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Abstract

We study the problem of allocating a set of indi-
visible items among agents whose preferences in-
clude externalities. Unlike the standard fair divi-
sion model, agents may derive positive or nega-
tive utility not only from items allocated directly to
them, but also from items allocated to other agents.
Since exact envy-freeness cannot be guaranteed,
prior work has focused on its relaxations. However,
two central questions remained open: does there al-
ways exist an allocation that is envy-free up to one
item (EF1), and if not, what is the optimal relax-
ation EF-£ that can always be attained?

We settle both questions by deriving tight asymp-
totic bounds on the number of items sufficient to
eliminate envy. We show that for any instance
with n agents, an allocation that is envy-free up
to O(y/n) items always exists and can be found
in polynomial time. Additionally, via a reduc-
tion from fair division with externalities to dis-
crepancy theory combined with recent discrepancy
lower bounds, we prove a matching (y/n) lower
bound showing that this result is tight, even when
the valuations are binary and satisfy the no-chores
condition, which refutes a conjecture from previ-
ous work and resolves the main open question in
the area, ruling out the existence of EF1 allocations
when agents have externalities.

1 Introduction

Fair division of indivisible items, including administrative
tasks, laboratory equipment, or heritage between heirs, is
an active research area that connects computer science and
economics [Brams and Taylor, 1996; Thomson, 2016; Ama-
natidis er al., 2023; Nguyen and Rothe, 2023]. Tradition-
ally, a fair division instance consists of a set of indivisi-
ble items and a set of agents, where each agent has a val-
vation function assigning a numerical utility to each pos-
sible bundle. Crucially, in the standard model, the util-
ity of an agent depends solely on the items allocated to
it. The goal is to partition the items among agents so that
a given fairness criterion is satisfied. A prominent exam-
ple is envy-freeness (EF) [Foley, 19671, which requires that

each agent weakly prefers its own bundle over the bundle
of any other agent. Since EF allocations are not guaran-
teed to exist (consider two agents and one positively-valued
item), several relaxations have been studied, most notably
envy-freeness up to one item (EF1) [Lipton et al., 2004;
Budish, 2011; Caragiannis ef al., 2019] and envy-freeness up
to any item (EFX) [Caragiannis et al., 2019; Plaut and Rough-
garden, 2020]. It'is known that EF1 allocations always exist
in the standard fair division model [Lipton et al., 2004].

Nevertheless, there are many scenarios where the utility an
agent experiences cannot depend solely on its own bundle.
Consider a dormitory allocating newly purchased equipment
among students: a student benefits not only from items given
directly to them, but also from items assigned to their room-
mate, with whom they can share. Conversely, when dividing
resources among competing firms, such as exclusive licenses,
patents, or territory rights, a firm may be harmed when a rival
acquires a valuable asset, even if the firm’s own allocation re-
mains unchanged. Externalities can also be mixed: when dis-
tributing research grants among academics, a researcher may
benefit if a collaborator receives funding for a joint project
but suffer if a competitor in the same field does. All these ex-
amples have one aspect in common: the inherent externalities
underlying the agents’ valuations.

Although externalities are well studied in the broader eco-
nomics literature on resource allocation [Ayres and Kneese,
1969; Katz and Shapiro, 1985; Velez, 20161, most prior
work in fair division focuses on divisible items [Branzei
et al., 2013b; Li et al., 2015]. The model of fair divi-
sion of indivisible items with externalities was formulated
only recently [Seddighin ef al., 2019; Mishra et al., 2022;
Aziz et al., 2023; Deligkas er al., 2024]. Most relevant to
our work are Aziz et al. [2023], who adapted the standard
envy-based fairness notions to the externalities setting, and
Deligkas er al. [2024], who investigated the computational
complexity of deciding whether a fair allocation exists.

Despite this progress, perhaps the most fundamental ques-
tion in this area has remained open:

Is an EF1 allocation guaranteed to exist for every
instance of fair division with externalities?

Our current understanding of this question is limited. EF1
allocations are known to always exist for two agents, and for



PRELIMINARY PREPRINT VERSION - DO NOT CITE
This is not the version of record. The final version will appear in the Proceedings of JCAI-ECAI 2026.

three agents with binary valuations and no chores' [Aziz et
al., 2023]. Beyond these special cases, even the existence of
EF-k allocations for any constant £ was unknown. Aziz et
al. [2023] explicitly state that:

An important open question that remains from our
work is whether there always exists an EF1 allo-
cation [...] If the answer is negative, it would be
reasonable to ask for the optimal relaxation EF-k
that can be attained.

Deligkas er al. [2024] further conjectured that EF1 allocations
always exist for binary valuations, while acknowledging that
a proof “seems highly non-trivial” given the extensive case
analysis and computer verification required even for the case
of three agents.

1.1 Our Contribution

We show that EF1 allocations do not always exist, even
if agents’ preferences are binary, hence resolving the open
question posed by both Aziz ef al. [2023] and Deligkas et
al. [2024]. We supplement this by showing that the opti-
mal relaxation EF-k that can be attained is for & = ©(y/n),
where n is the number of agents in the instance, answering
the second open question of Aziz et al. [2023].

After a formal definition of the model of fair division with
externalities in Section 2, we introduce the technical tools
that we use to prove our results in Section 3. There are two
main ingredients. First, we introduce an asymmetric envy
model and show its equivalence with the externalities model.
Valuations in the asymmetric envy model are closer to the
standard additive valuations than the valuations in the orig-
inal externalities model. That said, this model is mostly of
theoretical interest: the valuations are not easy to interpret,
and even a social-welfare maximizing allocation is not well-
defined with these valuations. The second key component of
our work is the framework of multicolored discrepancy [Do-
err and Srivastav, 2003; Manurangsi and Suksompong, 2022;
Caragiannis et al., 2025; Manurangsi and Meka, 2026]. Im-
portantly, we generalize some of the discrepancy bounds
known from prior work to settings with'a mixture of goods
and chores, which may be of independent interest.

In Section 4, we use the technical toolbox developed in
Section 3 to show that, for any fair division with externalities,
there exists a deterministic polynomial-time mechanism M1
that finds an allocation that is envy-free up to O(y/n) items.
Importantly, in Section 5, we show that the mechanism is
asymptotically optimal. Specifically, we show that there is
an instance in the externalities model such that the best re-
laxation EF-k we can achieve is for k € Q(y/n), even if the
valuations are binary and there are no chores. This settles the
question of the existence of EF1 in the negative and therefore
refutes the conjecture of Deligkas et al. [2024]. Moreover, we
show that the same lower bound holds for instances where the
externalities are highly structured: even when all externalities
are directed towards a single designated agent a .

Before we conclude in Section 7 with open problems and
future directions, in Section 6, we present an additional ran-
domized mechanism M. This mechanism always produces

'See Section 2 for a formal definition of chores in this model.

an allocation that is EF up to O(n) items, which is a worse
guarantee than that of mechanism M. However, unlike M1,
M, produces a consensus allocation, which means that we
can arbitrarily permute the bundles while maintaining the
fairness guarantee. Consequently, M is truthful in expec-
tation, i.e., no agent can improve its expected utility by mis-
reporting its valuations. This extends the result of Bu and
Tao [2025] to the setting of externalities, with a slightly
weaker bound on the relaxation of fairness that we obtain.

1.2 Related Work

Apart from the papers directly studying externalities in fair
division of divisible and indivisible items mentioned above,
there are several streams of related models in the literature.

First, there is a model of fair division with allocator’s
preferences [Bu et al., 2023] or social impact [Flammini et
al., 2025; Deligkas et al., 2026]. In both of these mod-
els, the goal is to find an allocation that is not only fair
among agents, but also satisfies certain objectives of the al-
locator. This additional dimension of preferences can in
principle be represented using externalities: the allocator
is an additional agent with externalities towards all other
agents. However, the crucial difference is that the alloca-
tor cannot receive any item and the original agents do not
have any pairwise externalities. A more general model is
fair division for groups [Manurangsi and Suksompong, 2017;
Suksompong, 2018; Segal-Halevi and Nitzan, 2019; Ma-
nurangsi and Suksompong, 2024; Gdlz and Yaghoubizade,
2026; Dupré la Tour, 2026], where agents are partitioned into
groups and share items allocated to their group, while each
agent retains their own subjective valuations, and for which
constant relaxations of envy-freeness are known to not exist
in most settings.

In asymptotic fair division [Manurangsi and Suksompong,
2020; Manurangsi and Suksompong, 2021; Manurangsi and
Suksompong, 2025; Manurangsi et al., 2025; Garg et al.,
2026], the task is not to decide which relaxation of fairness
we can guarantee (since EF1 allocations always exist in the
standard model), but rather to identify conditions under which
stronger guarantees such as envy-freeness or proportionality
can be achieved. Many of these works provide tight bounds
with respect to the number of items required and rely heavily
on results from discrepancy theory, similarly to our approach.

Externalities in preferences also appear in contexts be-
yond fair division. Notable examples include combinato-
rial auctions [Funk, 1996; Jehiel and Moldovanu, 1996;
Zhang et al., 2018], matching [Mumcu and Saglam, 2010;
Branzei et al., 2013a; Fisher and Hafalir, 2016; Anshele-
vich et al., 2017], facility location [Li et al., 2019; Wang
et al., 2024; Li et al., 2025], and house allocation [Massand
and Simon, 2019; Elkind et al., 2020; Agarwal et al., 2021;
Gross-Humbert ef al., 2022; Knop and Schierreich, 2023]. In
these settings, an agent is typically assigned only one item (a
partner, location, or house), and the solution concepts differ
substantially from ours.

2 Preliminaries

In the fair division problem, the input is a set M of indivis-
ible items and a set NV of n agents. The items in M are to



PRELIMINARY PREPRINT VERSION - DO NOT CITE
This is not the version of record. The final version will appear in the Proceedings of JCAI-ECAI 2026.

be allocated among the agents in N. Formally, an alloca-
tion of the items is a tuple of pairwise disjoint subsets of M:
(A4y,...,A,), where each A; C M is the bundle assigned to
agent i. We say that allocation is complete if ¢, Ai = M.
Unless stated otherwise, we consider only complete alloca-
tions. Let A be the set of all allocations. Additionally, we
denote the set {1,...,n} by [n].

In the fair division with externalities model of [Aziz et al.,
2023], each agent 7 € N is associated with a function

Vi:A—R,

which assigns a value to every allocation A € A. We assume
that valuations are additive: for any agent ¢ € N and any

allocation (A1,...,A,) € A,
Vi) =) D Vi(e),
JEN z€A;

where (/) € A denotes the allocation in which agent j re-
ceives the single item x and all other agents receive no items,

that is, )
2 =(0,...,0, {},0,...,0).
~—~

4™ coordinate

To simplify the notation, we write V;(j, z) for V; (z(/)) and

therefore
Vi) =3 3 Vi),

JEN z€A;

Note that additivity implies, in particular, that valuations
are normalized: for every agent ¢ € N, the empty allocation
has value zero, i.e., V;(0,...,0) = 0.

We say that the valuation V; of agent ¢ € N has no chores
if, for every agent j € N and every item x € M, we have

Vi(i,x) = Vi(j, @).

That is, agent 7 weakly prefers receiving item x herself to
another agent receiving x.
We say that V; is binary if, for all j € N and all x € M,

Vi(4, ) € {0, 1}.

2.1 Fairness in the Externalities Model

Given an allocation A € A and two distinct agents i,j €
N, we denote by A**J the allocation obtained from A by
swapping the bundles of agents 7 and j, while the bundles of
all other agents remain unchanged. In an allocation A, agent 4
envies agent j if

Vi(A) < Vi(A™7),

that is, agent ¢ would prefer to swap her bundle with that of
agent j. An allocation A is envy-free (EF) if no agent envies
another agent. A is envy-free up to c items (EF-c) if, for every
pair of distinct agents ¢, j € N, there exists a set of items .S C
M with |S| < csuch that, defining B = (A1\S, ..., A,\9),
we have o
Vi(B) > Vi(B“ﬂ).

That is, for each pair of agents ¢ and j, there exists a set of at
most c items whose removal eliminates agent ¢’s envy toward
agent j.

Note that, since valuations are assumed to be additive, the
set .S used to eliminate agent 7’s envy toward agent j can al-
ways be chosen as a subset of A; U Aj, as the items allocated
to other agents contribute equally to V;(B) and V;(B7).
Moreover, if the valuation V; has no chores, the set S can be
chosen as a subset of A;. Finally, in the absence of exter-
nalities (i.e. when V;(j,z) = 0 for every item x and pair of
agents ¢, j) this definition coincides with the standard defini-
tion of envy-freeness up to c items.

3 Technical Tools

In this section, we present some technical tools that we use
in our proofs. First, we present an alternate model of fair
division instances, the asymmetric envy model, and prove that
this model is equivalent for our purposes. Next, we describe
the multicolor discrepancy problem and its connections to fair
division. Most of our results derive fair division bounds from
bounds in multicolor discrepancy.

3.1 Asymmetric Envy Model

We now introduce the asymmetric envy model, which is an al-
ternate fair division model that allows for externalities among
the agents’ valuation functions. We will show that the asym-
metric envy.-model is equivalent to the externalities model
with respect to-envy-based notions of fairness. We analyze
most of our results using the asymmetric envy model, as the
envy-based fairness notions in this model are easier to work
with. This model does not assign a numerical value to each
agent for a complete allocation; consequently, notions such as
welfare maximization are not well defined. Instead, it speci-
fies a notion of envy between pairs of distinct agents ¢, j € N.
The model is asymmetric in the sense that the function defin-
ing the envy of agent ¢ toward agent j depends on the ordered
pair (i,7). Envy from ¢ towards j is captured by a valua-
tion function v; ;, and the standard notions of envy-freeness
and envy-freeness up to c items can be defined using these
valuation functions. More precisely, for each pair of agents
i,j € N with i # j, we are given a valuation function

Vi j: 2M — R.

We assume that these valuations are additive, that is, for every

set S C M,
Ui,j(S) = Z’Ui,j(x).

zesS
We say that v; ; has no chores if v; ;(xz) > 0 forall z € M.
We say that the instance is binary if v; ;(«) € {0, 1} for all
i1# jandall x € M.

Fairness in the Asymmetric Envy Model
Given an allocation (A, ..., A,) € A, agent i is said to envy
agent j if

v;,5(As) < vi;(A4;).
An allocation A is envy-free in the asymmetric envy model
(EF,) if no agent envies another agent. A is envy-free up
to c items in the asymmetric envy model (EF,-c) if, for every
pair of distinct agents ¢,7 € N, there exists a set of items
S C A; UA; with |S] < ¢ such that

i j(Ai \ ) > vi;(A4;\ 5).
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Note that if v; ; has no chores, the set S can always be chosen
as a subset of A;.

Next, we show that the asymmetric envy model is equiva-
lent to the externalities model with respect to envy-based fair-
ness notions such as envy-freeness and EF-c. That is, there
exists a natural reduction from instances of the externalities
model to those of the asymmetric envy model, such that any
envy bound in the asymmetric envy model implies an equiv-
alent bound in the externalities model.

Proposition 1. There exists a function f that maps each in-
stance I of the externalities model to an instance f(I) of
the asymmetric envy model such that, for every allocation
A € A, the allocation A is EF (respectively, EF-c) in I if
and only if it is EF, (respectively, EF,-c) in f(I). Moreover,
if I has no chores then f(I) has no chores. Additionally:

 For any instance J in the asymmetric envy model with
additive valuations, there is an instance I in the exter-
nalities model such that J = f(I) (i.e., f is surjective).

* For any instance J in the asymmetric envy model with
binary additive valuations, there is a binary no-chores
instance I in the externalities model such that J = f(I).

3.2 Multicolor Discrepancy and Fair Division

Manurangsi and Suksompong [2022] showed that tools from
multicolor discrepancy can be leveraged to derive improved
bounds for fairness notions of the form EF-c in models with
groups of agents. In this section, we describe the particular
definitions and discrepancy guarantee that we will use later.
We also extend their statement from the “goods-only” case to
instances that may contain both goods and chores.

We present a multicolor discrepancy in a formulation tai-
lored to allocations of indivisible items. This is equivalent
to the standard matrix-based definition, but is more conve-
nient for our purposes. The version of multicolor discrepancy
that we need is a recent generalization of Manurangsi and
Meka [2026]; it is an asymmetric setting in which valuations
depend on the color. For a broader introduction to the connec-
tion between discrepancy theory and fair division, we refer
the interested reader, e.g., to [Manurangsi and Suksompong,
2022; Dupré la Tour and Fujii, 2025].

Let £ > 1 be an integer denoting the number of colors, and
let M be a set of m items. Let ny > --- > ny be positive
integers. For each ¢ € [k], let V;, = {vg1,...,ven,} be a
collection of ny additive valuation functions, and define V =
(V17 ce aVk)

A k-coloring of M is-a map x : M — [k], which induces
a partition

M=x"t1)uU---ux k).

The asymmetric discrepancy of V is defined as

asymdisc(V, k) := ]IVrIlin[k] Iénz[lg](
x:M— €

max | v (M) — vei (X1 (0))]-
i€[ne]

In words, asymdisc(V, k) is the minimum, over all k-
colorings of M, of the maximum (over colors and valuation
functions) deviation between the value that v, ; assigns to its
own color class and the proportional benchmark %vg,i(M ).

Theorem 1 (Manurangsi and Meka [2026, Theorem 5.4]).
Assume that for every £ € [k, i € [ng], and x € M, we have
ve,i(x) € [0, 1]. Then

asymdisc(V, k) < O(y/n1).

Moreover, a coloring achieving this bound can be found in
deterministic polynomial time [Levy et al., 2017].

In the symmetric case where n = n; = .-+ = ny and
where vg; = v, for all ¢ € [n] and all £,¢' € [k], this
result coincides exactly with Theorem A.1 of Manurangsi and
Suksompong [2022].

We will use Theorem 1 together with the following lemma
to obtain EF,-c guarantees. A related implication is implicit
in the proof of the upper bound in Manurangsi and Suksom-
pong [2022]; here, we prove an extension that allows for a
mixture of goods and chores. The lemma shows that it suf-
fices to control discrepancy with respect to four suitably cho-
sen auxiliary valuations with item values in [0, 1]: if two bun-
dles are approximately balanced under each of these auxiliary
valuations, then any envy between them under the original
valuation can be eliminated by discarding only a small num-
ber of items.

Lemma 1. Let k > 1 and let T be a positive integer thresh-
old. Let v : 2M — R be an additive valuation function
that may assign both positive and negative values to items.
Then there exist four auxiliary additive valuation functions
vt edvt 0 2M — R such that vI(z) € [0,1] for all
j.€ [4] and all x € M, and with the following property: If
A;/B C M are two disjoint sets of items satisfying for all
j e andall X € {A, B}

TV (M) — o (X)| < T, (1)

then one can eliminate A’s envy for B under the original val-
uation v by discarding at most 14T items from A U B, and
similarly, one can eliminate B’s envy for A by discarding at
most 14T items from AU B.

For the lower bound, we will use the closely related notion
of p-weighted discrepancy. Given a set V. = {v1,...,v,}
of n additive valuation functions and a parameter p € (0,1),
the p-weighted discrepancy is defined as

wdisc, (V) := oin {2&)}( p-vi (M) —v;(A)].

Theorem 3.2 of Manurangsi and Meka [2026] establishes

the following lower bound.

Theorem 2 ([Manurangsi and Meka, 2026]). For every p €
(0,1) and n € N, there exist a set M of items and a collection
V = {v1,...,vn} of n binary additive valuation functions
such that

wdisc, (V) > ”fgl.

4 An O(y/n) Upper Bound

We now combine Lemma 1 with the asymmetric discrepancy
result of Manurangsi and Meka [2026] (Theorem 1) to ob-
tain an O(y/n) bound in the asymmetric envy model. This
construction is non-consensus, i.e. it produces an allocation
(A1,...,A,) tailored to the agent labels, and the guarantee
does not necessarily hold under permutations of the bundles.
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Theorem 3. Let M be a set of items and let (v; ;)i jen,i+;
be an instance of the asymmetric envy model with n agents,
where each v, j is additive and may assign both positive and
negative values to items. Then there exists a partition

M=AU---UA,

such that for every ordered pair of distinct agents i,j € N,
one can eliminate i’s envy toward j (measured by v; ;) be-
tween A; and A; by discarding at most O(\/n) items from
A; U A;. Equivalently, the allocation A = (A, ..., Ay) is
EF,-O(\/n). Moreover, such an allocation can be computed
in deterministic polynomial time.

Proof. Let k := n (the number of colors). Let T = O(y/n)
be the discrepancy bound promised by Theorem 1 when ap-
plied with

ny = 8(n —1).

For every ordered pair 7 # j, apply Lemma 1 to the valua-
tion function v; ; with parameters & = n and 7. This yields
four additive valuation functions
il,j’ vzj, vf’,j, vﬁj oM LR,
with v} () € [0,1] forall t € {1,2,3,4} and z € M.

We now build an asymmetric discrepancy instance with
k = n colors as follows. For each color £ € [n], define the
multiset of valuation functions

Ve i={vj;:jen\{f, te{1,2,3,4}}U
{U§,Z j € [TL] \ {E}a te {132a374}}
Thus |V,| = 8(n— 1) for every ¢, and all functions in all V,
satisfy the boundedness condition of Theorem 1.

Applying Theorem 1 yields a coloring x : M — [n] such
that for every ¢ € [n] and every u € V,,

Lu(M) —u(x ()| < T,

Let Ay := x~1(¢). Then (Aq, ..., A,) is a partition of M.
Fix any ordered pair ¢ # j. By construction, the four

functions v} v} . belong to both V; and Vj, so for each

6,407 Vg

t €{1,2,3,4} we have
S (M) = v 5(A)

n " %J 2]

(Y

<T

and

n g 2%

Lot (MY — ot (Aj)] <T.

Thus condition (1) of Lemma 1 holds for the disjoint sets A;
and A; (with & = n), and Lemma 1 implies that ¢’s envy
toward j with respect to v; ; can be eliminated by discarding
at most 147 = O(/n) items from A; U A;.

Since this holds for every ordered pair ¢ # j, the allocation
is EF,-O(y/n). Deterministic polynomial-time computabil-
ity follows from Theorem 1. U

By combining Theorem 3 with repeated application of
Proposition 1, we obtain the same upper-bound also for the
externalities model.

Corollary 1. Given an instance of the externalities model

with n agents, there exists a deterministic polynomial-time
algorithm that outputs an allocation (Ay,...,A,) that is

EF-O(/n).

5 An Asymptotically Tight Lower Bound

In this section, we prove a matching lower bound, showing
that Corollary 1 is asymptotically tight, even if the instance
is binary additive and with no chores. For simplicity, we first
prove our lower bound in the asymmetric envy model with
binary valuations. We then use Proposition 1 to show that this
result implies an equivalent lower bound in the externalities
model with binary no-chores valuations.

Let n be any positive odd integer, ¢ = (n — 1)/2, and
S1,...,84 be g subsets of a set of items M. Forany S C M,
let v¥ be the binary additive valuation function defined by
vI(A) :=|ANS|forall AC M. LetV = {v5,... v5}.

Using the above valuation profile, we can construct an as-
sociated instance of the asymmetric envy model as follows.

For all j > 2, we let v1 ;(A) := |A|. Foreach i € [q],
we define S; := M \ S;. Then, for each i € [g], for all
J € [n]\ {2i}, we let

Si . -
sty = A =

vi(A), otherwise,

and for all j € [n] \ {2i + 1},
Si(A), ifj=1,
v2it+1,5(4) = {U (4) J

vSi(A), otherwise.
We show that if this instance admits an EF,-c allocation
for some integer ¢, then its 1/n-weighted discrepancy is at
most 6¢.

Lemma 2. In the above instance, suppose there exists a par-
tition M = A U --- U A, that is EF,-c for some integer
c¢> 1. Then

wdiscy /, (V) < 6e.

Proof. Fix an EF,-c allocation M = A, L---UA,, and write
m = |M]|. By the definition of wdisc, /,,(V), choosing the set
Ay C M gives

1

- vs"'(M) — i (A7)].

wdiscy /, (V) < max
n

i€lq]

) = |S; N X]|, we have vSi(M) = |S;| and
v5i(A1) = |S; N Ai], hence it suffices to show that for ev-

|S,'QA1|— @ §6C
n

Fix i and abbreviate S; = M \ S;.

Step 1: all bundles have almost the same size. Recall that
agent 1 values every item at 1, so for every bundle X and
every j > 2 we have v1 ;(X) = |X]|. Since the allocation is
EF,-c, for every j > 2,

|[A1| = v1,5(A1) > v1,;(45) —c=|4;] —c

Moreover, by the definition of the valuation profile (for this
fixed ), agent 27 counts .S;-items when comparing to agent 1
and counts S;-items when comparing to agent 2¢ + 1, and
agent 27 4+ 1 behaves symmetrically. Applying EF,-c along
these comparisons yields

|Si N Agi| > |SiN A1 —¢, |S;N Az > 15N Azit1] —c,
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and
|SiNAgip1| > [SiNAg| —c,
Combining,
| Agi| = [8; N Agi| +[S; N Agi
> (1S NA1| = ¢) + (19 N Agiga| — ¢)
> 1SN A1 —c+ (|S;i N Ai| — 2¢)

|§iﬂA2i+1| Z ‘glﬁ/h' —C.

= ‘A1| — 3c.
The same argument gives |As; 11| > |A41] — 3c.
Summing Z?Zl |A;| = m and using these inequalities
gives
m = [Ai| + (n—1)(|A1] = 3¢)
=n|A;| — 3¢(n—1),
hence

[Ar] < =+ 3c.

Step 2: discrepancy for S;. We distinguish two cases.
Case 1: |S; N Ay| <|S;|/n. Since S; = | [;_,(Si N A;), by
averaging there exists some j # 1 with |S; N A4;| > |S;|/n. If
j # 2i+ 1, then EF,-c for agent 2i + 1 gives |S; N Ag;y1| >
|S; M A;| — ¢ > |Si|/n — ¢ if j = 20+ 1 this is immediate.
Thus 5|

|S; N Agia] > nl

Together with |S; N Ag; 1| > |S; N A;| — ¢ we obtain
|Agit1] = |Si N Agia| + [Si N Agiya |
S; .
> M—‘y— ISiﬁA1| — 2c.
n
Using |A;| > |Agi+1]| — ¢ yields
1S3
n
Since |A1| = |S; N A1| + |S; N Ay|, we conclude

|A1|Z +|5‘iﬂA1|73C.

Si
‘SZﬁAﬂZ | | —30,
n

and therefore in Case 1,

‘SZ ﬁA1| — \Sl| S 3c.
n

Case 2: |S; N A1| = |S;|/n. We first claim that

‘Sz ﬁA1| Z |SZ| — 3c.
n

Indeed, if |S;NA1| > |S;|/n there is nothing to prove. Other-
wise, by averaging there exists some j # 1 with |\S; N A;| >
|S;|/n, and repeating the argument of Case 1 with S; in place
of .S; (using agent 2 instead of 2i 4 1) gives the bound.

Using the claim and the bound |4;1] < m/n + 3¢ from
Step 1,

‘Sl ﬂA1| = |A1| - ‘SZ ﬂA1|

< (E+3C)— (lSi—?)c) :@4-66.
n n n

Since Case 2 assumes |S; N Aq| > |S;|/n, we get

‘|Sz ﬂA1| — |SZ| § 6c.

n

In both cases we have shown |[S; N Ay| — [S;|/n| < 6c.

Taking the maximum over i € [g] and recalling v (X) =
[S; N X yields

1 v (M) — v9i(Ay)

n

max
i€lq]

and therefore wdisc, /,, (V) < 6c. O

< 6bc,

We now formally present our lower bound for the case of
binary no-chores valuations in the externalities model.

Theorem 4. There is a binary no-chores instance of the exter-
nalities model with n agents for which every EF-c allocation

requires ¢ = Q(y/n).

Proof. The proof of this theorem follows by combining
the above lemma with Theorem 2. The instance of Ma-
nurangsi and Meka [2026] consists of ©(n) horizontally-
stacked copies of 1 (14xq + H ), where 14,4 isa g x g all-1s
matrix and H is a ¢ x ¢ Hadamard matrix. Clearly, this in-
stance is binary. If we let the sets Sp,...,S; be given by
the hyperedges in this instance (i.e., S; contains the elements
whose index in the i row of the instance of Manurangsi
and Meka [2026] contains a 1), then the corresponding valu-
ation profile V consists of g binary additive functions. Taking
p =1/n, Theorem 2 gives us the following bound:

: q—1
> .
wdiscy /, (V) > 16

Since ¢ = (n — 1)/2, combining this with Lemma 2 we get

(n=1)/2) -1
- 96 )
and thus ¢ = Q(y/n) and the corresponding instance in the
asymmetric envy model admits no EF,-c allocation for any
¢ € o(y/n). Finally, by Proposition 1, there exists a binary

no-chores instance in the externalities model for which every
EF—c allocation requires ¢ = Q(y/n). O

As stated previously, an important implication of this result
is that EF1 allocations do not always exist when the agents
have externalities, even when the valuations are binary no-
chores, which refutes a conjecture of Deligkas et al. [2024]
and resolves the open question of Aziz er al. [2023].

Theorem 5 (Corollary of Theorem 4). There is a binary no-
chores instance of the externalities model that admits no EF1
allocation.

Interestingly, the above example in the asymmetric envy
model can also be used to construct an instance in the ex-
ternalities model that is not binary, but instead has the prop-
erty that agent 1 has no externalities and every other agent in
the instance only has externalities towards agent 1. Together,
Theorems 4 and 6 show that even highly structured instances
with externalities do not allow for EF1 allocations.
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Theorem 6. There is an instance in the externalities model
with n agents in which every agent has externalities towards
only agent 1, and for which every EF-c allocation requires

¢ =Q(V/n).

6 An Ex-Ante Truthful Mechanism

In this section, we present a consensus version of our upper
bound, in which the bundles of the resulting allocation can
be permuted arbitrarily amongst the agents while maintaining
the fairness guarantee. This allows us to implement the re-
sulting construction as a mechanism that is truthful in expec-
tation, i.e., in which no agent can improve its expected value
(ex-ante) by misreporting its valuation. Here, the expectation
is over the randomness of the mechanism, and truthfulness
follows directly from the fact that the agents can be matched
to the bundles uniformly at random.

Specifically, we combine Lemma 1 and a symmetric ap-
plication of Theorem 1 to obtain a generalization of the con-
sensus upper bound of Manurangsi and Suksompong [2022,
Theorem 1.3] to a mixture of goods and chores.

Theorem 7. Let vy, ...,v, be additive valuation functions
that may assign both positive and negative values to items,
and let k be a number of colors. There exists a partition of
the items into k bundles M = A, U- - -U Ay, such that for any
0,0 € [k] and any i € [n], one can eliminate envy (with re-
spect to v;) between Ay and Ay by discarding at most O(+/n)
items. Moreover, such a partition can be computed in deter-
ministic polynomial time.

The corollary below follows by combining an application
of Theorem 7 with the simple mechanism described in [Bu
and Tao, 2025] that assigns the bundles uniformly at random.

Corollary 2. Given n agents with additive valuation func-
tions that may assign both positive and negative values to
items, there exists a randomized ex-ante truthful mecha-
nism running in polynomial time that outputs an allocation
(A1,...,A,) that is EF-O(y/n).

Proof. The corollary follows from using Theorem 7 with
k = n colors, together with the simple mechanism described
in [Bu and Tao, 2025], which assigns the bundles uniformly at
random. The expected value received by agent i is +v; (M),
regardless of the reports of the agents. In fact, this guarantee
is much stronger than truthfulness: no coalition of agents can
influence an agent’s expected value. O

In the externalities model, we get the following corollary
by applying Theorem 7 to the n(n — 1) asymmetric envy val-
uations (v; ;)i»; produced by Proposition 1. This yields a

consensus bound of order O( n(n — 1)) = O(n).

Corollary 3. Given an instance of the externalities model,
there exists a randomized ex-ante truthful mechanism running
in polynomial time that outputs an allocation (A, ..., Ay)
that is EF-O(n).

7 Conclusions

For the fair division of indivisible items amongst agents with
externalities, we find asymptotically tight bounds on the op-
timal relaxation EF-£ that can always be attained. Specif-
ically, for the general case of additive valuations, we show
that an EF-O(y/n) allocation always exists, and give a match-
ing Q(y/n) lower bound even for the special case of binary
valuations with no chores. In the process, we answer two
open questions of Aziz er al. [2023], and resolve a conjecture
of Deligkas et al. [2024], showing that EF1 allocations do
not always exist when the agents have externalities. We also
present an ex-ante-truthful consensus-based mechanism that
finds an EF-O(n) allocation when the agents have externali-
ties. Our work raises interesting new directions for research.

e Small explicit counterexample: Our proof technique
shows how to reduce a known lower bound from dis-
crepancy into a collection of lower bound instances for
the externalities model. Nonetheless, we leave open the
question of describing a small explicit counterexample,
and of determining the largest value of n for which an
EF1 allocation exists for additive/binary valuations with
or without the no-chores condition.

e Closing the constant-factor gap: While our work es-
tablishes asymptotically tight bounds of ©(y/n) on the
achievable relaxation of envy-freeness with externali-
ties, it leaves a constant-factor gap between the exact
values of the upper and lower bounds. A natural result-
ing open problem is to close this gap.

* Consensus lower-bound: We give an ex-ante-truthful
consensus-based mechanism that finds an EF-O(n) allo-
cation when the agents have externalities. Another natu-
ral follow-up question is whether there exist a matching
lower bound in this setting.

* Other settings: Can our approach be applied to find sim-
ilar bounds in other settings that are related to fair divi-
sion with externalities, such as fair division with social
impact [Flammini et al., 2025; Deligkas et al., 2026]?
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