, of-
ten in the context of adversarial robustness. In the context

Wine, Network shape [11, 24, 24, 1]

Rd0 ReLU MaxMin

estimate time (s) estimate time (s)

Layerwise 5.86 0.000 6.10 0.002
LipSDP 1.19 4.630 4.70 0.012
SymProp 4.78 0.016 25.3 0.040
ExLipBaB 2.62 (*) 4.23 377.3

Table 4: Global Lipschitz constant estimates for NNs trained on the
Wine Quality dataset w.r.t. ||.||2. (*) The ExLipBaB algorithm did
not converge after 12 hours.

Bike sharing, Network shape [13, 20, 16, 8, 3]

Rd0 ReLU MaxMin

estimate time (s) estimate time (s)

Layerwise 30848 0.000 13145 0.000
LipSDP 5895(*) 5.041 9946 0.018
SymProp 20846 0.043 58484 0.038
ExLipBaB 10802 39283 - (**)

Table 5: Global Lipschitz constant estimates for NNs trained on the
Bike sharing data w.r.t. ||.||2. (*) The LipSDP algorithm in the “neu-
ron” and “layer” variants did not converge; the network variant gave
a bound below the true Lipschitz constant computed by ExLipBaB.
(**) The algorithm had not converged after 24 hours.

(A) L(f), f = [13, h1, h2, h3, 1] (ReLU) on [0, 0.1]13

hj 20, 16, 8 32, 32, 32 48, 48, 48 64, 64, 64
time 7.42s 48.1s 2321s 6177s
L(f) 3440 4605 47.84 740.3

(B) L(f), f = [13, 20, 16, 8, 3] (GroupSort) on [−i, i]13

i 0.1 0.2 0.4 1
time 5.1s 40.4s 136s 365s
L(f) 3.32 3.61 4.12 4.23

Table 6: ExLipBaB computation time for NNs trained on the Bike
Sharing data for (A) increasing size of hidden layers hj , j = 1, 2, 3
and (B) increasing input region size. For comparison for (A): com-
puting L(f) for f = [13, 20, 16, 8, 1] on R13 took 29993 seconds
with L(f) = 6320. Comparative values for full computation for (B)
can be found in Table 5.

of residual NNs, Lipschitz constant estimation is often per-
formed in the method of Residual Normalizing Flows. Such
Flows need to keep a balance in their allowed Lipschitz con-
stant to be both invertible and expressive. Both fields would
benefit from tighter Lipschitz bounds. However, future re-
search would likely have to leverage the specific structure and
sparsity of such NNs, as Branch-and-Bound methods would
likely not scale to any but the smallest networks otherwise.
Still, our algorithm lends itself naturally to parallelization. In
combination with reduced RAM requirements through tighter
lower bounds, this could allow computations for more com-
plex NNs and larger input regions.
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Frank Allgöwer. Lipschitz constant estimation for 1D con-
volutional neural networks. In Proceedings of The 5th
Annual Learning for Dynamics and Control Conference,
pages 1321–1332. PMLR, June 2023.

[Pauli et al., 2024] Patricia Pauli, Aaron J. Havens, Alexan-
dre Araujo, Siddharth Garg, Farshad Khorrami, Frank
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