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Abstract

In this paper, we prove the existence of an envy-free
up to one item (EF1) division for a discrete chore.
Our approach builds upon the powerful Simmons-
Su framework, which leverages Sperner’s lemma to
guarantee the existence of a simplex corresponding
to a sequence of similar fractional divisions, en-
suring that each agent is satisfied with a different
bundle. For allocations of goods, existing works
have introduced rounding techniques that convert
an envy-free fractional division into a connected
integral EF1 division for any number of agents
with monotone valuations. However, the analogous
problem for chores has remained unresolved, and
existing rounding techniques fail due to the asym-
metric definitions of EF1 for goods and chores. To
overcome this asymmetry, we refine the existing
rounding techniques and show that connected EF1
divisions exist for a discrete chore.

1 Introduction

Cake cutting is a fundamental problem- that has attracted
extensive attention in economics, mathematics, and com-
puter science [Brams and Taylor, 1996; Procaccia, 2016;
Robertson and Webb, 1998]. In this problem, the “cake” —
represented as the unit interval [0, 1] — serves as a metaphor
for a heterogeneous, divisible resource to be allocated among
agents with varying preferences. Beyond its scientific im-
portance, the cake-cutting problem is intellectually engaging
and gives rise to a variety of intriguing and challenging ques-
tions [Procaccia, 2013]. One such question is how to divide
the cake in an envy-free manner [Aziz and Mackenzie, 2016;
Dubins and Spanier, 1961; Varian, 1974], i.e., every agent
believes her piece is weakly better than all other pieces. Re-
markably, it has been shown in [Stromquist, 1980; Su, 1999]
that an envy-free division, in which every agent receives a
contiguous piece, always exists. The contiguity property is
particularly valuable in practical scenarios, especially when
the resource has temporal or spatial structures.

The assumption that the cake can be divided arbitrarily is
often too strong and unrealistic for many real-world appli-
cations. For instance, the use of a lecture room is typically

allocated in discrete time slots, and land is commonly di-
vided into distinct plots due to geographical concerns. These
problems fall within the umbrella of the discrete cake-cutting
problem [Heydrich and van Stee, 2015; Marenco and Tetzlaff,
2014; Suksompong, 20191, where m indivisible items are ar-
ranged on the vertices of a path and each item must be al-
located in its entirety to a single agent. The discrete cake-
cutting problem is often considered together with connectiv-
ity constraints, which require that each agent receive a con-
tiguous block of items along the path [Goldberg er al., 2020;
Hohne and van Stee, 2021; Kawase et al., 2024].

The indivisibility of items introduces significant chal-
lenges, since envy-free allocations are not always possible.
For-example, if there is a single indivisible item to be allo-
cated between two agents who both value it positively, the
recipient will inevitably be envied by the other. To resolve
the above impossibility, Bilo et al. [2019; 2022] considered
envy-free up to one item (EF1) divisions, first introduced by
Budish [2011]. In an EF1 division, any agent’s envy towards
another can be eliminated by removing an item from the lat-
ter’s allocation. While EF1 allocations are always guaran-
teed in the unconstrained setting of the allocations of indivis-
ible items [Lipton et al., 2004], the problem becomes more
complex in the discrete version of cake-cutting due to the
connectivity constraint. In this paper, we denote a slightly
more robust version of EF1 as EF1,,¢e,, which informally re-
quires that envy can be eliminated by removing an item at the
boundary. Bilo et al. [2019; 2022] proved that an EF1,,c,
division exists for at most four agents, leaving the gen-
eral case unresolved for several years. Until 2023, Igarashi
[2023] revised the rounding technique in [Bilo ef al., 2019;
Bild et al., 2022] and affirmatively answered the question of
the existence of EF 1, divisions for any number of agents.

However, the analogous problem of dividing chores re-
mains unresolved. While the fair allocation of a discrete
chore has been studied in the literature [Bouveret et al., 2019;
Hohne and van Stee, 2021], the existence of EF1,,,;., alloca-
tions in this context has not been established. This challenge
arises from two key differences: first, the allocation of goods
and chores is fundamentally distinct; second, the definitions
of EF1,y¢er for goods and chores differ. In particular, an
EF1,y¢er division of goods requires that an agent A does not
envy agent B after removing a boundary item from B’s bun-
dle. In contrast, for chores, the requirement becomes that A
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does not envy B after removing a boundary item from A’s own
bundle. This asymmetry in the definitions precludes straight-
forward reductions between the goods and chores settings, as
noted in [Aziz, 2016]. In this work, we provide an affirma-
tive answer to this question by presenting a constructive proof
that guarantees the existence of a contiguous EF1,,, divi-
sion for chores.

1.1 Our Results and Contributions

Our main result is the existence of EF1,,;., divisions for the
discrete chore division for an arbitrary number of agents with
monotone disutility functions. The discrete version of the
cake-cutting problem has been studied by Bild et al. [2022]
and Igarashi [2023]. In particular, Igarashi [2023] provided
a bright and powerful framework to achieve EF1,,., for an
arbitrary number of agents. However, the protocol for cake-
cutting does not directly work for the chores division prob-
lem. This is because the protocols for positive valuations are
not usually applicable for negative valuations, and “in general
there are no reductions from allocation of chores to goods or
vice versa” [Aziz, 2016].

In the following, we present the high-level idea of the tech-
niques used in the paper and also compare our techniques
with those in [Bild ef al., 2022; Igarashi, 2023]. We follow
the general framework of Simmons-Su protocol [Su, 1999].
In particular, it encodes the possible divisions of a path by
vertices of a triangulated (n—1)-simplex, where n is the num-
ber of agents. It then assigns ownership labels to the vertices
of the triangulation, and each agent colors every vertex she
owns with the index of her most preferred bundle in the divi-
sion encoded by that vertex. By Sperner’s lemma, there exists
a fully colored elementary simplex, which corresponds to a
sequence of similar divisions in which different agents prefer
different bundles. By considering finer and finer triangula-
tions, the protocol yields approximate solutions that converge
to an envy-free cake-cutting division.

For the discrete version of cake cutting, Bild et al. [2022]
observed that encoding only integral divisions can make the
divisions corresponding to the vertices of an elementary sim-
plex too far apart. They therefore considered a finer triangu-
lation by allowing the knife to move in half-steps. Moreover,
when coloring, agents’ preferences over bundles are deter-
mined by virtual valuations, which do not necessarily coin-
cide with their actual preferences. Using half-step triangu-
lations and virtual valuations, Bild et al. [2022] proposed a
rounding technique that works for at most four agents.

In follow-up work, Igarashi [2023] pointed out that vir-
tual valuations in [Bilo ef al., 2022] treat left-most and right-
most items of a bundle symmetrically (left-right symmetry),
which prevents their approach from extending to more than
four agents. Instead, Igarashi [2023] introduced left-right
asymmetric virtual valuations and a corresponding rounding
technique, thereby extending the existence of EF1 divisions
in discrete cake-cutting to an arbitrary number of agents.

In this paper, we follow the general framework in [Bild et
al., 2022; Tgarashi, 2023], but reconstruct key components
with new structural insights. At a high level, the inherent dif-
ferences between goods and chores, together with the asym-
metric definitions of EF1,,.., in the two settings, prevent

the rounding algorithm of Igarashi [2023] from working for
chores. The detailed differences between our rounding and
the existing ones arise from the different definitions of the
virtual functions, which act as agents’ preferences when col-
oring. In particular, the virtual functions in [Bil0 et al., 2022;
Igarashi, 2023] rely only on the information between two
knife positions. This limited information is unlikely to suffice
for producing an EF1,,¢., division for chores, regardless of
whether the virtual functions exhibit left-right asymmetry. In-
stead, we propose new virtual functions that depend not only
on the information of the bundle between the knives but also
on the item immediately outside to the left of the bundle. We
explain this difference in detail after the definition of our vir-
tual functions in Section 3.

Under the framework of Simmons-Su protocol, the proce-
dure of rounding the fully colored elementary simple is not
independent of the coloring functions, which is also the case
in [Bild er al., 2022; Igarashi, 2023]. Since we employ dif-
ferent virtual functions, the detailed procedures for round-
ing the fully colored elementary simple into an EF1,,¢c,
division inevitably differ from those in [Bild er al., 2022;
Igarashi, 2023]. In a nutshell, while we follow the general
idea of the framework in [Bild er al., 2022; Igarashi, 2023],
we rebuild the virtual functions and the rounding, which are
essential for establishing the existence of EF1,,:.,when di-
viding a discrete chore among any number of agents with
monotone disutility functions.

1.2 Other Related Work

The connected cake cutting problem has been extensively
studied since the seminal work of Stromquist [1980], who
first proved the existence of a connected EF division. Su
[1999] simplified Stromquist’s proof via Sperner’s lemma,
and this technique is now widely used in fair division. Au-
mann et al. [2013] studied the problem of computing con-
nected divisions that maximize social welfare. Bei et al.
[2012] investigated the problem of maximizing social wel-
fare among all proportional connected divisions. Aumann
and Dombb [2015] quantified the efficiency loss under fair-
ness constraints in connected cake cutting. For the case of
a divisible chore, Robertson and Webb [1998] gave the first
envy-free protocol for three agents. Peterson and Su extended
this protocol to four agents in [Peterson and Su, 2002], and an
arbitrary number of agents in [Peterson and Su, 2009]. De-
hghani et al. [2018] gave the first discrete and bounded envy-
free protocol for chore division among any number of agents.
Heydrich and van Stee [2015] studied the trade-off between
fairness and efficiency.

The connectivity constraint has also been explored in the
discrete version of the cake-cutting problem. Marenco and
Tetzlaff [2014] proved the existence of envy-free connected
divisions when each item is valued positively by at most
one agent. Subsequent research has shown the existence of
relaxed notions of envy-freeness in cases where items may
be valued positively by any number of agents [Barrera er
al., 2017; Suksompong, 2019]. The computational complex-
ity of determining the existence of a fair connected alloca-
tion has been studied, for goods in [Goldberg ef al., 2020;
Kawase et al., 2024] and for chores in [Bouveret et al., 2019].
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The trade-off between fairness and efficiency has been stud-
ied in [Caragiannis et al., 2012; Hohne and van Stee, 2021;
Suksompong, 2019; Sun and Li, 2025], considering various
definitions of fairness and efficiency.

2 Preliminaries

For any positive integer k, let [k] := {1, ..., k}. Thereis a set
V' of m indivisible chores vy, ..., v, placed on the vertices
of a path, which are to be allocated to n agents. The chores
are named from left to right, with chore v; placed at position
j. Throughout the paper, we use v; both as the identifier of
the chore and as its position j on the path, so that v; can also
be compared with real numbers.

A subset X C V is called connected if it induces a con-
nected subgraph. Let C(V') denote the set of all connected
subsets of V. We consider the empty set and any singleton
set as connected. Agents are required to receive connected
subsets or bundles. Moreover, each agent ¢ € [n] is associ-
ated with a cost or disutility function u; : C(V') — Rx¢. Each
u; 18 monotone, that is, for any connected subset S C 17" C V,
u;(S) < u;(T). For ease of representation, we write u;(v)
for u; ({v}).

A division is a partition P = (P, ..., P,) of the path into
n connected bundles, such that for any i, j € [n], ,NP; =0
and Ute[n] P, = V. Given partition P, the subset P; is the
i-th piece from the left.

The division P is envy-free if there exists a permutation 7 :
[n] — [n] such that for any i, j € [n], ui(Pr(;)) < ui(Pr(jy)
holds. As we have discussed, envy-free divisions are not
guaranteed to exist for indivisible items. Thus, we shift our
attention to the relaxation, namely envy-free up to one item
(EF1). In an EF1 chores division, the envy can be eliminated
by removing a chore from the bundle of the envious agent. In
the original definition of EF1, there is no connectivity require-
ment on the resulting bundle after removing an item. Moti-
vated by the fact that agents prefer connected subsets over
disconnected ones, we instead consider a stronger version,
namely envy-free up to an outer item (EF1,y¢e.), Which re-
quires that the resulting bundle after removing an item should
be connected. The notion of EF1,,:., has been studied in
the context of the discrete version of cake-cutting [Bild er al.,
2022; Igarashi, 2023]. Below, we present the formal defini-
tion of EF1,,, in the discrete chore division problem.

Definition 1 (EF1,,:s:). For the problem of discrete chore
division, a division P = (P,...,P,) is EFl e, if there
exists a permutation  : [n| — [n] such that for any i, j € [n],
either (1) ui(Pr(;y) < ui(Prjy), or (2) v € Pr(;y such that
Priy \ {v} is connected and u;( Py \ {v}) < ui(Pr(jy).

2.1 Sperner’s Lemma and Simmons-Su Protocols

We provide a brief overview of Sperner’s Lemma and
Simmons-Su protocols. Let us begin with combinatorial
topology. A (n — 1)-simplex is the convex hull of n affinely
independent points in space R™ with m > n — 1. Let
conv(zxy,...,x,) denote the convex hull of the x4, ..., x,.
For (n — 1)-simplex S = conv(xi,...,&T,), T1,...,Ty
are referred to as the main vertices of S. Given a subset
J CA{xy,...,x,} with |[J| = k + 1, the k-simplex spanned

by J is said to be a k-face of S, denoted as F;. A facet of
simplex S is the face spanned by the n — 1 of the n main
vertices of S.

A triangulation T of an (n — 1)-simplex S is a collection
of smaller simplices Sy, .. ., S, satisfying that Uje[t] S; =58
and for any ¢, j € [t], simplices S; and S; either intersect at
a shared face or do not intersect at all. The smaller simplices
S1,...,S; are the elementary simplices of T'.

Fix simplex S and its triangulation 7. Let V(T") denote
the set of vertices of T'. In other words, V' (T') is the union of
the vertices of all the elementary simplices in T'. A coloring
function is a mapping A : V(T') — 2[" that assigns a set
of numbers, also referred to as colors, to each vertex of 7.
A coloring function A is called Sperner coloring if the main
vertices of .S are assigned different colors, and moreover, any
other vertex in the interior of some k-face must be assigned
one of the labels of the main vertices that span that face. An
elementary simplex S* = conv(x3,...,x}) is called fully
colored under coloring function A if each of its vertices is
assigned a distinct color by J, i.e., there exists a permutation
7 : [n] — [n] such that A(z}) = (i) for all i € [n].

Theorem 2 (Sperner’s lemma). For an (n—1)-simplex S and
its triangulation T, if V(T') is colored by a Sperner coloring
function )\, then there must exist an odd number of fully col-
ored elementary (n — 1)-simplices. In particular, there exists
at least one.

We next briefly introduce the Simmons—Su protocols with
anexample of three agents. Consider dividing a cake [0, 1] of
total size 1 using 2 knives among Alice, Betty, and Charlie.
Let 1 and x5 be respectively the positions of the first and the
second knives. Then 0 < x; < x9 < 1, and (x1, x2) ranges
over a 2-simplex S (a triangle). Then triangulate S with a
triangulation 7" and assign “ownership” to each vertex so that
the vertices of every elementary simplex in 7" have three dis-
tinct labels, as shown in Figure la. Each vertex = (x1, z2)
corresponds to a division of the cake, with x; being the po-
sition of the ¢-th knife. For example, the upper-left vertex
marked in red in Figure 1b is (0, 1), and in the corresponding
division, the first and third pieces are empty while the second
piece is the entire cake. Visit each vertex of the triangulation
and let the owner color the vertex with the indices of their
most preferred pieces of the corresponding division. If each
agent prefers any piece with mass over an empty piece, i.e.,
the agents are hungry, then the resulting color is Sperner’s
color. By Sperner’s lemma, there exists a fully colored ele-
mentary simplex S™, which corresponds to three similar di-
visions (one for each vertex of S*) in which different agents
choose different pieces of cake. By repeating this procedure
on a sequence of finer and finer triangulations, we obtain ap-
proximate solutions that converge to an envy-free connected
division.

3 The Existence of EF1,,,., Divisions

In this section, we present the main result of this work: for
the discrete version of chore division problem, EF1,,¢, di-
visions always exist for an arbitrary number of agents with
monotone disutility functions.
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Figure 1: Illustration of owner labeling and coloring. The letter A stands for Alice, B for Betty, and C for Charlie. In Figure 1b, the owners
of the vertices of the red-marked elementary simplex prefer different pieces, so the simplex is fully colored.

The discrete version of cake-cutting has been studied by
Bilo et al. [2022] and Igarashi [2023]. They followed the
Simmons—Su protocol and rounded a fully colored elemen-
tary simplex. They observed that if the encoded divisions at
the vertices are restricted to integral cuts (i.e., the knife al-
ways moves in full steps), then the divisions corresponding to
the vertices of an elementary simplex are too far apart. Thus,
they considered a finer triangulation that allows the knives to
move in half-steps. In particular, they considered the simplex

1 1
Sm:{wERi1|2§l’1§"'§1‘n_1§m+§},

and Kuhn’s triangulation Tjq ¢ of S, with the vertex set
V(Thaiy) defined as:

; 1.3 1
{.’B eRi_l | x € {5,175,,m+§},V1 S [TL* 1]}
The Kuhn’s triangulation has the property that for each ele-
mentary simplex S = conv(xy,...,&,), there exists a per-
mutation ¢ : [n] — [n] such that

1, .
Tp(it1) = T(i) T §€¢(l)’ Vi€ [n—1], )]

where e® denotes the k-th standard unit vector (i.e., k-th co-
ordinate is 1 and all others are 0). This property ensures that
the vertices of each elementary simplex can be ordered such
that each subsequent vertex is generated by adding % along a
unique coordinate axis, with each axis being selected exactly
once over the sequence. For the purposes of this work, we
focus on S,,, and Kuhn’s triangulation.

For a vertex ¢ = (z!,...,2" ') € V(Thay), each coor-
dinate z functions as a partitioning threshold. This vertex x
then induces a (partial) division P(z) = (Pi(x), ..., Py(x))
of m chores vy, ..., v,,, where the subsets are defined as:

e Pi(x) = {vp | vp < 2},
e forj=2,...,n—1: Pj(x) ={vg | 277! <y, <a’},

e Py(x) = {vg |vg > 2"}

The P(x) can be a partial division, as not all of vy, ..., v,
are necessarily included in some P;(x). In particular, if 27 =
vy, for some j and k, then chore vy, ¢ Py(x) for all £. In this
case, we say item vy, is hidden by knife 7.

For avertex € V(T}q;y) and a bundle P;(x), chore vy, is
the left-boundary item of Pj(x) if v, = [27~1]. We also use
£;(x) to denote the left-boundary item of P;(x). Note that
Py(x) does not have a left-boundary item, as there is no 2°.
Chore vy, is the right-boundary item of Pj(z) if v, = |27 ],
and, in this case, we use r; () to denote chore v;,. The P, (x)
does not have the right-boundary item, as there is no ™. We
remark that if £;(a) is hidden by the (j — 1)-th knife, then it
is the right-boundary item of P;_; () and the left-boundary
item of P;(x). We say that item vy, € V fully appears in
Pj(x) if v, € Pj(x).

Recall that for every elementary simplex S =
conv(xi,...,x,) of They, there exists a permuta-
tion ¢ : [n] — [n] that satisfies Equation (1). Then
S induces an ordered sequence of partial divisions
P(xy1)), P(xg2));--» P(xym)).  In this sequence,
for t > 2, each P(x4(;)) is obtained from P(xy;—1)) by
moving one of the knives in half-step, and the movement
of each knife occurs exactly once across n partial divisions.
Given elementary simplex S = conv(xy,...,x,), the path
can be decomposed into (By,v!, By, ..., " 1, B,,), where
each B; is the set of items that fully appear in every Pj(x;),
and each v/ is the boundary item that appears either j-th
bundle or (j 4+ 1)-th bundle in the sequence of the partial
division. It is crucial to note that as each knife only moves
once in a half-step, it never happens that v/ fully appears in
the j-th bundle of one partial division and fully appears in
the (j + 1)-th bundle of another partial division. Figure 2
illustrates the boundary items, path decomposition, and the
property of Kuhn’s triangulation.

With these preliminary definitions established, we are now
prepared to show the existence of EF1,,, connected divi-
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Figure 2: Illustration of partial divisions of an elementary simplex
of Kuhn’s triangulation. From P(z (1), moving the third knife in
half-step to the right yields partition P(x4(2y). Moving the first
knife in half-step from P (x4 (2)) yields P (@ 4(s)), and subsequently
moving the second knife in half-step yields P (2 4(4)). Bundle B3
is the empty set as no item fully appears every Ps(a:). For any
t € [4], chore vy is the right-boundary item of Ps(4;)) and is the
left-boundary item of Ps (4 (¢)).

sion for an arbitrary number of agents with monotone disutil-
ity functions.

The first step involves assigning ownership labels to the
vertices of V(T4 7). This assignment must ensure that the n
vertices within any elementary simplex bear n distinct labels.
The existence of such an assignment is guaranteed because
Thais is Kuhn’s triangulation [Deng et al., 2012].

Coloring. The second step involves agents coloring the ver-
tices they own. In Bilo et al. [2022] and Igarashi [2023],
the coloring is based on virtual valuations, which are not
necessarily identical to agents’ valuations. In this work, we
adopt their approach by having agents color vertices based on
preferences that differ from their actual disutility functions
u;’s. However, the virtual valuations in [Bilo ef al., 2022;
Igarashi, 2023] are designed for cake-cutting and are not ap-
plicable to the chore division problem: Thus, we must define
new virtual functions to establish the existence of EF1,,c,
for chores.

In this work, we define the virtual disutility functions
{@;};, based on which agents color their vertices. For each
agent ¢ € [n], her virtual function ;(x,7) takes as input
& € V(Thay) and an'index j € [n], returning a non-negative
real number. Informally, 4;(x, j) represents agent 4’s virtual
disutility for P;(«), and depends on not only the elements
in P;(x) but also the boundary items and positions of the
(j — 1)-th and j-th knives.

Before formally defining ;(x
up-to-one disutility function u;
S € C(V), itis defined as

u; (S) = min {u;(S\ {v}):ve Sand S\ {v} € C(V)}.

In particular, when S is the empty set, u; (S) = 0.

We now fix agent 7 and a vertex @, and formally define vir-
tual functions. For j = 1 and j = n, 4;(x, j) = u;(P;(x)).
An agent receiving an exterior subset (leftmost or rightmost)
does not consider any chore hidden by some knife.

,7), we first introduce the
: C(V) — Rsp. For any

Forj =2,...,n
fined as:

u; (Pj(z)U

u; (Pj(z) U

)

— 1, the virtual function 4;(x, 7) is de-

< {j(x)and 27 > r;(z),
( )} ifziTt =¢;(z) and 27 > rj(x),

( i () _ < {j(x) and 27 = rj(z),
u; (Pj(x)) if 2771 = ¢;(x) and 27 = rj(x),

where v ¢ Pj(x) is the chore to the left of P;(z) such
that {v®} U Pj(x) is connected. One can introduce a dummy
chore vy immediately to the left of v;, with disutility O for ev-
ery agent, so that v’ always exists. Moreover, due to Kuhn’s
triangulation, 2/ =1 < ¢;(x) implies 277! = ¢;(x) — } and
2J > r;(x) implies z7 = r;(x) + 1.

Compared our virtual functions with those in [Igarashi,
2023], although our @;(x, j) handles similar cases, its defi-
nitions differ from theirs in each of the four cases. Moreover,
the virtual functions in [Igarashi, 2023] use only information
about P;(x) and its boundary items, while our @;(x, j) re-
quires the agent to take v”, an item that is outside P;(x) and
not one of its boundary items

The coloring function of agent i is \; : V(T4 f) — ol
defined as:

Xi = arg min {4, (x, j) : j € [n]}.

For any x, there always exists some j achieving the mini-
mum value of @;(x, j), so each agent can identify her most
preferred bundle. This satisfies the “Good House” condition
in Su [1999]. We then verify “Miserly Tenants” condition
in Su [1999], which requires that no agent strictly prefers a
piece of positive length to a piece of zero length. If an agent
receives the left or right exterior bundle of zero length, then
the corresponding P (x) or P, (x) is empty, and the virtual
disutility is 0. Moreover, for any  and j = 2,...,n — 1
with 27=1 = 27, one can verify that @;(, j) = 0. The color-
ing function {\; }; satisfies “Miserly Tenants” condition, and
therefore forms a Sperner’s coloring.

Rounding. We next introduce how to round an elemen-
tary simplex S = conv(zy, ..., x,) into a complete division
P* = (Pf,..., P). Under the framework of Simmons-Su,
the rounding procedure depends on the coloring functions,
and thus, is not independent of the virtual functions. Since
our virtual functions differ from those in [Bilo et al., 2022;
Igarashi, 20231, and due to the inherent differences between
goods and chores, we must design a new rounding algorithm.

Recall that vertices «1,...,x, decompose the path as
(B1,v', B, ..., v""!, B,), where each B; is the set of items
that fully appear in P; (:cf) forallt,ie., Bj = epn) P (2).

The v7°s are items hidden by knives.

Our rounding algorithm is described as follows. For each
Jj € [n], first initialize P} as B;. It then remains to allocate
the hidden items vl ,v”fl. Let us begin with the left-
most hidden item v! If vl fully appears in the first bundle
of some x, i.e., v 6 Py (x) for some x;, then allocate v*
to Pj. Next, we allocate v/ with j = 2,...,n — 1 one by
one. Suppose that we are at the round of allocating v/. When
v/ =1 # w9, if 077" has not allocated yet, then assign it to P

(Line 8). For item v/, assign it to P; if (1) v/ fully appears
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in the j-th bundle of some x; and v/ =" ¢ P*, or (2) v/ fully
appears in the j-th bundle of some x;, v/~' € P7, and there
is no a; satisfying =" = v/~! and #) = v/ (Line 9). When
v/=1 = 7, it trivially holds that B; = . Assign v/ to P;
if v/ (equivalently v/ 1) is unallocated and v’ fully appears

in the j-th bundle of some x; (Line 12). The rounding is
formally presented in Algorithm 1.

Algorithm 1 Rounding an elementary simplex

Input: An elementary simplex S = conv(xy, ..., &)
Output: A complete division P* = (Pf,..., P})
path.

1: For each j € [n], let B; = Pj(x1) N Pj(x2) N --- N
P;j(x,,) and let v7 be the item such that v/ = z7 for some
t € n.

For each j € [n], initialize P} < B;.
if item v € P;(x;) for some z; then
Py« PyuU{vt).
end if
forj=2,...,n—1do
if v/ =1 £ 07 then
If v9~1 is unallocated, i.e., v/~ ! ¢ Uie[n] P?, then
Py Pru{vi'}
9: Allocate v/ to P if one of the following two condi-
tions is satisfied: (1) v/ € P;j(x;) for some x; and
vi=1 ¢ P* or(2) v € Pj(x;) for some zy, v/ ! €

of the

PRI

P, and there is no a; such that 33%_1 = /=1 and
z) = vl

10:  end if

11:  ifv/~! = 97 and v/~ ! is unallocated then

12: Allocate v/ to P} if v/ € Pj(w,) for some @;.

13:  end if

14: end for

15: if v”~! is unallocated then
16:  Pr« Pru{o" 1t}
17: end if

We next present a crucial lemma for establishing the main
result. Due to the page limit, we include only part of the
proofs in the main body and defer the remaining proofs to the
full version.

Lemma 3. Let S = conv(1, . . ., x,,) be an elementary sim-
plex of Thaip and let P* = (P, ..., P}) be the division re-
turned by Algorithm 1 with input S. For any agent i, any
bundle PJT", and any xy, it holds that

up () < i) < wilF}).
Partial proof. We first claim that for each j € [n—1], 0771 <
v7. Assume for the contradiction that v/’ ~* > v7" for some
§' € [n — 1]. Then there exists k', k" such that 7, =

./ 9 -/ . o, v .
v/ 1 >0 =27, Since v/ ~!and 07 are integers, we have

xi/,_l > ;vfcl,, +1> xfc,,, where the last inequality transition is
due to the property of the T ¢. This yields a contradiction.
Below, we split the proof based on the value of j and the
possible cases of P}

For j = 1. By Algorithm 1, bundle P can possibly be B;
or By U {v'}. The arguments below also hold when B; = 0.

Case 1: Pf = B;. By Algorithm 1, chore v! does not
fully appear in any P;(z;), and hence, z} € {v! — 1, 0!
for all ¢. By the definition of #;, for both cases of xi =
v!—3 and 7}, = v', we have @; (@, 1) = u;(Bi). Therefore,

u; (Py) < ti(xp, 1) = us(Py) holds.

Case 2: P; = By U {v'}. By Algorithm 1, chore v! fully
appears in some P (), and hence, z; € {v', v + 3} for all
t. Next, we compute possible values of 4;(xy, 1) and prove
that the desired inequalities hold for every possible value.

(2a): z} = vl. We have @;(xk, 1) = u;(Bi).

(2b): z}, = v + 1. We have 4;(z,1) = u; (B U {v'}).

NSO )
xl

K Xk
(2a) (2b)

Figure 3: Illustration of possible cases for j = 1 and Case 2.

We illustrate the two subcases in Figure 3. As v! is the
right-most chore of P;", we have u; (P;) < u;(B1). There-
fore, it always holds that u; (Py) < 4;(xg, 1) = u(Py).

For j = n. By Algorithm 1, bundle P} can possibly be
B, or {v"71} U B,,. The arguments below also hold when
Case 1: P} = B,,. By Algorithm 1, chore v" ! fully ap-
pears in some P,_;(x;), and hence, 27" € {v"~ 1, o1 +

n—1 __

%} for all ¢. By the definition of i, for both cases of ;" ~ =
T B A 1, we have @;(zx, 1) = w;(B,,).
Therefore, u; (P)) < (g, n) = u;(P;) always holds.
Case 2: P = {v""'} U B,,. As v" ! is hidden by some
2y~ ', it holds that zj ' € {v"™1 — L on7l ol 4 1}
for all ¢ due to the property of Kuhn’s triangulation. Below,
we compute possible values of ;(xk, 1) and prove that the
desired inequalities hold for all possible values of @; (g, 1).

(2a): :CZ*I = o1 — % We have 4;(xg,n) =
u;({v" "1} U By).
n=1 We have ;(zy,n) = u;(B).

(2b): acZ*l =0
(2¢): x271 =14 % We have ﬂi(:ck,n) = ’U,Z(Bn)

xpt

(2a) (2b) (2c)

Figure 4: Illustration of possible cases for j = n and Case 2.

We illustrate the three subcases in Figure 4. As v™ ! is the
left-most item of P, it holds that u; (P;}) < u;(B,,). Since
i (xk, n) is either u; ({v" "1 }UB,,) or u;(B,,), the inequality
u; (PY) < 4;(xg, 1) = u;(P}) always holds.

7
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Forj=2,...,n—1landv/~! <v/. By Algorithm 1, P*
can possibly be B;, B; U {v7}, {v/7*} U B;, and {v/ '} U
Bj U {’Uj}.

Case 1: P = Bj. By Algorithm 1, chore v7~! fully ap-
pears in some PJ 1(z¢) and v’ does not fully appear in any
Pj( ¢). Thus, =" € {v9=1 0/~ + 1} and 2] € {o7 -
1,07} for all t. We compute possible Values of 4;(xy, j) and
prove that the desired inequalities always hold.

(la): 2" =o' and 2], = vJ — 1. We have @, (zy,, j) =

u; ({v/ 71} U By)

(1b): 2" = vi~!
u;(Byj). _ ]

(1e): xg;l = v+ Landa] = v -
(@) = ur (v} UB,).

(1d): # ' =71 + 4 and ], = vI. We have @i (@, j) =
ui(B;).

P Bard @l efad
x,’;’l x,’; x ! x,’; x,’;’l x, x,’;’l x,];

(1a) (1b) (1c) (1d)

and mi = vJ. We have i;(xx,j) =

%. We have

Figure 5: Illustration of possible cases for j = 2,...,n — 1 and

Case 1.

We illustrate the four subcases in Figure 5. Since 4, (g, j)
is either u; ({v?~'} U B;) or u;(B;j), we have u; (Bj) <
@;(xy, 7). Moreover, as v/~ is the left-most item of
{071} U B;, we have u; ({v77'} U B;) < u;(B;). There-
fore, u; (P;) < 4;(xk, j) < ui(P}) always holds.

Case 2: P = B; U {v/}. By Algorithm 1, chore v/
fully appears in some Pj_1(z;) and v7 fully appears in some
Pj(wy). Thus, 2" € {vi=1 vi=! 4 Q}anda:t € {v, v +
2} for all . We compute possible values of @;(xy; j) and
then prove the desired 1nequa11tles

(2a): x] b= -1 and zy, = vi. We have 4;(xy,j) =
u;(Byj). ] ;

(2b): 2" = v/~ and 2] = vi + L. We have i;(zy, j) =
ur (U B U (u))

Qc): o ' =v/~' + 1 and x}, = vI. We have i;(z, j) =

U‘Z(BJ) _ _ ) _
(24d): xfg_l = v/t +Land 2] = v/ + 1. We have
i(zy, ) = u; ({09730 By U{v'}).

Patd Brel efard el
JC/*l xr x]*l xr xr*l }\'l Xl’l xr
(3 k k k k k k k

(2a) (2b) (10) (1d)

Figure 6: Illustration of possible cases for j = 2,...
Case 2.

,m— 1 and

We illustrate the four subcases in Figure 6. Note that
i (xy, ) is either u; ({v7=1}U B; U{v7}) or u;(By). Since

v7 is the right-most item of P, it holds that uf(P]*) <

u;(Bj). Moreover, as u; ({v/='} U B; U{v7}) > u; (B; U

{v7}), it always holds that @;(xx,j) > u; (P;). Further-
more, since v ! is the left-most item of {v/ ™'} U B; U{v7},
we have u; ({v/71} U B; U {v7}) < w;(B; U {v7}). There-

fore, u; (P;) < a;(xk, j) < ui(P}) always holds. O

Theorem 4. For an arbitrary number of agents with mono-
tone valuations, there always exists an EF1 e, connected
division.

Proof. First, assign ownership labels to vertices of T}, en-
suring that n vertices of any elementary simplex have n dis-
tinct labels. Then let owners color their vertices based on the
{Ai}i- By Sperner’s lemma (Theorem 2), there exists a fully
colored elementary simplex S* = conv(x7,...,x)). With-
out loss of generality, assume that for each i € [n], vertex
is owned by agent i. Since S* = conv(x7,...,x}) is fully
colored, then there exists a permutation 7 : [n] — [n] such
that for each i € [n], the m(i)-th-bundle in the P(x}) is the
bundle most preferred (based on the virtual function) by agent
i. Formally, for any ¢, j € [n], it holds that

iz, w(1)) < a7, j)-

Then apply Algorithm 1 and round S* = conv(x?,...,x%)
to the complete division P* = (Pf, ..., PY). For an agent
€ [n], bundle P7 ;). vertex 7, and j € [n], we have

L (9 .
m(i)) < di(x;,j) < ui(Pj)a

where (a) and (c) follow from Lemma 3 and (b) is because
agent 4 color her vertex x; as 7(¢). Therefore, assigning each

7 bundle P;‘( ) yields an EFlouteT connected division. O

o @
Uy (Pﬂ‘(i)) < dy(zy,

4 Conclusion

In this work, we prove the existence of a connected EF1 di-
vision of indivisible chores for an arbitrary number of agents
with monotone disutility functions. On top of Simmons-Su’s
framework, we introduce a rounding approach which relies
on virtual disutility functions that utilize not only the infor-
mation of the bundle between the boundaries but also the in-
formation outside.

Our results raise many interesting questions for future re-
search. First, we have proven the existence of EF1,,;., di-
vision when all items are chores, while Igarashi [2023] es-
tablished the existence when all items are goods. It would
be worthwhile to explore settings where an item can be a
good for one agent but a chore for another. Second, we focus
on fairness in this work, while exploring the compatibility of
fairness and Pareto optimality (PO) is also an interesting di-
rection. In particular, Mahara [2026] recently demonstrated
that EF1 and PO are compatible when all items are chores
(without connectivity constraints) and agents have additive
disutility functions; that is, the disutility of a subset equals the
sum of the disutilities of all chores within it. It is worthwhile
to investigate whether EF1 and PO are also compatible in the
discrete chores division setting. Finally, our work provides
only a constructive proof, and the computational complexity
of finding an EF1,,., chores division remains unknown.
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