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Abstract

Social Law Synthesis (SLS) in strategic environ-
ments is a novel multi-unit mechanism design prob-
lem, spanning modeling to computational chal-
lenges. We derive a method to specify the problem
succinctly, reduce payment determination to allo-
cation determination, and design an integer linear
programming (ILP)-based algorithm that further re-
duces allocation to a polynomial-time ILP formula-
tion. This offloads intractability to powerful ILP
solvers, yielding a truthful, individually rational,
and profit-optimal mechanism.

1 Introduction

Social laws have proven to be a powerful and theoretically
elegant approach to coordinating multi-agent systems. Based
on modal logic, we can model a multi-agent system as a se-
mantic structure, specify the system’s properties as logical
formulas, and then verify these formulas via model checking.
A social law is a set of restrictions on the available actions
of agents, altering the system’s underlying structure in the
hope that desirable properties (objectives) will emerge in the
new structure [Agotnes ef al., 2007]. By enabling the ex-
pression of valuations for potential social laws and account-
ing for the cost of implementing each action restriction, SLS
can be modeled as an optimization problem [Agotnes and
Wooldridge, 2010]. However, we find that information in-
completeness and the self-interested nature of agents, com-
mon in typical strategic environments, can introduce unavoid-
able obstacles to solving this problem. For example, the costs
of action restrictions, which are key optimization parameters,
are known only privately to each agent; if we attempt to elicit
these costs by “asking” the agents, they may strategically mis-
report them to maximize their own utility.

This challenge naturally falls into the domain of algorith-
mic mechanism design [Nisan et al., 2007]. We adopt the
powerful Alternating-time Temporal Logic (ATL) [Alur et
al., 2002] as our foundation, enabling us to model SLS as an
auction design problem characterized by the following fea-
tures:

*Jian Huang is the corresponding author.

1) Multi-unit Procurement: Each agent has multiple avail-
able actions, and the social law designer seeks to selec-
tively restrict a subset of actions for each agent.

2) Bayesian single-parameter setting : Each agent holds
private information-about the unit cost of restricting each
of its actions, while the prior probability distribution of
these unit costs is common knowledge.

3) Profit-Optimality: The objective is to reliably output the
social law that maximizes profit (defined as value minus
payment), even when agents behave strategically.

The primary challenge stems from the “multi-unit” nature of
the problem, which prevents us from deriving a clean so-
lution directly from Myerson’s framework [Myerson, 1981;
Elkind et al., 2004]. Indeed, the interplay between the “multi-
unit” setting and the sophisticated semantics of ATL renders
both the modeling and computation of the mechanism beyond
the reach of current state-of-the-art techniques. We aim to de-
velop a solution by carefully analyzing and leveraging ATL’s
syntax and semantics.
Our main contributions are summarized as follows:

1) We formally prove a representation lemma for ATL-
based social laws: any valuation function that does not
distinguish alternating bisimulation-equivalent struc-
tures [Alur et al., 1998] can be succinctly represented as
a feature set, allowing us to formalize SLS as an auction
design problem.

2) We identify that the critical obstacle from “multi-unit”
settings is irregular payment calculation. We address
this by designing an efficient polynomial-time reduction
of payment determination to allocation determination,
making allocation the key problem to solve.

3) We finally prove that allocation determination is FP™ -
complete, and then reduce it to ILP in polynomial time
by successfully encoding ATL semantics into a set of
ILP constraints. This offloads the computational in-
tractability to highly mature ILP solvers, which are
widely used for large-scale industrial problems. Since
payment determination reduces to allocation determina-
tion in polynomial time, we obtain a mechanism that
is truthful, individually rational, profit-maximizing, and
efficiently computable with ILP solvers.
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Building on the above work, we propose a self-enforcing
social law synthesis method that reliably optimizes expected
profit in strategic environments.

2 Preliminaries

In this section, we introduce our problem setting.

2.1 Optimal social law synthesizing problem

Social laws can be formalized based on ATL, which adopts
Concurrent Game Structures (CGS) as the semantic structure.
Cost-aware concurrent game structure, CCGS: We define
CCGS as an extended CGS where a marginal cost function
which specifies each agent’s unit cost is added. Formally, a
CCGS isatuple S = (k,Q, qs,II, 7, ¢, ¢,0) with:

e Aset Ag = {1,...,k} of agents, a finite set @) of states,
an initial state g5 € (), a finite set IT of propositions, a
labeling function 7 specifying for each state g € (), a set
m(q) ¢ II of true propositions, and an action function
. For each agent a € Ag and each state ¢ € (), a non-
empty set £,(q) of actions is available to agent a at state
q. A joint action of all the agents at state ¢ is a tuple
(j1,..-,Jk) such that j, € £,(q) for each agent a. We
write D(q) for the joint action space £1(q) x ... x ex(q).

¢ A unit cost function c¢. For each agenti € Ag, if n € N
of her actions are restricted, then the resulted cost to her
is n-c(i). We assume ¢(i) to be agent 4’s private in-
formation, but as public information ¢(1), ..., c(k) are
independent continuous random variables 1, ..., T re-
spectively, where each x; is drawn from the interval
X; = [0,w;] subject to a probability density function f;.

¢ A transition function é. For each state ¢ € () and each
joint action (j1, ..., jx) € D(q), 6(q, 41, ---, Jk )-€ Q is the
next state if every agent a € Ag chooses action 7.

A CCGS intrinsically specifies the running of a multiagent
system: each agent chooses an action simultaneously, and the
actions chosen by all the agents determine the next state.

Note that, our cost model contains an assumption of con-
stant marginal cost per action restriction. It actually tries to
generalize the “minimality” objective in SLS proposed by [Fi-
toussi and Tennenholtz, 2000], which requires the social law
to restrict as few actions as possible, and thus include least
“side effects”. Our cost model makes sense especially in
cases when it is hard for the agents to determine the actual
cost for restricting each individual action. Actually, it is eas-
ier for them to specify a rough or average cost per action
restriction, and in this way we can well capture the agents’
preference on fewer restrictions. We will study more general
cost models in our future work.

Alternating-time Temporal logic, ATL: We can adopt ATL
for specifying and verifying CCGSs. The language of ATL,
denoted as £ 47y, is generated by the following grammar:

@ == pl=pler V2 (ADOpl(A) O pl(A)pi1lpa,

where p € I is a proposition, and A € Ag is a coalition.
The symbols O, 0,U are the conventional linear-time tem-

poral operators “next-time”, “always”, “until”, respectively.

For a set A ¢ Ag, the operator {(A) is a path selection op-
erator, with { A)t) aims to denote “coalition A can reliably
enforce property 1”. Given a ATL formula ¢, we use the no-
tation S, q E o to mean “yp is satisfied in the state q of S”.
Social laws: A social law is an action constraint 7 for a
ccGS S = (k,Q,qs, 11, m,e,¢,0) defined as a function Vi €
Ag,q € Q : 1i(q) c g;(¢g). The new structure obtained by
implementing social law 1 on S, denoted S, is the structure
S"=(k,Q,qs, 11, m,€",¢,0") where Vi e Ag,q e Q : €i(q) =
e:(q) ~ni(q), and ¢’ is obtained from § by restricting the do-
main of definition according to &’. Intuitively, the implement-
ing of a social law on a CGS is deleting from it all the actions
restricted by this social law. We let SLg denote the set of all
the possible social laws for S, and let Wg denote the set of
possible CCGSs that can be obtained from .S by implementing
a social law, that is, Wg = {S" | In e SLg : Sin=5"}.
Demand valuation function, DVF: Each of the structures
in W has a possibly different value, which can be spec-
ified as a DVF v : Wg — R*. From the perspective of
each agent ¢, implementing a social law 7 results in a cost
Ci = c(i) - ¥ yeq Ini()]- If the value of c(i) was known, we
can pay exactly C; units of money to agent ¢ to compensate
its cost. Therefore the overall payment to all the agent should
be ¥ ;a4 Ci, and the profit of implementing social law 7 will

be
g(n) =v(Stn) = 3 (c(i) 3 ()] (1)
i€Ag qeQ
Finally, profit optimal social law synthesizing can be mod-
eled as the optimization problem of finding a social law that
maximizes the function g(n).

2.2 Compactly represent the DVF

Based on the work in[Alur ef al., 1998] and [Agotnes and
Wooldridge, 2010], we can define a bisimulation relation be-
tween the state sets of two arbitrary structures in Wg.
Alternating bisimulation relation: Given two CCGSs S =
(k7 Qa qs; Ha ™, E,C 6) and S, = (k,a Q,7 q;7 H,a 71", E,a clv 5,>
based on the same agent set Ag = {1,..., k}, any binary rela-
tion Z € Q x Q' is called an alternating bisimulation relation
if ¢sZ ¢, and for any ¢Z¢’, we have

1) 7(q) =7'(¢);
2) For each A ¢ Ag and every m4 € Da(q), there is a

m'y € D'y (¢') satisfying for all ¢, € out(q’,m'y), there
is a g, € out(q,ma) satisfying ¢, Zq.,; and

3) For each A ¢ Ag and every m/, € D’,(¢'), there is a
ma € D4(q) satisfying for all ¢, € out(q,m4), there is
aq, €out(q',m’y) satisfying ¢, Zq.,.

Note that, according to ATL semantics, in any state g € ),
D4(q) denotes the joint action space of coalition A, and
out(q,m 4) denotes the set of possible next states when coali-
tion A chooses the joint action m 4. The readers can consult
the full version or [Alur et al., 2002] for more details about
ATL syntax and semantics. We say two structures .S and S’
are alternating bisimulation equivalent, denoted as S < S’,
if there is a bisimulation relation between S and S”.

The representation lemma: Based on the following result,
we can formally prove the subsequent representation lemma.
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Theorem 1. [Alur et al., 1998] For two concurrent game
structures S and S', if S € S’ and qZq’, then for an arbi-
trary ATL function o, we have S,q e ¢ iff S',q¢' E .
Lemma 2 (Representation Lemma). The following two state-
ments are equivalent:

1) ¥VS51,55: S < S implies v(S) =v(S");

2) 3 feature set F = {(p1,¢1), ..., (¥k,ck)}, where k ¢
N,VjeAg:¢; € Larr,c; €RY, and for all S € Wg:

v(S)=0(F,S) = > ¢

(¢4.¢5)eF;5,qsFp;

Results show that DVFs that do not distinguish alternating
bisimulation-equivalent structures admit compact feature-set
representations. We focus on this class of DVFs for their
mathematical soundness and broad applicability. Note that

all proofs in this paper are deferred to the full version'.

3 Mechanism Design

3.1 Social law Synthesis via auctions

We select the social law by running a procurement auction:
firstly we announce a mechanism consisting of an allocation
function R : X - SLg and, for each agent ¢, a payment
function P; : X - R*. We then collect the bids (i.e., cost
reports) from the agents to obtain the bid profile z, and finally
select the social law 7 = R(z) and pay P;(x) to each agent
i. Note that, the function R can be equivalently specified as
Vi,q,a: R} (x) =1 (indicating that agent i’s action a in state
q is selected) if a € (i, q), R}, (x) = 0 otherwise. Now, we
let R;(x) be the total number of agent i’s restricted actions
when the bid profile is z, i.e.,

Ri(z)=), > Rl (2) @
q€Q aee; (q)

Bayesian games: After a mechanism (R, P) is determined,
it applies to any instances of agent set A where real costs are
randomly drawn from X, the system intrinsically becomes a
Bayesian game (A, (X, fi, Bi, 4i)ica) Where

* X, now denotes not only the cost space but also the ac-
tion space for agent i, i.e., each «; € X; also denote the
action “bidding/reporting z;”’;

* B, is the strategy space of agent ¢, consisting of all func-
tions of the form b : X; - X;, which allows agent i to
report its cost strategically.

e u; : X;xX — Risagenti’s utility function. When agent
1’s true cost is x;, a bid profile x yields the utility:

ui(xs, x) = Py(x) — x; - Ri(x) 3)

The expected utility achieved by agent ¢ whose unit cost is
x; € X; when submitting a bid z € X; is

wi(wi,2y) =By ex , [wi(wi, (25, 2-:))] 4

Bayesian-Nash Equilibrium (BNE): A strategy profile
(b1,--,by) is a BNE if and only if

Vi,l‘i,b; +b; ¢ ﬂz(xz,b(ﬂit)) > ﬂl(xl,b,(l‘t)) ®))

! Available at https://arxiv.org/abs/2605.16853

A mechanism is called Bayesian-Nash Incentive Compatible
(BNIC) if and only if truthful bidding(i.e., b;(x;) = x; for all
¢ and z;) constitutes a BNE. According to the famous Reve-
lation Principle [Nisan and Ronen, 20011, we can restrict the
search space to BNIC mechanisms without loss of generality.

When agent ¢ bids «, we let r! (), ri(«}) and p;(z})
be the probability of agent i’s action a in state q being se-
lected, the expected number of agent i’s selected actions and
the expected amount of payment to agent 1, respectively, then

ria(27) = fx_v Rl (@}, x_) f-i(x_s)dz_; 6)

n(xi){j Z Tga(xg):L}?i(xgﬁ—i)ﬁi(ﬂi)d%i )

9€Qace;(q)
Pl = [ PG@hefieddes®)
X
By equations (4)(3)(6) and (8) we can further obtain
i (i, f) = piap) = ri(z))z; ©)
Thus, the expected utility of agent ¢ when bidding truthfully
is:
Ui (wi) = (i, ;) = pi(@i) —ri(@:)z; (10)
Ensuring agents voluntarily comply with the restrictions
(rather than via “hard constraints”) is naturally captured by
the game-theoretic concept of Individual Rationality (IR),
which requires that each agent receives a non-negative ex-
pected utility after the social law is implemented. For BNIC
mechanisms, IR is equivalent to:
Profit: For any cost profile x € X, the selected social law and
the payment to agent ¢ will be R(x) and P;(x) respectively.
For a designer with feature set F, the profit is
o(x) =vr(STR(z)) - > Pi(x) (12)
€A
The expected profit of the designer over the cost profile space
X is thus:

Evex[o(@)]= [ (vr(StR()) - ZAPi(x))f(:v)dx (13)

The aim of this paper is to find a BNIC and IR mechanism
(R*, P*) that maximize the expected profit.

3.2 Truthful multiunit profit-optimal mechanisms

First, we prove that the allocation and payment of any BNIC
mechanism can be characterized as follows:

Lemma 3. A mechanism (R, P) is BNIC iff Va; € X;:
1) r;(x;) is monotone nonincreasing; and
2) the expected payment to each agent satisfies:
pi) = pi(0) +amies) - [ mtydts (4
0
Fi(xi)

We denote \;(x;) = ; + en) and refer to it as the virtual

unit cost of agent i. We focus on the regularity case of the
space X, where ); is non-decreasing function of z; for every
1. The above result leads to the following lemmas.
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Algorithm 1 PO-ASL Mechanism

Input: structure S = (k,Q, g5, 11,7, ¢, ¢, 8), feature set F,
p.d.f. f; of each agent i’s cost, and bid profile x
Output: the allocation and payment (R*(z), P*(x))

1. Find social law = R*(z) € SLg maximizing

€A qe@

g(n,z) =vr(Stn) - 3 (Ai(fvz')' > Im(q));
2. Compute the payment to each agent ¢ as follows:

+o00
P (x) = R} (z)x; + f R (ti,x_;)dt;;

Zq

Lemma 4. A mechanism (R, P) is BNIC only if
Evex[o(0)]= [ (vr(StR() - LN@)Ri(@))  @)da

s)
+o00
i€A 0
Lemma 5. A mechanism (H, P) is BNIC and IR only if
+oo
VieA:pi(O)—f ri(t;)dt; > 0 (16)
0

Moreover, we further have:
g(n,x) =vr(Stn) = 30 (Na(@i) - Y Im(@)l) (A7
€A qeQ

where x € X is the current bid profile and 7 is a selected
social law. Based on the above results, we present the PO-
AS L mechanism, as outlined in Algorithm 1.
Dominant Social Law: An (i,n)-social law n* that maxi-
mizes g(n,z) over all (i,n)-social laws under bid profile &
is called a dominant (4, n)-social law under x. The DOMI-
NANT (4,n)-SOCIAL LAW problem refers to, given a struc-
ture S, a feature set F, a probability density function f; for
each agent 7’s cost, and a bid profile z, finding the dominant
(i,m)-social law.

The allocation step of the mechanism PO-ASL is to find
the dominant social law under the bid profile x.

Lemma 6. The allocation function of PO-ASL is monotone
nonincreasing.

Combining these lemmas, we can further prove:

Theorem 7. PO-ASL is BNIC, IR, and maximizes the ex-
pected profit among all BNIC and IR mechanisms.

It is well-known that for single-parameter procurement set-
tings, truthful mechanisms (where truthful bidding is a domi-
nant strategy) can be characterized as follows:

Theorem 8. [Archer and Tardos, 2001; Hartline, 2006] A
single-parameter procurement auction is truthful if and only
if for any agent i and bids of other agents x_; fixed,

* Ri(x;,x_;) is monotone non-increasing.
 Pi(mi,wn) = Ri(wi,x)m+ 7 Ri(ti, z_)dt

We prove that the mechanism PO-ASL satisfies exactly
the above characterizations and is therefore truthful.

Corollary 9. PO-ASL is truthful.

4 Computation

The specification of PO-ASL defines the allocation deter-
mination and payment determination problems, but does not
provide practical algorithms for solving them. We now ad-
dress this gap by providing practical algorithms.

4.1 Reducing payment to allocation

In single-unit settings, P;*(x) is simply the threshold bid of
agent ¢ and can be found by computing the allocation twice,
once for ¢; = 0 and once for ¢; = +c0. However, when each
agent may hold multiple units, this shortcut no longer applies.
Whether an efficient method exists to compute payments in
this setting is an open question.

Irregularity in payment calculation in multi-unit settings:
Computing the payment P;*(x) for each agent requires eval-
uating the integral of R} (¢;,x_;),-a function that describes
how the allocation to agent i changes as its bid ¢; varies from
0 to +oo (with other agents’ bids «_; fixed). A brute-force
approach—computing the allocation for all ¢; € [0, +oco]—is
obviously infeasible. We must therefore find a more efficient
approach.

Turning points in the allocation curve, TP: Our first obser-
vation is that R} (¢;, —;) must be a monotone nonincreasing
step function-of t;. This follows from Lemma 6, where we
proved that R} (¢;, x_;) is monotone nonincreasing, and from
the factthat R} (¢;, z_;) represents the number of actions se-
lected for agent i. To determine R (t;,x_;), it is sufficient to
find its turning points, which form the sequence:

(plan1)7 (p25n2)7 ceey (pk7nk)

where n, ..., ny are different natural numbers, (p;,n;) in-
dicates t; = p; is the point where R;(t;,z_;) changes to
nj, and therefore k& € N~ {0}, Vi € [1,k] : p; € R* and
ng, = 0. Moreover, we also let pg = ;, ng = R} (z;,2_;), and
Vj > k:pj=+oo,nj =0, and so we have Vj € [0,k],Vp €
(pj,pj+1) : Ry (p, ;) = nj.

Deriving an efficient algorithm: We begin with the follow-
ing lemma, which shows that if a social law 7 outperforms
another law 7’ (which restricts more of agent 4’s actions) at
bid x;, n will continue to outperform ' for all higher bids
t2> Z;.

Lemma 10. If g(n, (zi,2 )
Yo (@) < Zyeqni(a)l
g(n', (t,z_;)) forall t > z;.

For any i € Ag and n € N, We let

ScO™ = (neSLs| Y Ini(q)| = n} (18)

qeQ

> g(n',(2;,2-)) and
then g(n,(t,z-;)) >

That is, Sﬁg’n) refers to the set of all possible (7, n)-social
laws, and moreover, we let

n(im,(zi,xﬁ‘)) =arg max g(T], ("L“x—z)) (19)
nesci ™
U(Ii@—i) =arg max g(n, (z;,x_;)) 20)
neSLg

So, n(m(@iz-0)) and y(#i:7-1) refer to the dominant (i,n)-
social law and the dominant social law respectively under the
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bid profile (x;,z_;). The following result shows that when

agent ¢’s bid varies from 0 to +oo, the dominant (¢, n)-social

law remains unchanged:

Lemma 11. Vt; € [0, +00) : (87 (tis2-)) =
Thus, the dominant (4,n)-social law is independent of

agent i’s bid, so we may denote it as n{(*"®-¢)

n(i,n,(O,w,i)).

Lemma 12.

Vt; € [z, +00) s arg max g(n, (t;,-;)) =
7768[,5

arg max g(n, (ti,z_;)).

ne{n(tme-i) | n<R} (x,-)}

This result implies that the search space for the optimal
social law can be greatly refined. As agent ¢’s bid increases
from z; to +oo, the social law that maximizes the objective
function must lie in the set {n(*F: (@oe-i)w=i) | p(i.02-)y
which contains only R} (z;,z_;) + 1 social laws.

Letv(n,t) denote the objective function value of 7(%™®-i)
under bid profile (¢,z_;), and let v, = v(n,0). This yields
the following result for the variation of v(n,t) as agent i’s
bid varies from 0 to +oo:

Lemma 13. v(n,t) = v, — nX;(t).

We now combine these results to prove the following the-
orem for determining the turning points, whose intuition
is illustrated in Figure 1. The upper part of the figure
shows the curves v(5,t),...,v(0,¢). By Lemma 11, each
curve corresponds to a fixed social law. By Lemma 10,
while all curves are monotone non-increasing, v(n,t) de-
clines faster for larger n. At ¢ = x;, the dominant so-
cial law is n(*3*-) By Lemma 12, as t increases from
x; to +oo, the dominant social law will always be in
{n(@3@=i) p(2z-i) p(les) p(.0.2-)% and will have the
highest objective function value. Graphically, this corre-
sponds to the curve that remains on the “top layer” of the
stack, which successively includes the green curve (A’, B),
yellow curve (B, (), purple curve (C; D), and blue curve
(D, E). These curves correspond exactly to the allocation
function R*(¢;,2_;) shown in the lower part of the figure,
with turning points at B, C' and D. Theorem 14 identifies the
first intersection point of the current top curve with any other
curve as ¢ increases:

Theorem 14. Vj > 1:lfn,_y > 0, then:

Un,_; — U
pj = min Al(u)

0<m<n;_1 nj—l -m
Un._, — U
1 Mnj-1 m
=arg min A (—/————)
0<sm<n;_1 nj-1—-m

Otherwise, p; = +oo and n; = 0.

With a precise representation of the curve R} (t;,z_;), we
can now determine the payments:

Theorem 15. Let k € N be the smallest index such that ny, =
0. Then the payment to agent 1 is

z) = Z (nz 1‘"1)]%

1<i<k

i (x%

gMERE=D, (£, x_,))

v(5,t)
Vs v(4,t)

v(3,0)
V3 v(2,t)
vy A V(l, t)
Vz\ X v(0,0)
k! E’\\

~C
Vo) oD E

o

nm

n

n3

Po = Xi p, 123 Py t

Figure 1: Turning points of agent ¢

We now present algorithm 2 for payment computation,
which uses the subfunctions Allocation(-) and Allocation-
Fix(:) to find out the dominant social law and the dominant
(i,m)-social law, respectively. The implementation of these
subroutines is deferred to Algorithms 3 & 4 later in this paper.

Corollary 16. Algorithm 1 correctly computes the payment
of mechanism PO-ASL.

4.2 Computational complexity

Allocation determination is the basic building block of the
proposed mechanism, however we can show it is intractable.

Lemma 17. Both DOMINANT SOCIAL LAW and DOMI-
NANT (i,1)-SOCIAL LAW are FPN T -complete.
Theorem 18. Mechanism PO-ASL is FPN T -complete.

Thus, we are unlikely to find efficient algorithms for di-
rectly computing PO-ASL. Methodologies for countering
intractability should therefore be considered.

4.3 An ILP-based algorithm

We propose an approach that, given an instance of DOM-
INANT ((4,n)-)SOCIAL LAW, automatically constructs an
ILP such that solutions to the ILP correspond exactly to solu-
tions of the original problem instance.

Closure: Let cl(y) denote the closure of a formula ¢, i.e.,

() = {p} usub(p) 21)

where
c(y)ucl(x), if =1 v xor (A)Ux
sub(p) =1 cl(), if o=~ or (A)Oy or (A)Dy
{v}, if pell
(22)
E.g., Example 2 (in the full version). The number of formulas

in cl() is called the size (or length) of formula .
For any feature set F = {(¢1,¢1),..., (¢n,cn)}, we let

c(F)=cl(p1)u...ucl(pn) (23)
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Algorithm 2 Payment

Input: structure S = (k, @, ¢s, 11,7, ¢, ¢, d), feature set F,
p-d.f. f; of each agent i’s cost, and bid profile x
for allie Ag do

n* < Allocation(S, F, f1,..., fx,x);

no < Lgeq 115 (@);

if ng = 0 then
x; < 05
else

for 0 <n < ng do
n" < Allocation-Fix(S, F, f1,..., fx,x,i,n);
o < g0 (0,74));
end for{determine all the (i,n)-social laws}
ne < nps J < 15
while n. > 0 do
pj < min0§m<nj_1 )‘z_l (%)7
nj < argmingemen, , A’ (%),
Ne < N Jj++;
end while{find the TPs by theorem 14}
T < Yicicj-1(Mi-1 —n4)pis
{compute agent i’s payment by theorem 15}
end if
end for
return (z1,...,%k)

Actually, cl(F) is the set of all the formulas which can pos-
sibly influence the valuation of the objective function.
Variables: We can first of all introduce the following 4
classes of boolean variables:

1) xfo €{0,1},VqeQ,pecl(F)

2) yi, €{0,1},¥qeQ,ic Ag,acei(q)

3) thmA € {07 l}a vq € Q,A c Ag,ﬁlA € DA((])

4) 297 €{0,1},Vqe Qe cl(F),Ac Ag,ima € Da(q)
where

1) zd = 1iff STn,q F ¢;

2) yga = 1 iff at state g, agent ¢’s action a is forbidden;

3) y%:ﬁm = 1 iff at state ¢, joint action m 4 is forbidden;

4) %% =1 iffat state g, coalition A adopting joint action
A.mA . . .
m 4 can guarantee that ¢ is satisfied in the next state.

We now introduce additional intermediate variables and
transform these constraints into an equivalent set of ILP con-
straints, yielding the following ILP for solving the DoMmI-
NANT SOCIAL LAW problem.

Note that, we focus on the state set @), formula set cl(F),
and agent set Ag, so for example we write Yq,i,¢ as an
abbreviation for Vq € Q,i € Ag,o € cl(F). When the
state ¢ is clear from the context, we also write Vm 4 as
an abbreviation for Vima € D4(q), and write Vm 5 as an
abbreviation for Vi z € D ;(q). Moreover, V{A) means
for every operator {(A) that appear in a formula in cl(F).

ILP-DOM-SL(S, F, fi, ..., fx, T): maximize

ds _ €T z()
ool - Y (wi+ oL

(pi,ci)eF i€Ag qeQ aee; (q)

subject to:
zf, €{0,1}, Vg, ¢ (25)

y;}:a € {071}7 VQvi»a GEi(q) (26)
> (1-yl)>1,Yq,i 27)

aee;(q)

Yam, €101} Vg, (A) or (A),ma (28)
Yama 2 Yimali) an (A) or (A}, ma,i (29)
yfi:mAsZy;{m , Vg, {A) or (A),ma (30)

S, € 10,1}, Ve, @, (A),ima,m g (31)

Zm 4 yA - Vg, 0, (A, ma,mg (32)

> 5(’1’(’”“’""*” Y. 0. (A)a,mg (33)

q: ) 296 (4 M 7) Va0, (A)mam g (34)

ZAm €{0,1},Yq, ¢, (A),ma (35)

2 e S8 o V0, (A A, g (36)

Zz{:th 21~ Z (]‘_SAmA mA) Vq,@a <<A>>7mA (37
maeDz(q)

xg =1,Vq,pe (IIncl(F))nn(q) (38)

xl=0,Yg,pe(IIncl(F))~n(q) (39)

=1- I?ga quﬂgp (40)

ivx >zl Vg, vx 41)

%VX >zl Vg, vx (42)

Tl ST, +qu, Vg, v x (43)

ehr  €{0,1},¥q,0,(A),ma (44)

e 22 =Y V@, (A), A € q (45)

ehia < Zifm Vg, 0, (A}, ma (46)

eA:mA <1 _yA Mg q 1) << » ma (47)

T a0 2 €55 s Ve, (A)Op,mha (48)

TLayog < %t V4, (A)Op (49)

maeDa(q)

Tiayuuy € (0,1} Vg, (A)gix (50)
Tlayuy S Ty V@ (A)PUx (51)
My S 2 e(i{ffﬁ,i)wx’vm (A)vux (52)

maeDa(q)
> 2, + 5NN 1 g (At (53)
Tl ayuuiy 2 T V8 (ADpUx (54)
T aypuix 2 TZA))M,{X? Vg, (A)ypUx (55)
T apyux ST T TZA»W Vg, (A)YUX (56)
T ayoe < Th: Va0, (A)Dp (57)
Tlapop S 2 492 v, (A)op (58)

maeDa(q)

<(A))[] >z +€A<$f2 -1,Yq, (A)op,ma (59)

ma
ma

q
" Ayyux
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We define ILP-DOM-IN-SL(S, F, f1, ..., fx, z,1,n) as the
ILP obtained from ILP-DOM-SL(S, F, fi, ..., fx, ) by aid-
ing the additional constraint:

2 2 Ya=m (60)
4eQ acei(a)

The dependencies between the variables can be vividly de-
picted as figure 2.

y;a
q ,
yA:m,; :EZ’
Yia Sﬁﬁ;Amﬁ
y?ﬁt:mA zzl’f?;
\ A
q , ’/
%\ Xt
rd /
xd (Adetty x:llj
\xq Iy x4 <
(A)pUy (AYOp (A)oe

Figure 2: The dependencies between the variables

The solution to ILP-DOM-SL or ILP-DOM-IN-SL is ac-
tually an assignment ¢, which assigns an 0 or 1 to each of
the variables under all the constraints. We let 7¢(i, q) be the
social law corresponding to assignment ¢, that is,

(i q) = {a e i (QI(yf,) = 1} (61)
Then, we can further prove the following results:
Lemma 19.
1) Vg,i,a: €(y},) = 1iffaene(i,q);
2) Vq, A, mha: é(yZ:mA) =1iffdieA: f(ygmA ]) =1

3) Y, (A, ha, i (%5, m) = Vil (WY, ) =1
5(q,(ﬁ1A,ﬁ1A))) -1
%) ;

orl(z
4) é(ZZ{:th =1iffVmz :é(safm\,mg) =1
5) Vg, 0, Amac (€40, ) = 1iff (Y., ) =0and ;
6) Yq,(A)vUx: E(rzA»wa) =1 iﬁ”ﬁ(xfb) =1and Iy :
(C,) = 0 and 00258079 = 1),
Lemma 20. For any ¢ € cl(F), £(z) = 1iff Stne, q E .

Finally, the following theorem follows from the above two
lemmas. It shows that the proposed ILP correctly computes
the allocation function.

Theorem 21.

1) If L is a solution to ILP-DOM-SL, then n, is a dominant
social law under the bid profile x;

Algorithm 3 Allocation

Input: structure S = (k,Q, g5, 11,7, ¢,¢,0), feature set F,
p. d. f. f; of each agent i’s cost, and bid profile
Generate ILP-DOM-SL(S, F, f1,..., [, x);
£ < Solving ILP-DoOM-SL (S, F, f1,..., [k, );
forallie Ag,qe @ do

ne(i,q) < {aeei(q) | €(y},) =1}
end for
return 7

Algorithm 4 Allocation-Fix

Input: structure S = (k,Q, gs, I, 7, ¢, ¢, d), feature set F,
p- d. f. f; of each agent i’s cost, bid profile z, i € Ag and
neN
Generate ILP-DOM-IN-SL (S, F, fi,..., fx,x,i,n);
¢ < Solving ILP-DOM-IN-SL(S, F, f1, ..., fx,z,i,n);
forallic Ag, g < Q do

ne(i,q) < {aeei(q) | Myg,) =1}
end for
return 7y

2) If lis a solution to ILP-DOM-IN-SL, then 1, is a dom-
inant (i, m)-social law under the bid profile x.

Theorem 22. Both ILP-DOM-SL and ILP-DOM-IN-SL
can be generated in O(|Q| - t - 12) time, where |Q|, t are re-
spectively the state number and state transition number of the
given structure, and l is the total length of the formulas in the
given feature set.

5 Related Work

The cost of implementing a social law was first studied by [Fi-
toussi and Tennenholtz, 2000]. [Agotnes and Wooldridge,
2010] later proposed the OPTIMAL SOCIAL LAW prob-
lem, which balances the cost and benefit of implementing
a social law and models CTL-based social law synthesizing
as a combinatorial optimization problem. [Wu et al., 2017;
Wu et al., 2022] non-trivially extended the OPTIMAL SO-
CIAL LAW problem to the strategic case, developed solutions
based on the framework of optimal auctions [Myerson, 1981;
Elkind et al., 2004]. We consider more general ATL-based
social laws, which leads to a new multiunit auction design
problem [Maskin and Riley, 1989; Bhattacharya er al., 2020;
Branzei et al., 2023; Chan and Chen, 2014; Wu et al., 2019;
Wu et al., 2020; Hagen, 2023; Gautier et al., 2023; Potfer et
al., 2024; Bougt et al., 2025; Essig Aberg and Baisa, 2025]
where payment determination is a major challenge.

6 Conclusion

ATL-based social law synthesis in strategic environments can
be modeled as a novel multi-unit, profit-optimal mechanism
design problem. By analyzing and encoding ATL semantics
and integrating them into our mechanism design framework,
we have developed a method to systematically address the
modeling and computational challenges of this multi-unit set-
ting and derived a practical profit-optimal mechanism.
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