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Abstract

Fairness k-submodular maximization has attracted
increasing interest due to its broad relevance in ar-
tificial intelligence and machine learning. How-
ever, most existing works are limited to monotone
objectives or simple size constraints, while non-
monotone settings with richer constraints remain
largely unexplored. In this paper, we first intro-
duce a constant-factor approximation algorithm for
the problem with a general non-monotone objec-
tive function under a matroid constraint. Our ap-
proach is built upon a two-stage algorithmic frame-
work. Specifically, we first develop an algorithm
that guarantees feasibility with respect to upper
fairness bounds only. We then show how this al-
gorithm can be systematically extended to simulta-
neously enforce fairness bounds, while preserving
provable approximation guarantees. Comprehen-
sive experiments on standard benchmark datasets
demonstrate that our algorithm achieves compet-
itive objective values while maintaining a favor-
able balance between fairness guarantees and query
complexity efficiency compared to existing state-
of-the-art methods.

1 Introduction

Given a finite ground set'V of size n, an integer k, and a
non-negative (possibly non-monotone) k-submodular func-
tion f : (k+1)" — Ry, where (k+1)V = {(X1,..., Xz) |
X, CVVielkX,nX; = 0Vi # j} Aksetx =
(X1,...,Xx) € (k+1)Y is said to be fair if each component
X; satisfies the fairness bounds I; < |X;| < u; Vi € [k],
for given lower and upper fairness bounds /; and w; such that
l; < u;. Given a matroid M over the ground set V', we study
the problem of fairness k-submodular maximization under
a matroid constraint, (denoted as FkSM): find a fair k-set x
such that | J, X; € M that maximizes f(x).

This problem forms a fundamental optimization frame-
work with broad applicability in artificial intelligence and
machine learning, including revenue optimization and influ-
ence maximization [Ha et al., 2024; Ohsaka and Yoshida,
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2015; Qian et al., 2017; Spaeh et al., 2025], sensor place-
ment [Ha et al., 2024; Nguyen and Thai, 2020], recommenda-
tion systems and image and document summarization [Spaeh
et al., 2025; Feldman et al., 2018].

In the above applications, the fairness factor across com-
ponents is essential for obtaining balanced and practically
meaningful solutions. In recommendation systems [Spaeh et
al., 2025; Mirzasoleiman et al., 2016], fairness constraints
prevent the over-selection of items from a small number of
genres, sellers, or product categories, thereby promoting di-
versity and improving user experience. Similarly, in rev-
enue and influence maximization [Ha e al., 2024; Ohsaka
and Yoshida, 2015; Nguyen and Thai, 2020], fairness en-
sures equitable representation across topics, which may cor-
respond to demographic attributes such as gender, ethnicity,
or region, and helps mitigate biased influence propagation.
In sensor placement, fairness constraints balance the deploy-
ment of different sensor types, preventing excessive alloca-
tion to a single type and improving coverage quality, cost ef-
ficiency, and robustness of the sensing system [Nguyen and
Thai, 2020; Ha et al., 2024].

Beyond fairness, the objective function in many real-
world applications is inherently non-monotone. Such non-
monotonicity naturally arises in recommendation maximiza-
tion, revenue maximization, and image summarization, where
adding an element may reduce the overall utility due to re-
dundancy or competition [Spaeh et al., 2025; Mirzasoleiman
et al., 2016; Kuhnle, 2019; Pham et al., 2023]. While fair-
ness k-submodular maximization has been extensively stud-
ied under simple cardinality constraints with monotone ob-
jectives [Zhu er al., 2024], the non-monotone setting remains
largely unexplored.

Moreover, many practical constraints cannot be captured
by cardinality limits and require more general feasibility
models such as matroid constraints. Despite their broad ap-
plicability, no constant-ratio approximation algorithm is cur-
rently known for FESM with general non-monotone objec-
tives; consequently, the existence of provably guaranteed ap-
proximation algorithms for this problem remains a fundamen-
tal open question.

Our Contributions and Techniques. In this work, we ad-
dress the above open question by developing constant-factor
approximation algorithms for the FkSM problem. Our main
contributions are summarized as follows (see Table 1).
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PROBLEM  FUNCTION ALGORITHM  APPROXIMATION RATIO  FAIRNESS APPROXIMATION
. 1 _ _
UFESM MONOTONE UFa:'erSub gz €
NON-MONOTONE  UFairkSub 5491 — € -
. 1 e 1
FhSM MONOTONE Fa}rkSub 595 T 2 ?
NON-MONOTONE FairkSub 55976 — & 5

Table 1: Our algorithms for the FkSM problem. In the “Fairness Approximation” column, the entry 6 indicates that the algorithm’s output

x = (Xu,..., X&) satisfies | X;| > [01;].

We first study a special case of FkSM in which the lower
fairness bounds satisfy I; = 0 for all ¢ € [k], referred to as the
Upper FESM (UFkSM) problem. For this setting, we propose
the UFairkSub algorithm, which achieves an approximation
ratio of ﬁ —e for monotone objective functions and Giﬁ —
e for non-monotone objectives.

For the general FESM problem with both lower and upper
fairness bounds, we design the FairkSub algorithm that at-
tains an approximation ratio of ;== — 5 for monotone ob-

9.164
jectives and 5=5-- — < for non-monotone objectives, while

allowing a factor % violation of the lower fairness bounds.

Finally, we conduct experiments to evaluate the perfor-
mance of our algorithms on applications of the FkSM prob-
lem against state-of-the-art methods. The results show that,
while remaining competitive in objective value, our algorithm
substantially reduces the number of oracle queries and incurs
only minimal fairness violations compared to other methods.
Our techniques. It is worth noting that a recent approach to
the fairness k-submodular maximization problem with mono-
tone objectives relies on a greedy strategy over the space of
extendable k-sets under simple size constraints [Zhu et al.,
2024]. However, this approach critically depends on mono-
tonicity and simple size constraints. To overcome this lim-
itation, we propose a two-phase algorithmic framework to-
gether with a new theoretical analysis. Our framework, em-
bodied in the FairkSub algorithm, is purely combinatorial
and is designed to efficiently handle both monotone and non-
monotone objective functions under a matroid constraint.

In the first phase of our algorithm, we develop the
UFairkSub algorithm as a core subroutine for generating
candidate solutions to FkSM that satisfy only the upper fair-
ness constraints, i.e., I;, = 0 for all ¢ € [k]. The algo-
rithm employs a greedy threshold strategy to iteratively se-
lect elements and construct a solution s = (S, Sa,...,Sk),
proceeding until exactly one component remains underfilled,
namely when |S;| < wu; for some i € [k]. We further
show that this construction can be combined with classical
techniques for submodular maximization under matroid con-
straints to establish provable approximation guarantees. A
key ingredient of this phase is a transformation that projects
the optimal solution onto the algorithm’s current solution at
each iteration, allowing us to bound the loss relative to the
optimum while preserving matroid feasibility. In the second
phase, we refine the solution obtained from the first phase to
achieve feasibility with respect to both upper and lower fair-
ness bounds, as well as the underlying constraints. Specifi-
cally, we show how to combine the UFkSM to procedure sys-

tematically produce a final solution with provable guarantees.
Our analysis exploits a structural decomposition of the opti-
mal solution and key properties of matroids, together with a
refinement mechanism that improves solution quality while
controlling violations of the lower fairness bounds.

2 Related Work

k-submodular maximization. The notion of k-
submodularity was originally proposed by [Singh et
al., 2012] and subsequently developed in a series of
works that primarily concentrated on unconstrained
k-submodular “ maximization [Ward and Zivny, 2014;
Ward and Zivny, 2016; Iwata et al., 2016; Oshima, 2017,
Soma, 2019]. [Ohsaka and Yoshida, 2015] first considered
k-submodular maximization under a total size constraint
B (denoted as kSMTS), requiring | Ui?zl S;| < B, as
well as under component size constraints By, Bs, ..., B
(denoted as kSMIS), where |S;| < B, for all ¢ € [k]. The
authors demonstrated that greedy-based algorithms achieve
approximation ratios of % for the total size constraint and %
for the component size constraints, respectively.

The £SMIS problem has further been studied in the non-
monotone setting. Specifically, [Spaeh et al., 2025] derived
an approximation ratio of ®21T8(1 — —L-) > £, which
asymptotically improves to 0.1589 as min; B; — oo. Be-
yond cardinality constraints, k-submodular maximization has
been explored under general constraints. Under matroid con-
straints, [Sakaue, 2017] showed that a greedy algorithm at-
tains a 1/2-ratio. The knapsack constraint was initiated
by [Tang et al., 20221, who proposed a <-‘-approximation
algorithm for monotone objectives. Subsequent work im-
proved this guarantee to % for monotone objectives and % for
non-monotone objectives [Ha et al., 2024; Zhou et al., 2025].
Among the most relevant works, [Zhu et al., 2024] stud-
ied fairness k-submodular maximization under total size con-
straint with monotone objective functions and obtained a %-
approximation guarantee.

Nevertheless, their method crit-
ically depends on monotonicity and cannot be extended to
non-monotone objectives.

Submodular maximization under fairness constraint
(SMF). This problem is the closest variant to FkSM, de-
fined as follows: Given a submodular function f : 2V —
R4 and a ground set V' partitioned into k disjoint subsets
V1, Va, ..., Vi, the objective is to find a set S C V' that maxi-
mizes f(.5) subject to the fairness constraints /; < |SNV;| <
u;, where [; and w; denote the lower and upper fairness
bounds of V;. The study of the SMF was initiated by [Celis
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et al., 2018], who focused on monotone objectives and es-
tablished a tight 1 — 1/e approximation guarantee via the
continuous greedy paradigm. Later, [Halabi et al., 2020]
examined a streaming formulation and derived approxima-
tion algorithms, achieving a % ratio in the monotone case

and a == (1 — max; |‘l/—|) ratio when the objective is non-
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monotone. These guarantees were improved to 3, with y
denoting the best-known approximation ratio for submodu-
lar maximization under matroid constraints [Yuan and Tang,
2023]. Subsequent work has extended SMF to richer con-
straints, including matroid constraints [El Halabi et al., 2023;
Halabi et al., 2024] and knapsack constraints [Cui et al.,
2024]. However, these approaches only approximately satisfy
the lower fairness bounds, typically guaranteeing |S N V;| >
|l;/2],Vi € [k]. More recently, improved lower fairness
guarantees have been achieved, i.e, [S N V;| > [(1 — €)l;]
though at the cost of approximation ratios depending on
€ [Mahabadi et al., 2025]. Existing algorithmic techniques
for SMF do not readily extend to kSMF for two fundamen-
tal reasons. First, k-submodularity exhibits structural prop-
erties that differ substantially from classical submodularity.
Second, fairness constraints in kSMF are intrinsically more
involved, as each element must be assigned to exactly one of
the k components, rather than being selected from pre-defined
partitions of the ground set. As a result, the existence of
constant-factor approximation algorithms for the FkSM prob-
lem remains an open question.

3 Preliminaries

k-submodular notations. Given a finite set V' of size n, and
an integer number &, let [k] = {1,2,...,k} and (k+ 1)V =
{(Xl,X27...Xk) | X, CVVie [k},Xl ij = (Vi 7& ]}
be a family of & disjoint subsets of V. For simplicity, we
call a tuple of £ disjoint subsets as a k-set. For a k-set
x = (X1, Xo,...,Xk), we call X; the i-th component of
x. Foreache € V, let x(e) = i if e € X; for some i € [k],
and 0 otherwise. We define supp(x) = lU;cp X, denote

(x); = X; for each i € [k], and let |x| = Zle | X;|. Fur-
thermore, if X; = {e} and X; = () for all j # 4, we denote
the corresponding k-set by (e, ). For e ¢ supp(x), adding
e to X; is denoted by x + (e, 7). Similarly, if e € X;, then
x — (e, i) denotes removing e from X in the k-set x.

Given two k-sets. x = (Xi,...,X;) and y =
(Y1,...,Y), wewritex C yif X; C Y, foralli € [k]
The difference between x and y is defined as x — y =
(X1 \ Y1,..., X\ ¥a). A function f : (k+ 1)V — R,
is k-submodular iff

J&)+ fly) = f(xNy)+ f(xUy)

where xMy = (X1NY7, ..., XxNY%), and xUy = (71, ... Z)
where Z; = X; UY; \ (U, X; UYj).
The function f is monorone if f(x) > f(y), for all x C y.
The marginal gain of adding e to the ¢-th set of x denote as
Ac f(x) = f(x+ (e, 7)) — f(x). We assume access to an
oracle that returns f(x) for any queried k-set x.

Given lower and upper fairness bounds /; and u; (with [; <
u; for all i € [k]). A k-setx = (X1,...,Xx) € (k+ 1)V

is said to be fair if each component X; satisfies I; < | X;| <
u; Vi € [k]. Without loss of generality, we assume that u; >
1 foralli € [k].

Matroids. Let V' be a finite ground set. A collection of
subsets M C 2V is said to define a matroid if it is non-empty
and satisfies the following two properties:

e Downward-closedness: for any sets A and B with A C
B,if BeZ,then A € M;

* Augmentation: for any A, B € M such that |A| < |B|,
there exists an element e € B \ A for which AU {e} €
M.

For convenience, we use the notation A+ e to denote AU {e}
and A — e to denote A \ {e}. A subset A C V is called in-
dependent if A € M. Throughout this work, we assume that
the matroid is accessed via an independence oracle. All bases
of a matroid have the same cardinality ¢, called the rank of
the matroid.

Problem definition. In this work, we study fairness k-
submodular maximization under a matroid constraint (FkSM),
which aims to find a fair k-set x satisfying {J;c,; Xi € M
that maximizes f(x).

We assume that there exists a feasible solution for the FkSM
problem. The following Lemmas are useful for our theoreti-
cal analysis.

Lemma 1. [Ward and Zivny, 2014] f : (k+ 1)V — Ry is
k-submodular if and only if f satisfies the two following prop-
erties: (1) orthant submodularity, i.e. A, ;f(x) > A. ;i f(y)
forany x,;y € (k+ 1)V withx C y and e ¢ supp(y); (2)
pairwise monotonicity, i.e. A.;f(x) + A.;f(x) > 0 for
anyx € (k+1), e ¢ supp(x) and i,j € [k]| withi # j.

Lemma 2 ([Buchbinder et al., 2014]). Let f : 2V — Rt
be submodular. Denote by A(p) a random subset of A of V

where each element appears with probability at most p (not
necessary independently). Then E[f(A(p))] > (1 — p) f(D).

Lemma 3 (Exchange property of matroid bases [Schrijver,
2003]). In any matroid, for any two bases By and By and for
any partition of By into X1 and Y1, there exists a partition of
Bs into X5 and Ys such that both X1 U Yy and X5 UY] are
bases.

Lemma 4 (Feasibility of computing the rank of ma-
troids [Schrijver, 2003]). A maximum-weight common inde-
pendent set in two matroids can be found in strongly polyno-
mial time.

We recall the submodular maximization under a matroid
constraint (SMM), whose solution serves as a building block
in our algorithmic design. Let f : 2 — R, be a (pos-
sibly non-monotone) submodular function (corresponding to
the case k = 1)' and a matroid M. The SMM problem is to
find arg maxgseaq f(.9).

4 Algorithm for UFiSM Problem

In this section, we first introduce the Upper Fair Approxima-
tion (UFairkSub) algorithm for the UFkSM problem, which

'A function f : 2V +— R, is submodular iff for any A C B C
Vande eV, f(AU{e}) — f(A) > f(BU{e}) — f(B).
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serves as a key building block for computing solutions to the
general FESM problem.

Given an instance (V,k,u;Vi € [k], M) and a parameter
e > 0, the UFairkSub algorithm operates in a two-stage
framework. In the first stage (Lines 1-10), it initializes the
solution s <— 0, sets the set of unfilled components to I = [k],
and computes the maximum singleton value M (Line 1).

The algorithm subsequently adopts a threshold-based
greedy strategy to incorporate elements with large marginal
contributions into s. Concretely, during each iteration of the
while loop, every candidate element e is examined. If insert-
ing e into the current solution preserves the feasibility of M,
it determines i, € I that maximizes the marginal gain of e.
If the marginal gain is at least the threshold 6, e is assigned
to component ¢, and added to the solution (Line 7). Once the
component i, reaches its capacity, i.e, |(s);.| = w;,, it is re-
moved from the set of available components I (Line 8). The
threshold 6 is initialized to M and is progressively reduced by
a multiplicative factor of (1 — €) in successive iterations, un-
til it drops below 2¢ M /(3t). The first stage concludes either
after all iterations are exhausted or when exactly one compo-
nent remains unfilled, i.e., | /| = 1. Notably, this stage always
selects pairs (e, i.) with non-negative marginal gain in to s
due to the pairwise monotonicity of f. In particular, for any
element e, there exist two distinct labels ¢, 7 € [k] such that
Acif(s)+Acyf(s) > 0.

Algorithm 1: UFairkSub algorithm for UFkSM
Input: V. k, f, M, uq, ..
118+ 0,1« [k],s' <0,

0+ M+ max f({e,i)), r =rank(M)
eeV,i€lk]

2 while § > 2 do
3: for e € V' \ supp(s) do

Uk, €

4 if supp(s) U {e} € M then

5: ie + arg max Acif(s)

6 if Ac;, f(s) > 6 then

7. s+ s+ (e,ie)

8 If [(s);.| = u;, then I « T\ {i.}
o If |I| = 1 then break

10: 0+ (1—¢)0

11: if [I| = 1 then

12: 1 < the only number in [

13: Define a matroid

M={SCV:5eM,S| <u}
4 Define g : 2V = Ry as g(S) + f(X.cqle i)
1s: S Alggy(g, V., M), 8" < 3 cs{e i)
16: break
17: X 4= arg MaXy e (s,s'} f(X)
18: return x

If |I| = 1, say I = {i}, the algorithm moves into the
Second stage (Lines 11-17): We first define a new matroid
M ={SCV:8¢eM,|S| < wu} and adapts an 1/a-
approximation algorithm for SMM problem for a submodular
function g(S) < f (3> .cq(e,i)) over ground set V and a
matroid constraint M’. Let S be the solution returned by

the corresponding approximation algorithm, and define s’ :=
{(e,i) | e € S}. Finally, the algorithm outputs the better
solution between s and s’.

Theoretical Analysis. Denote (e;,i;) as the j-th pair
added to s and ¢t = |supp(s)| after the while loop of the Al-
gorithm 1. Let s; = ({e1,%1), (e2,%2), ..., (e;,4,)) represent
the solution s after adding j < ¢ pairs.

Let o denote an optimal solution to the UFESM problem.
For each iteration j of the while loop in Algorithm 1, we
define a transformation that produces a k-set o; satisfying
the following properties: (1) [(0;);| < w; for all 7, and (2)
s; C o;. The transformation is defined as follows. For j = 0,
set og = o. For j > 1, we consider the following cases:

o If 0‘7_1(€j> = ij, then set 0, = 0,_1.
. Iij_l(ej) =0, set O;- =01+ <ej7ij>~ If |(O;),J‘ <
Ui, then set o; := 0;-. Otherwise, select an arbitrary

element u € (0});; \ (s;)i, and set 0, := 0} — (u, ;).

* Ifi; # 0j_1(e;) #.0,letp == 0;_1(e;) and set 0 :=
01 — (ej,p) + {ejyi5). If [(0))i;| < wyj, then set
0; == 0;-. Otherwise, select an arbitrary element u €
(0%)i; \ (85)i; and set 0; := 0} — (u, ;).

The transformation projects the optimal solution o onto the
evolving solution s;. At each iteration, it retains s; as a fixed
backbone while allowing o; to include additional elements
within the given bounds. This alignment enables controlled
synchronization between o and s;, which is key to establish-
ing both approximation and fairness guarantees.

Lemma 5 ensures that the residual set E; = supp(o;) \

supp(s;) is always a subset of the matroid-feasible set

supp(o). This is crucial for proving that solutions is can be
extended without violating matroid constraint.

Lemma 5. For each iteration j, define E; = supp(o;) \
supp(s;). Then we have E; C supp(o0).

Lemma 6 establishes a per-iteration bound between the de-
crease in the value of the transformed solution o; and the
marginal gain achieved by the constructed solution s;. This
inequality enables a charging argument, where the loss of o;
is paid for by the progress of s;, with constants depending on
whether f is monotone or non-monotone. By summing over
all iterations, the lemma directly links local improvements to
a global approximation guarantee, thereby playing a central
role in the overall analysis.

Lemma 6. For each j € [t], the following holds:
o If f is non-monotone, then
f(s5) = flsj—1)
floj—1) = f(o;) < 3%
o If f is monotone, then
f(s;) = Fls;—1)
Flopm) - 1oy < 2180 =16s)
Theorem 1. For any € > 0, Algorithm 1 satisfies the follow-
ing properties.

 For non-monotone objective functions f, the algorithm
achieves an approximation ratio of ﬁ — €
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e For monotone objective functions f, the algorithm
achieves an approximation ratio of ﬁ — €

* Algorithm I runs in O (£ logr) + Q(ALlg(SMM)), where
Q(Alg(SMM)) denotes the query complexity of the under-
lying SMM algorithm used as a subroutine.

Proof. We  first

prove the approximation ratio

for the case non-monotone functions f. Since
st L o4 one can write o, = s; U z., where
z’r‘ = {<217ZZ1> <Z27i22>7"-7<z’r‘7iZ1v>}7Zi €
supp(os) \ supp(st),i, = o¢(zi),i € [r]. Consider

the following cases:

Case 1. If |s;] = r, then r < t. Since supp(s;) € M,
it follows from the downward-closedness that
supp(s,) € M. By the augmentation property, there
exists an ordering supp(z) {#1,22,...,2} such that
supp(s;—1) + z; = {e1,ea,...,ei_1,2;} € M,Vi <r. The
algorithm always adds pairs with a non-negative marginal
gain so f(s¢) > f(s,), therefore

f(or) = f(se) < floe) = f(sr) = f(seUzy) = f(s)
:ZAzi,izif(St Uz 1 ZAZ, iz, Sz 1

i eLf S; f(sr)
<Zl—e<z ].—61 _l—e M

i=1
where (a) follows from the orthant submodularity of f, (b)
holds since the pair (z;, i,,) was not selected into s; in earlier
iterations, and (c) follows from the selection rule of the pair
(e, ) into s;_1. On other hand, by Lemma 6, we obtain
t
> _(f(0j-1) = f(0;)

j=1

L f(si) = flsj—1) _ 3f(se)
SZS T e @

flo) = flo) =

From (1) and (2), we have

f(0) = f(st) = f(o) = floe) o+ f(or) = f(st)
3 t r 4 t 1—¢
= 1f(_se) * {(iz = 1f(—se) = flo) 2 == 1)
Case 2: If |s;| < v, we consider the following cases:
If |I| = 1 and ¢ is the only number in I. From (2) we have:
F(0) = flon) + flo) — flon) < (o) + 3750 )

By the properties of o, we have (s;); = (0,);,V] # ¢ and
(st)i C (o¢);- By Lemma 3 supp(z,) = E; € M and
|z.| < w;. Thus z, is a feasible solution of UFkSM prob-
lem. Since g is submodular, assuming 1/« be the approxima-
tion ratio of A for SMM, we have f(z,) < ag(S) = af(s)
and supp(s’) = S € M. Therefore f(o;) = f(s: Uz,) <
f(st) + flz,) < f(st) + af(s’). Put it into (3) we have
flo) < (14 £2)f(se) + af(s ) < (o + §=5) f(x). There-
fore f(x) > mf( o) > 4+a (o). If |I] > 1, we as-
sume that the algorithm continues the main loop until |I| = 1

or |supp(s)| = t. This is possible due to the pairwise mono-
tonicity of the function f. Specifically, for each element e and
the current solution x, there exist two distinct labels 7, j € [k]
such that A, ; f(x) + A, ; f(x) > 0. Therefore, at least
one label i € {i,;} satisfies A, ;f(x) > 0, which guaran-
tees that the algorithm can make progress in each iteration
and thus continue the main loop until |s| = vor |I| = 1.
Let sy = ({e1,i1), (e2,%2),..., (er,ir)), T > t as s in
this case. By the similarity argument of Case 1 and Case
2 with [I| = 1, we have f(sr) > 47=f(0). We have

(d)

fls1) = f(st) < X csuppsr)\supp(ss) Desr(e)f(8¢) <
2;” < %f(o), where (d) holds since the marginal gain
of each additional pair is smaller than the final threshold
2¢M/(3v). This implies that f(s;) > f(s7) — % f(o) >

(m —¢€)f(o). Combining all cases, we obtain an approx-
imation ratio of .— — e. By instantiating the best known
oo [Buch-

4+a
approximation algorithm for SMM with o =
binder and Feldman, 20241, the approximation ratio becomes
@ — €. The proof of the ratio for monotone functions and
query complexity are presented in the appendix. O

5 Algorithm for General FiSM Problem

We now present a novel algorithmic framework, denoted by
FairkSub (Algorithm 2), for the F£SM problem. The frame-
work illustrates how the previously proposed UFairkSub al-
gorithm can be systematically adapted as a key subroutine to
achieve the desired theoretical guarantees. Consequently, the
resulting algorithm has a more intricate structure and adopts
a two-phase strategy to construct solutions while rigorously
enforcing the required bound guarantees.

Given an instance of FkSM with parameter ¢, the algorithm
proceeds in two stages. In Phase 1, the algorithm first com-
putes a maximum-cardinality independent set L. € M, which
can be obtained in polynomial time (Lemma 4) and satis-
fies [L| = v = > ;e li- It then adapts UFairkSub to
compute a candidate solution u for UFkSM on the restricted
ground set L, subject to upper fairness bounds /; and a ma-
troid constraint that is reduced to a cardinality constraint of
size } ;e li- For each component ¢ of u, the set (u); is
filled with [; elements (Line 5). The algorithm then ran-
domly splits u into two solutions, u(®) and u(®, such that
each component (u)); has size |I;/2] (Line 6). The algo-
rithm continues adapting UFairkSub twice to find candidate
solutions x/), j € {1,2} under the following constraints: up-
per fairness bounds u;, an induced matroid of M defined by
supp(ut?)) as M; = {T C V : T U supp(u?)) € M}.
This step yields a potential solution x/) satisfying all upper
fairness constraints while remaining improvable (Line 8).

In Phase 2, the algorithm initializes y(j )« x0U) and then
refines the solution by selectively adding elements to any
component i from (ul?)); satisfying |(y"));| < w;, with the
dual objectives of (1) enhancing satisfaction of the lower fair-
ness bounds and (2) ensuring a provable bounded guarantee
on the quality of the resulting solutions y/). By construc-
tion, this process always preserves matroid feasibility, due to
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the definition of the induced matroids M and the construc-
tion of u?). Finally, the algorithm outputs the best solution
among all candidates {y(l)7 y?, u}. We present the theoret-

Algorithm 2: FairkSub algorithm for FESM
Input: V, k, f,1;,u;, Vi € [k], M, €
// Phase 1: 1Initializing solution
under upper fairness bounds
i: L+ argmaxscy,sem |5/, u® «—0,u® « 0
2 U < Adapt UFairkSub with upper bounds /; and M
is size constraint ), 4 ls
3. for i € [k] do
4 if |(u)l\ < [; then
5: Randomly select I; — |(u);| elements from
L\ supp(u), assign them to (u);, and
remove them from L
& Uniformly at random select 2| % | elements from
(u); and divide them evenly into two subsets
(uM); and (u®);
7. Define matroids
M; ={T CV:TUsupp(u?) e M},j € {1,2}
s. xU) « UFairkSub(V, f, k, f,u1, ..., ug, M, €)
// Phase 2: Solution refinement
under fairness bounds
o. for j € {1,2} do
o y) e x)
1 for i € [k] do
12: foreach e € (u\)); do
13 If | (y9));] < u; then yU) < y\@) 4 (e, )
14: 8 <— arg maXxe{y(1)7y(2),u} f(X)
15: return s

ical guarantees stated in Theorem 2.

Theorem 2. For any € > 0, the following statements about
Algorithm 2 hold.

o It returns a solution s that satisfies supp(s)
Ll—ij |(s)i] < u; for the FkSM problem.

 For non-monotone ﬁmcnons f, it attains an approxima-
tion ratio of 5z 1976 5

€ M and

* For monotone functwns 1, the algorlthm achieves an ap-
proximation ratio of 5g1 16 1 5

e Algorithm 1 runs in (@) ("Tk log t) +
Q(Algorithm for SMM), where Q(Algorithm for SMM)
denotes the query complexity of the underlying SMM
algorithm used as a subroutine.

Proof. The approximation ratio is obtained by splitting the
optimal solution o into two k-sets and using the matroid base
exchange property to transform them into feasible subprob-
lem solutions. Applying UFairkSub to these subproblems
and aggregating the results yields the claimed guarantee.

By Lemma 3, the optimal solution o can be decomposed
as 0 = 01 U 09, where 0; = (01},...,0}) and 0y =
(03%,...,0%), with supp(o1) N supp(oz) = 0, such that

L; U supp(o1) € M and Lo U supp(o2) € M, where
L1 = supp(u®™) and Ly = supp(u®). This implies that
each o; is a feasible solution to the UFASM problem with in-
stance Z; = (f,V,uq,...,ux, M;) forj € 1,2. Let p denote
the approximation ratio of UFairkSub. After Line 8 of Al-
gorithm 2, we have

F(x9) > pf(o)),V5 € {1,2}. 4)

For the case where f is non-monotone. For any k-set v €
(k+1)V that supp(v) = {v1,v2, ..., vy}, we define a finite
ground set T'(v) = {(v1,v(v1)),..., (Um,V(vm))}, where
each pair (v;,v(v;)) is treated as an individual element of
T(v). We then define a function A(-) : 27(") — R, by
RT(v')) = f(V') for any v/ C v. By the orthant sub-
modularity of f, it follows that h is a non-negative and sub-
modular function. For j € {1,2}, consider the function
R'(-) = (T (xY) L"), I/ is also non-negative and submod-
ular function. Denote u'/) C u? as a k-set that contains
all pairs added into y) infor loop (Lines 9-14). By the con-
struction of u?) in Algorithm 2, for any pair (e, ) C u’(9):

Pr|(e, i) was selected into y/)]

< Pr(e, i) was selected into u’)] =

IN

N~
~

S
N

Applying Lemma 2 gives
E[f(y9)] = E[f(x) Uu/@)] = E[H/(T ()]
> (1- W) = Jh(THED)) = 5 7).
By the selection of final solution, we obtain
E[f(s)] = max{ELf(y)] ELf(v®)]}
max{£(xV), F(x)} > F(F ) + (=)
(f(o1) + f(02)) (Dueto (4))

~(flo1log)) > gf(o) (Due to the k-submodularity) .

Y

1
2
P

v

Vv
N RSEN

. . . . . . B _ 1 _ E
This implies the approximation ratio § = 5=5-- — 7. For

the case where f is monotone, since x) T y() we have

f(y9) > f(x17)), and hence the approximation ratio is £ =

ﬁ — 5. The proof for the fairness bounds and the query
complexity can be found in the appendix. O

6 Experimental Evaluation

In this section, we conduct comprehensive experiments to
demonstrate the performance of our FairkSub algorithm? on
three representative applications of the general FESM prob-
lem, namely Max-k-Cut (MkC), k-topic Influence Maximiza-
tion (kKTIM), and k-measurement Sensor Placement (kMSP).
We set up a partition matroid (a special case of a matroid)
in our experiments, following prior study [El Halabi er al.,

>The code of our algorithm is available at https:/github.com/
tantdhvan/kSubFairMatroid.
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2023]. We parameterize the fairness constraint by a budget
ratio B € (0,1]. Specifically, we set the cardinality budget
to b = [B|V]|], and define the fairness bounds for each la-
bel i € [k] by l; = [0.82],u; = |1.42],Vi € [k]. In
all figures, B is reported on the horizontal axis; accordingly,
B serves as the control parameter of the fairness constraint.
Since the FESM problem has not been explicitly studied in
prior work, we compare our approach with the most closely
related state-of-the-art algorithms. FairGreedy: a traditional
greedy algorithm that iteratively selects the pair with the high-
est marginal gain while satisfying both the matroid and fair-
ness constraints. This approach is commonly used for gen-
eral k-submodular maximization and has been adopted in re-
cent works [Ohsaka and Yoshida, 2015; Zhu et al., 2024].
kGreedylS: the algorithm for k-submodular maximization
under individual size constraints [Ohsaka and Yoshida, 2015].
kGreedyTS: the algorithm for k-submodular maximization
under a total size constraint [Ohsaka and Yoshida, 2015].

To adapt kGreedyIS and kGreedyTS to our problem set-
ting, we proceed as follows: (i) we first construct a maximum-
size feasible solution satisfying the matroid constraint; (ii)
we adapt kGreedylIS by treating the upper fairness bounds
as individual size constraints; and (iii) we adapt kGreedyTS
by setting the total size constraint to B. These adapted al-
gorithms serve as heuristic baselines and do not provide any
theoretical approximation guarantees. We evaluate all algo-
rithms using four criteria: (i) objective value, (ii) number
of oracle queries, (iii) running time, and (iv) fairness error
FairErrors(x) = >, max{|(x):| — ui,;li — [(x)s]; 0},
as adopted in [Zhu er al., 2024]. Due to page limitations,
detailed experimental settings and matroid specifications are
deferred to the appendix.

Experimental results. We report the main results (Fig. 1)
for two representative scenarios: (i) MkC (ii) the KTIM on
Amazon and Facebook datasets. More detailed results are in-
cluded in the appendix.

Objective value. Fig. 1(a,d) shows that FairkSub pro-
vides stable solution quality as B increases. On Amazon
(MKC), FairkSub achieves objective values close to Fair-
Greedy (a gap of about 5%), while it clearly outperforms
kGreedyIS and kGreedyTS (about 36.9%-85.0% higher than
kGreedyIS, and 37.0%—69.0% higher than kGreedyTS). On
Facebook, FairkSub remains competitive with FairGreedy,
while consistently outperforming kGreedyIS by about 0.7%—
7.6% and substantially surpassing kGreedyTS by approxi-
mately 12.2%-31.8%. Number of queries. Fig. 1(b,e) high-
lights the query efficiency of FairkSub, especially for MkC.
On Amazon, FairkSub reduces the number of queries by
about 79-278 times compared to FairGreedy, and by about
35-93 times compared to kGreedyIS/kGreedyTS. On Face-
book, the reduction is more moderate: compared to Fair-
Greedy, FairkSub uses about 1.3-3.7 times fewer queries;
compared to kGreedylS, FairkSub uses fewer queries when
B > 0.04 (about 1.3-1.7 times fewer), while at B = 0.02
it may require more queries. Fairness Errors. Fig. 1(c,f)
indicates that FairkSub generally controls the fairness con-
straints well. On Amazon, FairkSub attains FairErrors =
0 for most cases B and only shows a very small violation

at B = 0.5 (FairErrors = 17), whereas kGreedyTS has
substantial violations that grow with B (e.g., 350 — 1366),
and kGreedyIS/FairGreedy may also violate fairness at larger
B. On Facebook, FairkSub keeps fair error equal to 0 for
all tested B, matching FairGreedy/kGreedylS, and improv-
ing over kGreedyTS (whose violations increase from 72 to
534 as B grows). Overall, the results suggest that FairkSub
strikes a good balance between solution quality and compu-
tational cost: while remaining competitive in objective value,
FairkSub substantially reduces the number of queries, and
maintains very small fairness violations.

—6— FairGreedy == FairkSub —2— kGreedylS —&— kGreedyTS
Facebook(n=4039,k=3) | Amazon(n=16.716,k=3) ]

Objective value
Objective value

0.02 0.04 0.06 0.08 0.10 0.1 02 03 04 05
Fairness constraints Fairness constraints

(@) (d)
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Figure 1: Performance of the algorithms in terms of objective value,
query complexity, and fairness error.

M

7 Conclusions

We studied the FESM problem with possibly non-monotone
objectives, which has broad significance and impact in ar-
tificial intelligence and machine learning. Our combinato-
rial two-phase framework provides the first constant-factor
approximation guarantees while ensuring matroid feasibil-
ity, full upper-bound satisfaction, and a 1/2 factor guarantee
on the lower bounds. Experiments on standard benchmark
datasets further demonstrate the effectiveness of our approach
in terms of solution quality, query efficiency, and running
time. An important direction for future work is to extend this
framework to richer and more general constraint settings.



PRELIMINARY PREPRINT VERSION - DO NOT CITE
This is not the version of record. The final version will appear in the Proceedings of JCAI-ECAI 2026.

Acknowledgments

This research was supported by the National Foundation for
Science and Technology Development (NAFOSTED), Viet-
nam, under grant number 102.01-2025.19.

References

[Buchbinder and Feldman, 2024] Niv  Buchbinder  and
Moran Feldman. Constrained submodular maximization
via new bounds for dr-submodular functions. In Proceed-
ings of the 56th Annual ACM Symposium on Theory of
Computing (STOC '24). ACM, 2024.

[Buchbinder et al., 2014] Niv Buchbinder, Moran Feldman,
Joseph Naor, and Roy Schwartz. Submodular maximiza-
tion with cardinality constraints. In Proceedings of the
twenty-fifth annual ACM-SIAM symposium on Discrete al-
gorithms, pages 1433-1452. SIAM, 2014.

[Celis er al., 2018] L. Elisa Celis, Lingxiao Huang, and
Nisheeth K. Vishnoi. Multiwinner voting with fairness
constraints. In Proceedings of the Twenty-Seventh Interna-
tional Joint Conference on Artificial Intelligence, IJCAI-
18, pages 144—151. International Joint Conferences on Ar-
tificial Intelligence Organization, 7 2018.

[Cui et al., 2024] Shuang Cui, Kai Han, Shaojie Tang, Feng
Li, and Jun Luo. Fairness in streaming submodular maxi-
mization subject to a knapsack constraint. In Proceedings
of the 30th ACM SIGKDD Conference on Knowledge Dis-
covery and Data Mining, page 514-525, New York, NY,
USA, 2024. Association for Computing Machinery.

[El Halabi et al., 2023] Marwa El Halabi, Federico Fusco,
Ashkan Norouzi-Fard, Jakab Tardos, and Jakub  Tar-
nawski. Fairness in streaming submodular maximization
over a matroid constraint. In Proceedings of the 40th Inter-
national Conference on Machine Learning, volume 202 of
Proceedings of Machine Learning Research, pages 9150—
9171. PMLR, 23-29 Jul 2023.

[Feldman et al., 2018] Moran Feldman, Amin Karbasi, and
Ehsan Kazemi. Do less, get more: Streaming submodular
maximization with subsampling. In Advances in Neural
Information Processing Systems 31: Annual Conference
on Neural Information Processing Systems 2018, NeurIPS
2018, pages 730-740,2018.

[Ha et al., 2024] Dung T.K. Ha, Canh V. Pham, and Tan D.
Tran. Improved approximation algorithms for k-
submodular maximization under a knapsack constraint.
Computers & Operations Research, 161:106452, 2024.

[Halabi et al., 2020] Marwa El Halabi, Slobodan Mitrovic,
Ashkan Norouzi-Fard, Jakab Tardos, and Jakub Tar-
nawski. Fairness in streaming submodular maximization:
Algorithms and hardness. In Advances in Neural Informa-
tion Processing Systems 33: Annual Conference on Neural
Information Processing Systems 2020, NeurIPS 2020, De-
cember 6-12, 2020, virtual, 2020.

[Halabi et al., 2024] Marwa El Halabi, Jakub Tarnawski,
Ashkan Norouzi-Fard, and Thuy-Duong Vuong. Fairness
in submodular maximization over a matroid constraint.

In International Conference on Artificial Intelligence and
Statistics, 2-4 May 2024, Palau de Congressos, Valencia,
Spain, volume 238 of Proceedings of Machine Learning
Research, pages 1027-1035. PMLR, 2024.

[Twata et al., 2016] Satoru Iwata, Shin-ichi Tanigawa, and
Yuichi Yoshida. Improved approximation algorithms for
k-submodular function maximization. In Proceedings of
the twenty-seventh annual ACM-SIAM symposium on Dis-
crete algorithms, pages 404-413. Society for Industrial
and Applied Mathematics, 2016.

[Kuhnle, 2019] Alan Kuhnle. Interlaced greedy algorithm
for maximization of submodular functions in nearly linear
time. arXiv preprint arXiv:1902.06179, 2019.

[Mahabadi er al., 2025] Sepideh Mahabadi, Sherry Sarkar,
and Jakub Tarnawski. Improved algorithms for fair ma-
troid submodular maximization. In Advances in Neural
Information Processing Systems (NeurlPS), 2025.

[Mirzasoleiman et al., 2016] Baharan Mirzasoleiman, Ash-
winkumar Badanidiyuru, and Amin Karbasi. Fast con-
strained submodular maximization: Personalized data
summarization. - In Maria-Florina Balcan and Kilian Q.
Weinberger, editors, Proceedings of the 33nd Interna-
tional Conference on Machine Learning, ICML 2016,
New York City, NY, USA, June 19-24, 2016, volume 48
of JMLR Workshop and Conference Proceedings, pages
1358-1367. JIMLR.org, 2016.

[Nguyen and Thai, 2020] Lan Nguyen and My T Thai.
Streaming k-submodular maximization under noise sub-
ject to size constraint. In International Conference on Ma-
chine Learning, pages 7338-7347. PMLR, 2020.

[Ohsaka and Yoshida, 2015] Naoto Ohsaka and Yuichi
Yoshida. Monotone k-submodular function maximization
with size constraints. In Advances in Neural Information
Processing Systems, pages 694-702, 2015.

[Oshima, 2017] Hiroki Oshima. Derandomization for k-
submodular maximization. In International Workshop on
Combinatorial Algorithms, pages 88-99. Springer, 2017.

[Pham et al., 2023] Canh V. Pham, Tan D. Tran, Dung T. K.
Ha, and My T. Thai. Linear query approximation algo-
rithms for non-monotone submodular maximization under
knapsack constraint. In Proceedings of the Thirty-Second
International Joint Conference on Artificial Intelligence,
IJCAI 2023, 19th-25th August 2023, Macao, SAR, China,
pages 4127-4135. ijcai.org, 2023.

[Qian er al., 2017] Chao Qian, Jing-Cheng Shi, Ke Tang,
and Zhi-Hua Zhou. Constrained monotone k-submodular
function maximization using multiobjective evolutionary
algorithms with theoretical guarantee. IEEE Transactions
on Evolutionary Computation, 22(4):595-608, 2017.

[Sakaue, 2017] Shinsaku Sakaue. On maximizing a mono-
tone k-submodular function subject to a matroid con-
straint. Discrete Optimization, 23:105-113, 2017.

[Schrijver, 20031 Alexander Schrijver. Combinatorial Opti-
mization: Polyhedra and Efficiency. Springer Science and
Business Media, 2003.



PRELIMINARY PREPRINT VERSION - DO NOT CITE
This is not the version of record. The final version will appear in the Proceedings of JCAI-ECAI 2026.

[Singh ez al., 2012] Ajit Singh, Andrew Guillory, and Jeff
Bilmes. On bisubmodular maximization. In Artificial In-
telligence and Statistics, pages 1055-1063, 2012.

[Soma, 2019] Tasuku Soma. No-regret algorithms for online
k-submodular maximization. In The 22nd International
Conference on Artificial Intelligence and Statistics, pages
1205-1214, 2019.

[Spaeh et al., 2025] Fabian Christian Spaeh, Alina Ene, and
Huy Nguyen. Online and streaming algorithms for con-
strained k-submodular maximization. In AAAI-25, Spon-
sored by the Association for the Advancement of Artificial
Intelligence, February 25 - March 4, 2025, Philadelphia,
PA, USA, pages 20567-20574. AAAI Press, 2025.

[Tang et al., 2022] Zhongzheng Tang, Chenhao Wang, and
Hau Chan. On maximizing a monotone k-submodular
function under a knapsack constraint. Operations Re-
search Letters, 50(1):28-31, 2022.

[Ward and Zivny, 2014] Justin Ward and Stanislav Zivny.
Maximizing bisubmodular and k-submodular functions. In
Proceedings of the twenty-fifth annual ACM-SIAM sympo-
sium on Discrete algorithms, pages 1468—1481. Society
for Industrial and Applied Mathematics, 2014.

[Ward and Zivny, 2016] Justin Ward and Stanislav Zivny.
Maximizing k-submodular functions and beyond. ACM
Transactions on Algorithms (TALG), 12(4):47, 2016.

[Yuan and Tang, 2023] Jing Yuan and Shaojie Tang. Group
fairness in non-monotone submodular maximization. J.
Comb. Optim., 45(3):88, 2023.

[Zhou et al., 2025] Huanjian Zhou, Lingxiao Huang, and
Baoxiang Wang. Improved approximation algorithms for
$k$-submodular maximization via multilinear extension.
In The Thirteenth International Conference on Learning
Representations, 2025.

[Zhu et al., 2024] Yanhui Zhu, Samik Basu, and Aduri Pa-
van. Fairness in monotone k-submodular maximization:
Algorithms and applications. In IEEE International Con-
ference on Big Data, BigData 2024, Washington, DC,
USA, December 15-18, 2024, pages-173-178. IEEE, 2024.



	Introduction
	Related Work
	Preliminaries
	Algorithm for UFkSM Problem
	Algorithm for General FkSM Problem
	Experimental Evaluation
	Conclusions

