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Abstract

Bender Decomposition is a well-known solving
technique in Operation Research that decomposes a
problem into a master and a subproblem, which in-
teract via “cuts”. This technique has been extended
to Logic-Based Bender Decomposition (LBBD),
solving problems specified by logic-based lan-
guages and enabling a wider applicability. How-
ever, while Bender Decomposition guarantees op-
timality, LBBD does not: this property is problem-
specific and depends on the defined decomposition
and cuts.

In this paper, we present a theoretical analysis of
the conditions under which LBBD, including cuts,
can preserve optimality in the context of Answer
Set Programming (ASP), a prominent logic-based
language in the field of Artificial Intelligence. We
also introduce a general-purpose algorithm that em-
ploys both minimal unsatisfiable subsets and ‘min-
imal correction subsets to define cuts in-a fully
automated, problem-independent way. The algo-
rithm preserves the optimality guarantees of Ben-
der Decomposition. An empirical evaluation on
real-world scheduling instances shows.that our ap-
proach can find significantly more solutions, and
more optimal ones, compared to a standard direct
ASP encoding, while also consistently reducing the
execution time.

1 Introduction

Bender Decomposition [Geoffrion, 1972; Hooker and Ottos-
son, 2003; Rahmaniani et al., 2017] is a well-known solving
technique in Operation Research that works by decompos-
ing a problem at hand. Logic-Based Benders Decomposition
(LBBD) [Hooker and Ottosson, 2003] is an optimisation tech-
nique that extends the classical Bender Decomposition ap-
proach, offering greater flexibility and applicability to a wider
range of complex problems. The two approaches work by de-
composing a given problem into a master and a subproblem.
The former typically focuses on high-level decisions, whereas
the latter deals with more detailed and often logically com-
plex constraints. They interact via cuts, i.e., constraints based

on an analysis of subproblem solutions (or lack of) that re-
move part of the search space of the master. Classical Bender
Decomposition and LBBD share many similarities but also
have important differences [Hooker, 2024]: the most signif-
icant is that the Bender Decomposition approach guarantees
optimality, while LBBD does not, unless certain conditions
are met. The hurdles with applying LBBD are identifying a
proper decomposition into master and subproblem, and/or the
fact that the generated cuts do not preserve the solution of the
original problem. Regarding cuts, in the literature [Hooker,
2024] several types are listed, defined according to their scope
and the characteristics of the master and subproblem, where
a problem-specific analysis is needed in order to identify
the cuts. In the literature, there is no uniform way to de-
fine cuts that preserve optimality or feasibility in a problem-
independent way, as well as handling multiple subproblems.
Among the various logic-based programming paradigms, we
focus on Answer Set Programming (ASP) [Brewka et al.,
2011], which is a declarative programming paradigm based
on non-monotonic reasoning and the stable model seman-
tics [Gelfond and Lifschitz, 1991]. Thanks to its characteris-
tics and efficient solvers, ASP has been successfully adopted
in numerous domains [Erdem et al., 2016; Falkner et al.,
2018]. Recently, promising studies employing LBBD for
ASP solving have emerged (see e.g., [Cappanera et al., 2023;
Dodaro et al., 2026]), where the authors identified cuts origi-
nating from problem-specific analysis. In this paper, we pro-
vide the precise conditions to split an ASP program mod-
elling a target problem, while preserving its solutions accord-
ing to the LBBD approach. We identify cuts relying on the
ASP notions of minimal unsatisfiable subsets (MUSes) and
correction sets (MCSes) [Alviano et al., 2023], originating
from the infeasibility of subproblems, that preserve satisfia-
bility/optimality of the solutions.

Further, we also introduce and formally prove the correct-
ness of a general-purpose algorithm employing both MUSes
and MCSes to define cuts in a fully automated, problem-
independent way, while guaranteeing problem solutions’ op-
timality. We also formalise the conditions to apply cuts in our
approach and algorithm, extending them to efficiently handle
more subproblems. Lastly, we implemented our algorithm
and evaluated it on healthcare scheduling instances where an
LBBD approach had previously been applied with ASP [Do-
daro et al., 2026; Caruso et al., 2025]. We compared it to a
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direct encoding and a domain-specific, expert-crafted decom-
position. Results show that our method outperforms the direct
encoding in standard metrics, i.e., the number of (optimal) so-
lutions found. Despite the domain expert-tuning in [Dodaro
et al., 2026], our problem-independent approach finds more
optimal solutions since it is correct by design, and remains
competitive in terms of the number of solutions found.

2 Preliminaries

This section begins with the notions of Answer Set Program-
ming, including its syntax, semantics, and the necessary con-
cepts for the results developed in the paper. Then, it provides
a brief overview of Logic-Based Benders Decomposition.

2.1 Answer Set Programming (ASP)

Syntax and Semantics. Let A be a set of atoms. An atomic
formula is either an atom or the connective 1. A literal is
an atomic formula possibly preceded by the default negation
symbol ~. Let T be a compact representation of ~ L. A rule
r has the following form:

™~ ln ey

where n > 0, and p,q,...,q, are atomic formulas. Let
head(r) denote the set {p}N.A, and let respectively body ™ (r)
and body ~ (r) denote the set {q1, ..., qx} and {qx+1,- .-, qn}
of positive and negative body literals. We say that r is a fact
if body™(r) = body~ (r) = (), while it is a constraint if
head(r) = (. For arule r of the form (1), we define the set of
atoms appearing in it as atoms(r) = head(r) U body™ (r) U
body™ (r). An ASP program 11 is a finite set of rules of the
form (1); accordingly, atoms(II) = {atoms(r) | r € II}.

The semantics of II is defined in terms of its equivalent
propositional instantiation G(IT). To compute it, we replace
each rule » € II with all its possible instantiations obtained
by substituting the variables in » with constants occurring in
II. An interpretation T is a set of (true) propositional atoms
occurring in G(II) that does not contain L. We say that Z
satisfies a normal rule » € G(II), if body™(r) C T and
body™ (r) NZ = @ imply head(r) C Z. If T satisfies all
rules » € G(II), it is a model of Il-and it is stable if it is
a subset-minimal model of the reduct, which is defined as
{head(r) « body™(r) | r € U,body~ (r) NZ = 0}. The
set of all stable models of II, also called answer sets, is de-
noted by Ans(II). We say that a program II is incoherent if
Ans(IT) = 0, else 1L is coherent.

We can extend an ASP program with weak constraints,
defining an optimisation program. A weak constraint has the
form: e~ q1,.. ., Gk~ Qrr1s-- -5~ @ [WQp,t], where g,
for 1 < i < n, are atoms, w and p are integers representing
the weight and priority level of the weak constraint, and ¢ is a
tuple of terms. Weak constraints in IT do not change Ans(IT),
but induce a preference among them. If {g1,...,qn} C T
and {¢m+t1,---,qn} NZ = () for a (ground) weak constraint
in G(II), the vector ¢ of terms is associated with the weight w
at priority level p. Summing the weights w of term tuples ¢
at each priority level p yields a vector of integers, where an
optimal answer set incurs the smallest sum of weights at the
highest priority level, then at the second highest priority level

rIp<—dqly---,qK, ™~ Q1.

in case of a tie, and so on. We refer to cost of an answer set as
the vector of integers obtained from the weak constraints and
use < to define the order among them. Refer to [Calimeri et
al., 2020] for more details on ASP syntax and semantics.

As syntactic sugar, we can extend an ASP program II with
free choice rules, denoted as {p} < T for an atom p, which
can be seen as the rules p <~ np and np <~ p with np
being a fresh atom not appearing in II. For each atom a €
atoms(II), we denote by choice(a) a free choice rule for a,
by fiz(a) a constraint p with body™ (p) = () and body~ (p) =
a, and fact(a) arule with a in the head and empty body. With
a slight abuse of notation, we extend choice to a set of atoms
A as follows: choice(A) = {choice(a) : a € A}. Similarly,
we extend also the functions fiz and fact.

Example 1 (Running example). Let 1I be the ASP program:

r1: {a}.
ro {b}
T3 1 e~ a [—2Q1]
T4 1 e~ b [71@1]

rg 1Lz 2.
rg Ly, z.
rig: L +~a,~b.

T5 1T <~ Y, Q.
rg Y XL, A
r7 .z < b.

Ans(Il) = {{a,z},{a,y},{b,z}}, among which the opti-
mal answer sets are {a, x} and {a,y}.

Minimal Unsatisfiable and Correction Subset. Here we
report concepts presented in [Alviano er al., 2023]. We define
enforce(Il, O,U) = I1 U choice(O) U fiz(U).

Definition 1 (Minimal Unsatisfiable Subset - MUS). Given a
program I1 and a set of objective atoms O C atoms(II) such
that head(I1) N O = 0, we say that a set U C O is an unsat-
isfiable subset for I wrt O if enforce(IL, O, U) is incoherent.
Moreover, U is minimal (MUS) if none of its proper subsets
is an unsatisfiable subset for I1 wrt O.

Definition 2 (Minimal Correction Subset - MCS). Given a
program 11 and a set of objective atoms O C atoms(II) such
that head(IT) N O = 0, we say that a set M C O is a correc-
tion subset for Il wrt O if enforce(I1, 0,0 \ M) is coherent.
Moreover, M is minimal (MCS) if none of its proper subsets
is a correction subset for II wrt O.

Example 2. Consider the set of rules of Example 1. Let II' =
{rs,..,mo}. The only MUS for I’ wrt {a, b} is the set {a, b},
while the MCSes are m1 = {a} and mo = {b}.

Theorem 1. [Alviano et al., 2023] Let 11 be a program, and
O C atoms(I1) be a set of objective atoms. For all sets U, U’,
if U is an unsatisfiable subset for Il wrt O and U C U’ C O,
then U’ is an unsatisfiable subset for I1 wrt O.

Splitting Sets.  Similarly to the previous paragraph, here we
recap notions presented in [Lifschitz and Turner, 1994].

Definition 3 (Splitting Set). A set S of atoms is a splitting set
of a logic program 11 if for each v € TI, head(r) NS #
implies that atoms(r) C S.

A splitting set S partitions IT into two sets of rules, bg(II)
and tg(II), namely the bottom and top of IT wrt S, where
bs(Il) = {r | r € I, head(r) N S # O} and t5(I) = I\
bs(IT). We highlight that splitting sets can be extended to
optimisation programs, as weak constraints do not change the
ASP semantics but only define an order over answer sets.
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Example 3. Consider the set of rules of Example 1. The
set S = {a,b} is a splitting set for I, where bg(II) =
{ri,... ra} U{rio} and ts(Il) = {rs, ..., ro}.

Given a rule 7 and a set of atoms S, we define ' =
eval(r, S) such that head(r') = head(r), body™(r') =
body™ (r) \ S, and body~ (r') = body (r) \ S. Given a
program II, a splitting set S, and a set of atoms X, we
define the (partial) evaluation of ¢g(II) according to X as
es(I, X) = {eval(r,S) | r € ts(II),body™ (r) N S C
X, (body™ (r)NnS)NX = 0}.

Definition 4 (Solution to IT wrt Splitting Set S). Let S be
a splitting set for IL. A pair (X,Y) is a solution for II wrt
Sif X € Ans(bg(I)), Y € Ans(es(I1, X)), and X UY
is consistent, namely, (atoms(bg(II)) \ X) NY = 0 and
(atoms(es(IL X))\ Y)NX = 0.

Theorem 2. [Lifschitz and Turner, 1994] Let S be a splitting

set of a program 11. A set S is an answer set of I1 iff S =
X UY for some solution (X,Y) of L wrt S.

2.2 Logic-Based Benders Decomposition (LBBD)

The LBBD approach consists of decomposing a problem into
a master and a subproblem [Hooker, 2024]. The core idea
is to iteratively optimise the overall solution by generating
cuts derived from the subproblem solution, i.e., constraints
restricting the search space of the master problem, without
affecting its optimal solutions. In our work, we focus on de-
cision subproblems, which consequently generate feasibility
cuts, i.e., a cut derived from an infeasible subproblem that
excludes one or more infeasible assignments to the master
problem variables. Consider a problem P:

min {f(x) | C(z,y), C'(z,w), © € Dy, y € Dy, w € Dy}
z,y,w
(@)

where z, y and w are variables respectively defined over the
domains D, D,, and D,,. The constraint set C'(z, y) includes
variables from y and potentially from x, while the constraints
in C'(z,w) involve variables from x and/or w. From the
problem P, we can identify the master problem as the optimi-
sation problem aiming to minimise a function f(z) and con-
taining only the constraints C’(x,w) and variables x and w,
while the subproblem considers the constraints C(z,y) and
defines only the variables 3. Notice that the auxiliary vari-
ables w are not part of a standard Benders decomposition, but
are used to characterise variables in the master problem that
have no influence on the subproblem’s formulation. Then,
we can follow an iterative procedure that first searches for an
optimal solution of the master problem:

min {f(z) | C'(z,w),x € Dy, w € Dy} 3

and uses the optimal value found for x, namely z, to define
the subproblem Ps(ZT):

If Ps(Z) is infeasible, a feasibility cut F; is generated and
included in the master problem. The LBBD approach contin-
ues until, at a generic iteration k, either the master problem
obtained by extending Equation (3) with { Fize | £ € [1..k—1]}

becomes inconsistent (which means that no solution for the
original problem exists) or it returns the values (w", z*) and
the subproblem Pg(ik ) has a solution ¥; in this case, the so-

lution of the original problem P is equal to (@*, z, 7).

3 LBBD for ASP

In this section, we define the LBBD approach applied to the
ASP formalism. Given a problem P defined as in Equa-
tion (2), we model it with the logic program IT where Ans(IT)
corresponds to solutions of P. It is well known that a prob-
lem can be modelled with different ASP programs, as long as
their answer sets coincide with the problem’s solutions. From
now on, we consider a program IT such that atoms(II) can be
partitioned into three sets, representing the elements in D,,,
D, and D,, respectively. In the following, we formalise the
concept of LBBD for ASP.

Definition 5 (LBBD Program).. Given an (optimisation) pro-
gram Il and a program Ils such that Ty, N s = 0,
we define an LBBD program (Ilaq,Is) if for all v € 1lg,
head(r) N O = 0, where O =.atoms(IIr) N atoms(Ils).

Example 4. Consider the Example 1. An LBBD program is
(ITpq, ILs), where ITpg = {r1,..., 74} U {r10} and IlIs =
{rs,...,ro}, with atoms(Mrq) N atoms(Ils) = {a, b}.

In other words, an LBBD program identifies a partition of
rules of TI into a master program 11 o, reflecting the optimisa-
tion problem in Equation (3), and a subprogram 1ls, reflect-
ing the problem in Equation (4). Since the variable vector z
appears both in the master and in the subproblem, we repre-
sent it with the set of atoms O and impose that IIs does not
define them. We can consider the variable vector w as the re-
maining atoms of the master program, i.e. atoms(IIx ) \ O,
while y is defined through atoms(Ils) \ O.

Definition 6 (LBBD Solution). Given an LBBD program
(TTng, I s), we define its solutions, denoted as Sol(I1pq, 1),
as the set of pairs (X,Y) where Y € Ans(Ils U fact(X))
and X € Ans(Ilpq). The projection wrt X is denoted as
SOZUM (HM, HS).

To guarantee that every LBBD solution corresponds to an
answer set of II, we first prove that any LBBD program
(ITpq,IIs) can be obtained from a splitting set S, and vice
versa. To be consistent with our definition, we assume that S
is such that all the weak constraints in 11,4 UIls are collected
in bS(HM U Hs)

Lemma 1. Let 11 be an (optimisation) program. Then, S is a
splitting set for I iff (I1pq,Ils) is an LBBD program, where
Iy = bs(H), IIs = ts(H).

Proof. (<) Let (IIpq,IIs) be an LBBD program, II =
ITp U ILs. Consider the set atoms(IIrq). We observe that
the only rules in II such that head(r) N atoms(In) # 0
are the ones in Il 4, since the atoms of I, that are shared
with ITs can appear only in the body of the subprogram by
definition of LBBD program. Hence, atoms(IIp¢) = Sis a
splitting set for IT and ITpq = bg(II) and IIs = tg(II).

(=) Let S be a splitting set. Then, bg(II) and ¢g(IT)
are disjoint and tg(II) = {r | r € IL head(r) N S =
0}. Let O = atoms(bs(Il)) N atoms(ts(I1)). Hence,
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O C atoms(bg(II)), while atoms(bs(II)) C S from the
definition of splitting set; thus O C S. Therefore, for all
r € tg(II) it follows that head(r) NO = (), which proves that
(bs(II),ts(IT)) is an LBBD program. O

Corollary 1. Let S be a splitting set for the program I1. Then,
{XUY |Y € Ans(es(I1, X))} = Ans(ts(II) U fact(X)),
where X € Ans(bg(ID)).

Proof. We observe that, by the definition of ¢ (II), the atoms
in S can only be justified in bg (II). Given X € Ans(bg(II)),
es(II, X) contains the rules of ¢g(II) such that the atoms in
X are true and the atoms in S\ X are false, simplifying the
literals of S. Thus, Ans(ts(I) U fact(X)) ={XUY |Y €
Ans(es(I, X)) }. O

Theorem 3. Let (IIpq,1ls) be an LBBD program. Then,
(X,Y) € Sol(lp, ) iff Y € Ans(TIpg UIlg).

Proof. Let I = (ITpq,1s) be an LBBD program and II =
I UILs. From Lemma 1, there exists a splitting set S for
IT such that I = (bg(IT),¢s(IT)). By Corollary 1, we have
that Ans(ts(I) U fact(X)) corresponds to X UY for all
(X,Y) that are solutions of IT wrt S. Thus, for Theorem 2,
we have that Ans(ts(IT) U fact(X)) = Ans(II). Then, the
thesis follows from the definition of an LBBD solution. [

Lastly, we extend the concept of an optimal solution for an
LBBD program. Thanks to Theorem 3 and the assumption
that the subprogram is not an optimisation one, we get that it
coincides with the optimal answer sets of 1.

Definition 7 (LBBD Optimal Solution). Given an LBBD pro-
gram I, a solution (X,Y) € Sol(I) is optimal if there is no
(X',Y") € Sol(I) such that ¢(X',Y") < ¢(X,Y), where ¢
returns the cost associated to the master program solution.

In the following, we consider only non-trivial splitting sets,
i.e., inducing a bottom and top program having atoms in com-
mon. This allows us to obtain only “meaningful” LBBD in-
stances where the variable vector x is not empty.

3.1 LBBD Cuts via MUSes and MCSes

Here, we formalise LBBD cuts within the ASP context, which
can be seen as a set of constraints reducing the number of
answer sets of the master program.

Definition 8 (LBBD (Safe) Cut). A cut for an LBBD program
(I1pq, ILs) is a set of constraints C, where Ans(Ilyy U C) C
Ans(MIag).  Moreover, C' is safe if Soln,, (Ix,Is) C
Ans(IIp U C).

Next, we exploit MUSes and MCSes (see Definition 1 and 2)
to define specific types of cuts for an LBBD program.

Definition 9 (MUS-Cut / MCS-Cut). Let (IIrq,11s) be an
LBBD program and O C atoms(Iln) N atoms(Ils).

e Givenan MUS U forIlg wrt O, an MUS-Cut is a single-
ton {p} such that p is an LBBD cut with body™ (p) = U
and body~ (p) = 0.

e Given an MCS M for Ils wrt O, an MCS-Cut is the set
of LBBD cuts C = {L < m|m € M}.

We now prove that unsatisfiable subsets identify LBBD safe
cuts and, to this aim, we first provide the following results.

Lemma 2. Let U be an unsatisfiable subset for Il wrt O, then
fact(U) UL is incoherent.

Proof. By contradiction, fact(U) U II is coherent. Let
A € Ans(fact(U) UTI). By the ASP semantics, fact(U)
assigns all atoms in U to true, thus U C A. Conse-
quently, A satisfies all the constraints in fiz(U). Hence,
A € Ans(enforce(II,0,U)) as choice rules in choice(O)
are always satisfied, contradicting the assumption that U is an
unsatisfiable subset, i.e., enforce(Il, O, U) is incoherent. [

Theorem 4. Let (I1xq,Ils) be an LBBD program and O C
atoms(IIarq) N atoms(Ils). Every MUS-Cut defined from an
MUS for I1s wrt O is a safe cut.

Proof. Let U be an MUS for IIs'wrt O. We assume by con-
tradiction that there exists an MUS-Cut {p} with body™ (p) =
U that is not safe. Then, there exists a solution A €
Sol ., (ITxg,IIs) such that A ¢ Ans(IIpg U {p}). Since
A € Ans(TTpq) but A & Ans(TIag U {p}), it must be that A
satisfies the body of p, thus U C A. Since U is an unsatisfi-
able subset of ILs wrt O, we have that fact(U) U Ils is inco-
herent by Lemma 2. However, by the definition of LBBD so-
lution, we have that fact(A) UILs is coherent. Since U C A,
this contradicts the monotonicity of unsatisfiable subsets (see
Theorem 1). O

Note that only LBBD safe cuts correspond to feasibility

cuts. While MUS-Cuts are safe, MCS-Cuts are not, despite
being more effective in the pruning of the solution space
(since their body always has a single literal).
Example 5 (Running example). Consider the Examples 2
and 4, we can see that llg = T, llpy = I\ I, and {a, b} €
Ans(I1pq). Then, the MCSes my and ms produce the MCS-
Cuts C; = {L < a} and Cy = { L < b}, respectively. Both
cuts are not safe since Soln ,, 1Iam, s) = {{a}, {b}}, but
Cy removes {a}, while Cy removes {b}.

3.2 Handling Multiple Subprograms

Inspired by the methodology introduced in [Cappanera et al.,
2023], we generalise the concept of LBBD program to in-
clude multiple independent subprograms, and formalise the
conditions under which such a family of subprograms can
be considered valid within our model. Given an LBBD pro-

gram (ILy, IIs) we can represent it as (ILy, ILs), where
Ils is the partition {Ils,,...,IIs, } of Il for n > 1, and
for each Ils,, Ils, € ﬁs, with i # j, atoms(Ils,) N
atoms(Ils;) C atoms(Ilxq). Accordingly, the LBBD so-
lutions Sol(TT o4, ﬁs) is the set of pairs (X, }7), where X €
Ans(lip) and Y = Yy U--- U Y, with ¥; € Ans(Ilg, U
fact(X)). Thanks to the subprograms partition, we have that
Sol(Ip, Is) = Sol(I, Is). Moreover, note that each
(ITpq,I1s,) is also an LBBD program.

Lemma 3. Ler (I, Ils) be an LBBD program, with Ilg =
{Is,,..., s, }. Foranyi € {1,...,n}, an MUS-Cut {p}
Sor (ITpq, s, ) is safe for (T p, Ils).
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Proof. By contradiction, there exists A € Sol,, (ITa, ILs)
such that A & Ans(IIx U {p}). For the definition of LBBD
solution with multiple subprograms, A is such that for each
i € {1,..,n} there exists a ¥; € Ans(Ils, U fact(A)).
This means that (A,Y;) € Sol(Ilxq,Is,). For Theorem
4, {p} is safe for (IInq,Ils,), thus Solm,, (ITam,IIs,) C
Ans(ITxq U {p}), which contraddicts our assumption, i.e.,
A€ Ans(TIpm U {p}). O

Algorithm 1 Main Algorithm
Input: An LBBD program (IT ¢, ILs)
Output: An optimal solution Y € Ans(ITpq U Ilg)

1: last, ub + 1,400
2: Safe, Unsafe < 0,0

3: loop

4 X, ¢ + SOLVEUB(ITr U Safe U Unsafe, ub)
5 if X = | then

6: if Unsafe = () then

7: return last

8: else

9: Unsafe < ()

10:  else

11: Y + SOLVE(Ils U fact(X))

12: if Y = | then

13: U, M + EXTRACT(ILs, X N atoms(ILs))
14: Unsafe < Unsafe U cut_mcs(M)

15: Safe < Safe U cut_mus(U)

16: else

17: last,ub <Y, c

18: Unsafe < REMOVEFIRST(Unsafe)

4 MUS/MCS-Guided LBBD Solving

This section presents an algorithm that allows for applying
both MUS- and MCS-Cuts to LBBD solving, combining the
optimality-preserving nature of the former, with the “pruning
power” of the latter.

Algorithm Description. Algorithm 1 takes as input an
LBBD program (II o, I1s) and iteratively searches for an op-
timal solution of IIx¢ U ILs. It starts initialising the variables
last to L and ub to +oo (line 1), which keep track of the
best solution and the corresponding cost found so far, respec-
tively. In line 2, the sets Safe and Unsafe, used to store the
MUSes and MCSes-Cuts, respectively, are initiallyised to .
The algorithm then calls the predefined function SOLVEUB
that searches for an X € Ans(IIqUSafeU Unsafe) with cost
c strictly smaller than the upper bound ub (line 4).! If such X
does not exist and Unsafe = (), the algorithm terminates, re-
turning the last solution found (line 7), while if Unsafe # 0,
it is cleared (line 9), and the algorithm resumes its search.
This is done since inconsistency might be caused by one or
more unsafe cuts. Otherwise, if a solution X exists, the prede-
fined function SOLVE searches fora Y € Ans(IlsUfact(X))

'Note that SOLVEUB implements a simple optimality cut
[Hooker, 2024].

(line 11). If Y does not exist, an MUS and an MCS are ex-
tracted from X N atoms(Ils) with the predefined function
EXTRACT (line 13) and their cuts (see Definition 9) are added
to Unsafe and Safe (lines 14 and 15), respectively. For a set
S, cut_mus(S) (respectively, cut_mecs(.S)) returns the corre-
sponding MUS-Cut (MCS-Cut). Lastly, if a valid answer set
of the subprogram exists, it is stored in last, while the value
of ub is updated to the cost ¢ of X (line 17), and the first el-
ement in Unsafe is removed (line 18). The algorithm then
resumes the search, attempting to find a better solution than
the one currently stored in last.

Note that removing at least one element from Unsafe is
not mandatory for the algorithm’s correctness, but it avoids
unnecessary computation. Indeed, if all MCS-Cuts are kept,
the next invocation of the master program will remain unsat-
isfiable (as we force the solver to find a better answer set).
While it is possible to clear the entire Unsafe set, doing so
would cause the master program to lose all learned informa-
tion and restart the search from scratch. As a heuristic, we
aim to preserve most of the previously learned cuts to guide
the search, while still restoring satisfiability to the master pro-
gram. In our implementation, we remove the oldest MCS-Cut
(i.e., the first one-added to Unsafe). This approach is inspired
by clause forgetting strategies used in CDCL-based SAT (and
ASP) solvers [Marques-Silva et al., 2021], where older con-
straints are discarded to improve performance.

Theorem'S. Algorithm I is correct and always terminates.

Proof. We start by showing the correctness. By construction,
the algorithm computes an LBBD solution (X, Y") if one ex-
ists. Thanks to Theorem 3, it follows that Y is also an an-
swer set of IIy4 U IIs. Whenever Y is found, the algorithm
stores it in last, and the upper bound ub is updated with its
cost, corresponding to cost(X,Y) (see Definition 6). The al-
gorithm stops only if SOLVEUB is unable to find a solution
with a cost strictly lower than ub and Unsafe = (). Hence,
the only cuts considered are those in Safe, corresponding to
MUS-Cuts. For Theorem 4, MUS-Cuts never remove LBBD
solutions. Thus, last is optimal. Now, we prove that Al-
gorithm 1 always terminates. The terminating condition re-
lies on the fact that SOLVEUB always returns different so-
lutions. Consider that SOLVEUB searches for an element
X € Ans(Ilpq U Safe U Unsafe) with a cost ¢ that is strictly
lower than ub, namely, the cost of the last LBBD solution
found. If such X exists, then it is employed to compute a so-
lution Y for IIs U fact(X). If Y exists, ub is updated with
c and the algorithm proceeds by iterating on finding a (new)
better solution; else, the MUS U is extracted and the corre-
sponding cut added to Safe. This prevents finding the same
X in the next iteration. If X does not exist, we observe that
SOLVEUB can return L at most two consecutive times. [

Handling Multiple Subproblems. Algorithm 1 can be nat-
urally extended to handle an LBBD program (ITx, I1s) with
a subprogram partition s (i.e., multiple subprograms). The

idea is to iterate on each subprogram in Ils, performing for
each of them the same checks described in lines 11-18, where
the only relevant difference is that an answer set can be as-
signed to last only if all subprograms admit at least one an-
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swer set, given the model X of the master program. If one or
more subprograms have no answer set, then an MUS and an
MCS are extracted for each such subprogram and their rela-
tive cuts are added to the Unsafe and Safe sets, respectively,
as described before.

Implementation. Algorithm 1 has been implemented as a
practical tool built around core reasoning services, like func-
tions SOLVEBOUND and SOLVE, which are supported by all
major ASP solvers. The implementation uses the ASP system
clingo [Gebser er al., 2018] (version 5.6.1) as the underly-
ing solver, with a Python script orchestrating multiple ASP
solver calls, exploiting c1ingo multi-shot solving capabil-
ities. MUS computation is achieved by shrinking unsatisfi-
able cores (as found by clingo after a solve call) by a lin-
ear elimination strategy, while MCS extraction is achieved by
solving an optimisation program II%, obtained by the exten-
sion of IIs with a weak constraint «~ ~ p. [1@1, p], for each
atom p discerning different answer sets of 11 o, i.e., there ex-
ists A, A" € Ans(Ilp() where p € Aand p ¢ A’. Algo-
rithm 1 requires many calls to an ASP oracle which may be
computationally expensive. Therefore, it is important to re-
duce as much as possible such calls and use timeouts to avoid
spending too much time on a single iteration. In practice,
we start by solving II¥ under a time budget to search for a
correction set. Empty correction sets indeed show that IIs
is actually coherent. If we are unable to prove optimality of
IT% but we find a correction set, we can obtain an unsafe cut,
but no safe cut (we did not prove the optimal cost of II¥ is
zero). When we are able to prove optimality of II¥, we ob-
tain the smallest correction set, and we can easily obtain also
an unsastisfiable set. We then further invest a time budget to
minimise this unsatisfiable core (leading to shorter safe cuts
that are typically more useful in the solving phase).

S Experiments

This section presents our experiments. The material used to
reproduce them is available as supplementary material.

To the best of our knowledge, only-three existing ap-
proaches combine LBBD with ASP. The first, by Cappan-
era et al. [2023], cannot be directly compared to our ap-
proach as it focuses on handling programs with high num-
ber of subproblems, requiring the usage of parallelism, which
is not currently supported by our tool. The second, by Do-
daro et al. [2026], includes 370 real-world instances of the
Nuclear Medicine Scheduling (NMS) problem. The third,
by Caruso et al. [2025], includes 4 real-world instances
of the Chemotherapy Treatment Scheduling (CTS) problem.
For the last two problems, the ASP program that solves the
NMS/CTS problem as a whole is referred to as DIRECT; and
the corresponding LBBD-based encoding is referred to as
LBBD. For LBBD approaches, the cuts used to refine the
master program were created by the authors and are domain-
specific. The NMS cuts are unsafe, while the CTS cuts’
safety has not been formally proved. However, we assume
their safety, since we verified that the obtained optima match
the ones of the original formulation. In the following, Algo-
rithm 1 is referred to as MUS+MCS. We do not consider vari-
ants of Algorithm 1 using only MCS-cuts or only MUS-cuts,

200
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-
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Figure 1: Number of solved instances in terms of optimal solutions
(z-axis) within a time limit (y-axis).

as the former leads to an incomplete approach, while the latter
has shown to be supbar to using both in preliminary experi-
ments. Experiments were executed on an Intel(R) Xeon(R)
CPU E7-8880 v4 @ 2.20GHz server with 500GB RAM and
88 physical cores, running up to 16 concurrent jobs. For both
problems, each run was limited to a timeout of 180 CPU sec-
onds. For the LBBD-based encodings, we use the same pa-
rameters of the original papers. In particular, for NMS we set
the timeout for the master and sub programs to 5 and 3 sec-
onds, respectively, while for CTS we set the master timeout
to 180 seconds and the subprogram timeout to 15 seconds.

5.1 NMS

Results for the NMS are reported in Table 1 where we show,
for each approach, the number of instances for which a feasi-
ble solution was found and the number of instances solved
to proven optimality. In addition, since LBBD can be re-
garded as an incomplete system, we also evaluate it using
performance indicators inspired by the incomplete track of
recent MaxSAT Evaluations (columns Score and ScoreOpt).
In particular, for an instance ¢ and a solver s, we define

Scoreg (i) %, where cost* (i) denotes the best

cost achieved on ¢ among all solvers, and cost (i) is the cost
returned by s. Score,(i) is 0 if the solver s fails to pro-
duce any solution for the instance i. However, Score does
not capture whether a solver is able to prove optimality. To
take into consideration also this aspect, we consider a vari-
ant, denoted as ScoreOpt, which adds a bonus of 0.2 on each
instance for which the solver successfully certifies optimal-
ity. For both Score and ScoreOpt, we report in the table
the average value over all instances. As a first observation,
MUS+MCS outperforms DIRECT in terms of optimal solutions
(257 vs. 213), but it finds less solutions overall (367 vs. 370).
Moreover, MUS+MCS obtains better values for both Score
and ScoreOpt. The better performance is demonstrated also
in terms of solving times, as shown in the cactus plots of Fig-

Approach ~ Solved Optimal Score ScoreOpt
MUS+MCS 367 257 0.891 1.030
LBBD 370 - 0998 0.998
DIRECT 370 213 0.703 0.818

Table 1: Number of (optimal) solutions found and (optimal) scores
on NMS instances.
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ure 1. We recall that a point (z,y) on a curve means that
the approach solved optimally z instances within y seconds.
It is possible to observe that DIRECT performs well on sim-
pler instances but shows a limited scalability. In contrast,
MUS+MCS solves more instances within the time limit and
it scales better than DIRECT.

When compared with LBBD, we observe a different trade-
off. Indeed, LBBD obtains the largest number of feasible so-
lutions with no possibility of proving the optimality. In con-
trast, MUS+MCS finds slightly fewer feasible solutions (367
vs 370), but it proves that 257 of them are optimal. As for
the scores the two approaches are very close, LBBD is an in-
complete system and obtains a higher Score than MUS+MCS
(0.998 vs 0.891), while MUS+MCS is a complete system and
obtains a higher ScoreOpt (1.030 vs 0.998 ).

5.2 CTS

Concerning CTS, DIRECT does not solve any instance within
the timeout. In contrast, both MUS+MCS and LBBD prove
optimality on three instances, while they do not return any
feasible solution on the remaining one. As for the runtime,
MUS+MCS is slightly slower, with an average solving time of
118 seconds, compared to 78 seconds for DIRECT.

With respect to Score and ScoreOpt, MUS+MCS and LBBD
achieve identical average values, namely 0.75 and 0.90, re-
spectively. These results show that MUS+MCS is competitive
with the manual and domain-specific approach and consis-
tently outperforms DIRECT. Finally, although MUS+MCS and
LBBD solve the same number of instances, they succeed on
different subsets as MUS+MCS solves instances 1, 3, and 4,
whereas LBBD solves the first three instances.

6 Related Work

The LBBD [Hooker and Ottosson, 2003; Geoffrion, 1972;
Rahmaniani et al., 2017] approach has been extensively ap-
plied to combinatorial optimisation problems, particularly in
cases where the problem can be naturally decomposed into
multiple interconnected subproblems. In scheduling appli-
cations, the LBBD approach has been recently used in the
context of ASP for solving three problems from the health-
care domain [Cappanera et al., 2023; Dodaro et al., 2026;
Caruso et al., 2025]. The decomposition and cuts are
problem-specific, require manual design, integration, and
deep knowledge of the target domain. Although very effec-
tive, the optimality of the solution must be checked for each
problem. Conversely, our algorithm is problem-independent,
relying on structural properties of the ASP program accord-
ing to the splitting theorem, does not require domain-specific
knowledge to define cuts, and preserves optimality.

Our contributions rely on the notions of MUSes and
MCSes [Alviano et al., 2023], which are concepts widely
studied in SAT/MaxSAT, and in ASP have been used in
unsatisfiability-based reasoning [Alviano et al., 2024; Dodaro
et al., 2019] and the notion of unsatisfiable sets (or cores)
has been widely used to support the solving of programs with
weak constraints [Andres et al., 2012; Alviano et al., 2020].
Saikko er al. [2018] adapted to ASP an Implicit Hitting
Set (IHS) approach for evaluationg programs with weak con-
straints, building on the techniques used in MaxSAT [Davies

and Bacchus, 2011]. In more details, their approach collects
cores using an ASP solver and then computes a (minimal) hit-
ting set (MHS) of such cores, using a dedicated integer pro-
gramming (IP) solver, in an attempt to derive an optimal solu-
tion. This work is related to this paper, since an MCS can be
seen as an MHS of all MUSes [Reiter, 1987]. Moreover, both
approaches aim to minimise unsatisfiable sets under a given
resource limit, and return a non-minimal core when this limit
is exceeded [Alviano and Dodaro, 2016]. Nevertheless, there
are also important differences. First, our work is more gen-
eral, as we allow a broader notion of unsatisfiable core, and
not only a subset of weak constraints that appear in the pro-
gram. This generality comes at a higher technical cost, since
correctness of the decomposition must be ensured; weak (and
hard) constraints represent a special case within our theoreti-
cal framework. Second, while Saikko et al. [2018] rely on an
ASP solver to extract cores and on an IP solver to compute an
MHS, we use the same ASP solver to compute both MUSes
and MCSes. In particular, we rely on optimisation statements
to directly compute a minimume-size correction set of the pro-
gram, rather than an external solver that computes hitting sets
over a collection of previously identified cores. Third, our
method does not require the computation of a minimal unsat-
isfiable/correction set, as it suffices to produce an unsatisfi-
able set and a correction set, whereas the approach of Saikko
et al. [2018] must compute an MHS over the collected un-
satisfiable sets to guarantee optimality. Fourth, Saikko ef al.
[2018] use MCSes to relax weak constraints, while we use
MCSes as a heuristic to guide the search.

Finally, our method uses unsatisfiable cores as domain-
agnostic cuts, similarly to Davies et al. [2017] who in-
troduced automatic LBBD in MiniZinc [Nethercote et al.,
2007]. There are, however, several differences. First, our
use of correction sets to handle multiple unsatisfiable cores is
novel. Second, our framework natively supports multiple sub-
problems, in contrast with their single-subproblem formula-
tion. Third, our implementation allows users to explicitly de-
clare the objective atoms associated with the subproblem(s),
while Davies et al. [2017] perform this step automatically.

7 Conclusion

In this paper, we formalised conditions, relying on the split-
ting theorem, to guarantee that a decomposition with ASP
reflects the properties of the LBBD approach. Moreover, we
perform a theoretical analysis of the conditions under which
LBBD cuts in ASP reflect feasibility/optimality cuts and ex-
tend them to more subprograms. Exploiting MUSes, we gen-
erate safe cuts in a fully automated, problem-independent
way. We proposed an algorithm that employs the concepts
above and also correctly handles unsafe cuts generated from
MCSes. We tested it on scheduling instances, showing ad-
vantages for our proposal in terms of CPU time over a direct
approach while preserving the optimality. Future work in-
cludes extending our theoretical analysis to settings in which
the subprograms are also optimisation programs, and support-
ing parallelism so that other domains can be analysed.
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