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Abstract

We study influence maximization in general
stochastic models, the observed cascades model,
and the independent cascade (IC) model. For gen-
eral stochastic models with only black-box sam-
ple access, we introduce a low-adaptivity optimiza-
tion framework that improves sample complexity
and running time over the prior work and is instru-
mental to all our results. We further introduce an
adaptive algorithm guided by empirical variance,
avoiding pessimistic worst-case bounds. Combin-
ing our optimization framework with sketching, we
obtain the first algorithm with provable guarantees
and nearly-linear running time for influence maxi-
mization on observed cascades, optimal up to loga-
rithmic factors. For IC, we prove a novel tail bound
replacing a factor n with 7 (the number of diffusion
steps) in sample complexity, improving over prior
work when 7 is small, as is common due to small-
world phenomena. Experiments confirm substan-
tial speedups while maintaining solution quality.

1 Introduction

Understanding diffusion processes in networks is a funda-
mental problem in computer science, biology, sociology, eco-
nomics, and other fields. Diffusion processes model phe-
nomena such as the spread of news on social media and the
outbreak of a disease [Chen et al., 2013; Yao et al., 2022;
Leskovec et al., 2007b]. A typical diffusion process starts
with an initial set of active nodes, called the seed set, and it
proceeds in discrete time steps. In each step, all previously
activated nodes remain active and new nodes become active
according to an underlying model of diffusion [Kempe et al.,
2015]. The influence of a seed set is the number of nodes that
are active at the end of the process. A fundamental optimiza-
tion problem that arises in many applications is to find a seed
set of size at most k (the budget) with maximum influence.
Notable applications of influence maximization are viral mar-
keting [Richardson and Domingos, 2002] and outbreak detec-
tion in networks [Leskovec et al., 2007al. In viral marketing,
the goal is to find an initial seed set of “influencers” to adver-
tise a product and spread its adoption through the network. In
outbreak detection, we would like to monitor a network such

as a water distribution network using sensors, and the goal is
to find the locations of the sensors that will allow us to detect
contaminations as quickly as possible.

Starting with the influential work of Kempe et al. [2015],
there has been significantinterest in designing algorithms for
influence maximization that achieve provable approximation
guarantees in general settings. As shown by Kempe et al.
[2015] and subsequent work [Mossel and Roch, 2007], a
very general class of models where provable approximation
guarantees are achievable in polynomial time are submodular
stochastic diffusion models, where the expected influence is
submodular. Submodular models have significant modeling
power and wide-ranging applications, which motivates the
design of efficient algorithms that scale to large networks.
However, despite important developments for the indepen-
dent cascade (IC) model [Borgs er al., 2014; Guo et al., 2022;
Tang et al., 2014] and more general submodular models
[Sadeh et al., 2020], it remains challenging to obtain scal-
able algorithms for models beyond IC. A key bottleneck is
the number of adaptive rounds: the classical Greedy algo-
rithm requires k£ rounds, each evaluating n candidates (where
n is the number of nodes and k the budget), with each evalua-
tion potentially requiring expensive sampling or graph traver-
sals. Recent work on low-adaptivity submodular optimiza-
tion [Balkanski and Singer, 2018; Chen et al., 2021b] shows
that far fewer rounds suffice with exact evaluations, but ex-
tending this to stochastic settings is non-trivial. In this work,
we develop such an extension, combining low-adaptivity op-
timization with tailored estimation techniques to obtain faster
algorithms with provable guarantees.

Beyond stochastic models, practitioners often work di-
rectly with observed data when model parameters are un-
known or hard to estimate [Narasimhan et al., 2015]. We
therefore also consider the observed cascades setting, where
diffusion spreads deterministically according to observed
data. Here we develop the first algorithm with provable guar-
antees and nearly-linear running time, which is optimal up to
logarithmic factors.

We handle both unrestricted influence and settings with ex-
plicit limits on the number of diffusion steps 7. Restricting 7
is necessary in time-critical applications [Chen et al., 2012;
Cohen et al., 2014b; Du et al., 2013; Liu et al., 2012;
Gomez-Rodriguez et al., 2011], e.g., detecting outbreaks
early [Leskovec et al., 2007al. Moreover, due to “small-
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world” phenomena, few-step diffusion often approximates
unrestricted influence well [Travers and Milgram, 2006].

1.1 Our contributions

We provide new algorithms with theoretical guarantees for
influence maximization in general stochastic models, the ob-
served cascades model, and the independent cascade (IC)
model. Our main contributions are:

* Low-adaptivity optimization framework: We adapt
the low-adaptivity Greedy algorithm of Chen et al.
[2021b] to work with stochastic estimates. This is non-
trivial: stochastic estimates are not submodular [Kempe
et al., 2015; Balkanski et al., 2022], so the original anal-
ysis fails. We develop new techniques to handle the es-
timation error. This framework is instrumental to all our
results: it directly improves sample complexity and run-
ning time over Sadeh er al. [2020] by a factor of (almost)
k, and makes variance-based estimation and sketching
viable.

* Empirical variance estimation: Building on our
framework, we introduce an adaptive sampling algo-
rithm guided by empirical variance, avoiding pessimistic
worst-case variance bounds required by prior work
[Sadeh et al., 2020].

¢ Nearly-linear time for observed cascades: Combin-
ing our framework with sketching [Cohen and Kaplan,
20071, we provide the first - algorithm with provable guar-

antees and nearly-linear O(my,t) running time (where
Myt 18 the input size) for observed cascades, improving
over the previously best achievable Q(n - myot). Prior
work [Cohen et al., 2014a] also uses sketching but with
a different algorithmic approach (see Section 3.3).

* New concentration bound for IC: We prove a novel
tail bound for IC samples, improving sample complex-
ity by replacing a factor n with 7, yielding improved
guarantees over Borgs et al. [2014; 2014;2022] when
7T LN.

Together, these contributions yield algorithms with provable
guarantees that substantially improve running time, memory,
and sample complexity for both restricted and unrestricted
influence.

Practical baselines: Highly optimized practical algorithms
exist primarily for the IC model [Borgs er al., 2014; Tang
et al., 2014; Tang et al., 2015; Nguyen et al., 2016; Guo
et al., 2022]. For general stochastic models and observed
cascades, the only prior algorithms with theoretical guaran-
tees are variants of Greedy [Sadeh ef al., 2020; Cohen et al.,
2014al, which we significantly outperform. These settings
are important in practice when IC assumptions do not hold or
model parameters are unknown.

1.2 Related Work

Influence maximization is well-studied with extensive prior
work. We focus on efficient algorithms with theoretical guar-
antees; for heuristic methods, we refer the reader to Li et al.
[2023].

General Stochastic Models: Kempe et al. [2015] show that
influence maximization generalizes the maximum coverage
problem, and thus it is NP-hard to approximate to any factor
better than 1—1/e. They also show that the influence function
is submodular for the IC and linear threshold (LT) models,
and show how to obtain a nearly-optimal 1 — % — € approxima-
tion with high probability by implementing the Greedy algo-
rithm [Nemhauser et al., 1978] using stochastic estimates for
the marginal gains obtained from simulations of the model.
Even though the running time of their approach is polyno-
mial, it is prohibitive in practice. Kempe et al. [2015] in-
troduce a more general stochastic diffusion model, called the
General Threshold model, a vast generalization of the IC, LT,
and other diffusion models. Subsequently, Mossel and Roch
[2007] show that the influence function is submodular in Gen-
eral Threshold models with submodular activation functions.
Sadeh et al. [2020] study sample complexity of influence
maximization in general models, including General Thresh-
old models, parameterized by the number of diffusion steps,
providing improved sample complexity and running time.

Independent Cascades:  Borgs et al. [2014] introduce
reverse influence sampling which is specialized to the IC
model, but offers significantly improved running time and
thus serves as the foundation of most later works. Tang
et al. [2014] introduce TIM+ which reduces the number
of reverse reachability samples and thus improves the over-
all running time. Tang er al. [2015] improve the practi-
cal efficiency of the algorithm further, and later algorithms
such as SSA [Nguyen et al, 2016; Huang et al., 2017;
Nguyen et al., 2018] or OPIM [Tang et al., 2018] track the
current solution quality to stop early. Guo et al. [2022] are
the first to offer wider improvements to the asymptotic run-
ning time over the approach of Borgs er al. [2014] via ge-
ometric sampling. Zhang et al. [2024] extend IC to model
invitation-aware diffusion with multi-stage behavior conver-
sions.

Observed Cascades: Cohen et al. [2014a] develop an algo-
rithm that uses reachability sketches to evaluate the influence
efficiently. In combination with the Greedy algorithm, they
lazily populate sketches, resulting in a more efficient opti-
mization. Many works are dedicated to inferring the under-
lying network structure from real observations of diffusion
processes [Narasimhan et al., 2015; Netrapalli and Sanghavi,
2012; Pouget-Abadie and Horel, 2015]. Chen et al. [2021a;
2019] provide two-stage algorithms that first infer the model
and then maximize influence.

2 Preliminaries

2.1 Influence maximization in stochastic diffusion
models

We study influence maximization under very general models
of stochastic diffusion in graphs. Let G = (V, E) be a graph
onn = |V| nodes. Let S C V be an initial set of nodes,
called the seed set. The diffusion process starts by activating
all of the nodes in S, and it progresses in steps. In each step
t, all previously activated nodes remain active and new nodes
become active according to a stochastic model (we give spe-
cific examples below). The process stops when either no new
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nodes become active (this happens after at most n steps), or
we reach a given limit on the number of activation steps. Let-
ting A)(S) denote the set of nodes that are active at the end
of step ¢ starting from seed set .S, we obtain a nested sequence
A5y =5 AW(S) C ... € AM(S) of random sets.

The 7-step influence of the seed set S is the expected size
E[|A™(S)|] of the active set after T steps of diffusion. We
let

I 2V SR IM(S) =E[|AT(S)] vSCV (1)

denote the 7-step influence function.

Influence maximization: In the influence maximization
problem, we are given as input a number of steps 7 < n and a
budget k < n, and the goal is to find a seed set S with |S| < k
with maximum 7-step influence, i.e., solve the optimization
problem

maxg; |s<k 17 (S) 2
We let S* € argmaxg. |s|<k I(7)(S) be an optimal solution
for the problem and we let OPT := I(7)(S*) be its influence.
A set S with |S| < k is a c-approximate solution if (") (S) >
c-OPT.

Influence estimation via sampling: Exact evaluation of
the influence of a seed set is intractable even in the simplest
and most structured diffusion models: Chen e al. [2010]
showed that evaluating the influence is #P-hard in the inde-
pendent cascades model (we define this model below). How-
ever, in many important settings, it is possible to compute
a stochastic estimate of the influence function in time that is
polynomial in the size |E|+|V| of the graph G = (V, E), e.g.,
by direct simulation of the diffusion process. In this work;
we design algorithms for the very general setting where we
only have black-box access to such stochastic estimates. A

stochastic function j?: 2V — Ris an unbiased estimate of the
influence function I(7) if E[f(S)] = I(7)(S) forall § C V.
We refer to an unbiased estimate f as a sample. We assume
black-box access to independent samples that we can evalu-

ate via a value oracle: a value oracle for a set function f is a
black-box subroutine that, given a set S as input, returns the

o~

value f(S5). We measure the running time as the number of
samples taken, the number of calls to the evaluation oracles
of those samples, and the additional arithmetic operations.
Submodular diffusion models: Even if the influence
function can be evaluated exactly in polynomial time, it is
intractable to obtain any non-trivial approximation guaran-
tees for the influence maximization problem (2) without fur-
ther assumptions on the influence function. In this work, we
assume that the influence function I(™) is a submodular and
monotone set function. A set function f: 2V — R is sub-
modular if f(A) + f(B) > f(AN B) + f(AU B) for
all subsets A, B C V. An equivalent definition is that f
satisfies the following diminishing returns property: letting
f(T)S) == f(T'US) — f(S) denote the marginal gain of
T on top of S, the function f is submodular if and only if
f{v}HA) > f({v}|B) forall A C Bandallv € V \ B.
The function is monotone if f(A) < f(B) for all A C B.
This broad setting captures many specific models in the lit-
erature (examples below). Note that, although the influence

function is submodular, individual samples f are generally
not submodular [Kempe et al., 2015].

The influence maximization problem captures the maxi-
mum coverage problem as a special case, and thus it is NP-
hard to obtain an approximation factor better than 1 — 1/e.
The algorithms we propose in this work achieve a nearly-
optimal 1 — 1/e — e approximation with probability 1 — ¢,
for any €, 6 > 0 given as input.

Examples of diffusion models: A very general diffusion
model is given by the general threshold model [Kempe ef al.,
2015; Mossel and Roch, 2007]. In this model, each node v
is associated with a monotone activation function, which is a
set function on v’s neighbors, and a random threshold. The
thresholds are sampled independently and uniformly at ran-
dom from the interval [0, 1]. The process starts with the seed
set being active, i.e., A©® — S Ineach step t, all of the
previously active nodes remain active (i.e., Al=D C A(t))
and each inactive node becomes active if the value of its acti-
vation function on the set of its active neighbors exceeds the
threshold. Mossel and Roch [2007] showed that, if the activa-
tion functions are submodular, then the unrestricted influence
function (™ is submodular. We can efficiently construct a

sample fof I for a general threshold model as follows.
We sample the thresholds 8 and we implement the evaluation
oracle for f via direct simulation of the activation process:
on input S, we construct the activated sets A™(S) based on
the sampled thresholds. Individual samples are generally not
submodular [Kempe er al., 2015].

The linear threshold (LT) model [Granovetter, 1978] is the
special case where activation functions are linear. In the inde-
pendent cascades (IC) model, each edge e € E becomes live
independently with probability p, € [0,1], and A)(S) is the
set of nodes reachable from S' via live edge paths of length at
most t. IC is also a special case of the general threshold model
[Kempe e al., 2015]. The 7-step influence I(7) is submodu-
lar for all 7 in LT and IC [Kempe et al., 2015]. In IC, a sample

~

f is obtained by sampling live edges and computing reacha-
bilities; it is a coverage function f(S) = [{J,cg Cuv| (Where
C, is the 7-step reachability set of v) and hence submodular
and monotone. In LT, samples from direct simulation are not
submodular in general [Kempe et al., 2015].

Further extensions: Our algorithms readily extend to the
setting where (™) (S) = E[g(A(S))] for some function
g: 2V — R, e.g., g is linear or more generally a monotone
submodular function. As before, we assume that the influence
I is non-negative, submodular and monotone, and we are
given black-box access to independent samples that we can
evaluate via a value oracle.

2.2 Influence maximization on observed cascades

We also consider deterministic instances of the influence
maximization problem on observed cascades. Here we are
given as input ¢ graphs G1 = (V1, E1),..., Gy = (Vi, Ey).
WeletV =V, U---UV,. Welet Reach(GTi) (S) denote the set
of all nodes v € V; such that there is a path in G; of length at
most 7 from a node in .S N V; to v. The 7-step influence of a
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Algorithm 1 Low-adaptivity Greedy algorithm for influence
maximization using stochastic estimates for the marginal
gains.

LowAdaptiveGreedy(e, d):

I: S+ 0;a+n
2: forr =1,..., Touter = 2logn do

32 U+V
4 a+—a(l—ce > decrease threshold
s: fort=1,... Tinper = 2log(%) do
6: {X(u|S):ueU}
+ EstimateGains({{u} : u € U}, S)

7: U«~{veU:X(w|S)>a} > filtering
8: if U = () then break
9: Let vy, vy, ..., vy be arandom permutation of U
10: s < min{k — |S],|U|}
11: Let T; = {v1,ve,...,v;}forall1 <i<s
12: {X(T;|S):1<i<s}

+ EstimateGains({T; : 1 <1i < s}, .5)
13: i* —argmax{1 <i<s:X(T;|95) > ai}
14: S+ SUT;« > add to solution
15: if |.S| = k then return S
16:  if U # () then return Failure
17: retarn S

seedset S C V' is

I(8) = 1570 [Reachl) ()]

3 Our algorithms

We now introduce our algorithms and guarantees. Due to
space limitations, we defer detailed descriptions with pseu-
docode and the analysis to the full version of our paper.

3.1 Algorithmic template

All our optimization algorithms follow the template in Algo-
rithm 1. The algorithm is based on Chen ef al. [2021b] for
submodular maximization with exact evaluations. The key
idea is to add multiple high-gain elements per iteration (in-
stead of one as in Greedy), reducing the number of adaptive
rounds from O(n) to O(log? n/e?).

Specifically, the algorithm multiplicatively decreases a
threshold « that controls the marginal density of sets 7' C V'
which we add to the current solution .S. The marginal density
of a set T over the solution S is the ratio f(T" | S)/|T \ S|.
Instead of adding single elements as in the Greedy algo-
rithm, we add large sets such that we need fewer iterations.
To accelerate the search for sets with high marginal den-
sity, we use a filtering step where we remove all elements
whose marginal gain is less than the threshold . We then
test the marginal density on a random sequence of prefixes
Ty C Ty C .- C T of size at most k — |\S| which we ob-
tain by permuting the elements. We add the largest set T;
whose marginal density exceeds the threshold « to the solu-
tion. Once the size of our solution reaches the budget k, we
are done and output S. However, in order to guarantee our
running time, we declare failure if we go through all Ti, ey

iterations of the inner for loop without having filtered out all
elements such that U = .

Adaptation to stochastic estimates. The algorithmic tem-
plate above is due to Chen et al. [2021b]; our contribution is
extending it to work with stochastic estimates of the marginal
gains, which is non-trivial. The original analysis relies on
marginal gains being deterministic and decreasing (submod-
ularity). With stochastic estimates, individual samples are not
submodular [Kempe et al., 2015], and approximating a sub-
modular function stochastically does not generally suffice for
good guarantees [Balkanski et al., 2022]. We address this by
carefully accounting for estimation error throughout the anal-
ysis, using fresh samples each iteration to maintain indepen-
dence, and proving that accumulated errors remain bounded.
The complete analysis is in the full version.

Estimation subroutine: The template uses a subroutine
EstimateGains to estimate marginal influence gains. Intu-
itively, good estimates should be close to the true values, with
high probability. We formalize this:

Definition 3.1. An estimation algorithm EstimateGains
takes a collection 7 = {Ty,T5,...} of subsets and a
set S, returning estimates X (7;|S) for the marginal gains
m (T;]S). It has mulriplicative error eqs, additive error
Cest» and failure probability §eg if:

Pr(3T; € T: |X(T3|S) — IN(T;]9)]
> 6cstI(T) (T'L|S) + Cost} S 605‘5

Note that .5t bounds the joint failure probability (any

bad estimate), not each estimate individually, enabling a
clean analysis. We design subroutines achieving any target
€csts Cest Oest -
Algorithm guarantee: The following theorem states the
main guarantee we establish for the algorithm. To simplify
notation, we use the O(+), Q(+), ©(+) notation to suppress fac-
tors that are poly-logarithmic in n = |V, ie., O(T) =
O(T - (logn)°M). Since we analyze our algorithm in the set-
ting where we only have access to stochastic estimates to the
marginal gains, our proof requires substantial changes from
the work of Chen et al. [2021b]. The analysis is complex and
subtle due in part to the use of randomization, and this is a
challenge when trying to make it robust to errors due to the
stochastic estimations. We obtain:

Theorem 3.2. Suppose we run Algorithm 1 with an estima-
tion routine EstimateGains with multiplicative error €qst,
additive error cest, and failure probability Oest. Algorithm
1 makes N = O(Z% log(3)) calls to EstimateGains and it
returns a solution S with |S| < k and IV (S) > (1 -1 —
€est — €)OPT — 3kces, with probability 1 — Nies; — 6.

3.2 Our algorithm for influence maximization in
general stochastic diffusion models

We now describe our algorithm for general diffusion models.
Recall from Section 2.1 that we assume black-box access to
independent samples f for the influence I(7) represented as

~

a value oracle that, on input S, returns f(.S). Our algorithm
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instantiates the template Algorithm 1 using an estimation sub-
routine that uses independent samples from the model to es-
timate the marginal influence gains.

We provide two versions of the estimation subroutine, both
achieving additive error cg, failure probability dest, and no
multiplicative error (Defn. 3.1).

Estimation with known variance bound: Our first estima-
tion algorithm (Algorithm 4) uses median-of-means estima-
tion: it partitions samples into groups, computes the mean
within each group, and returns the median of these means.
This standard approach requires knowing upfront how many
samples to take. To guarantee additive error cegt, the required
sample size depends on the variance of single-sample esti-
mates. Since the algorithm must work for all sets T queried
during optimization, we need an upper bound W on the max-
imum variance maxg 1 Var[f(T|S)]. This bound W can be
pessimistic since it must account for worst-case sets even if
actual queries have lower variance. The work of Sadeh er
al. [2020] uses the same approach and also requires W.
An immediate bound is W < n - OPT; tighter bounds are
given in Sadeh et al. [2020]. The median-of-means estimator
achieves:

Theorem 3.3. Let W be an upper bound on the maximum
variance mMaxg rcv: |SUT|<k Var[f(T\S)] of the marginal
gain estimates obtained from a single sample f Given W,
Cest, and Oest, as inputs, Algorithm 4 achieves an additive er-
YOV Cest, failure probability Oest, and no multiplicative error
(€est = 0) using L = O( Wlog( -)) samples and | T |L
calls to the evaluation oracles for those samples.

By combining the template Algorithm 1 with the estima-
tion Algorithm 4, we obtain an algorithm with the following
guarantee. We give the pseudocode of the combined algo-
rithm in Algorithm 3, which has the following guarantee.
Theorem 3.4. Let W be an upperAbound on the maximum
variance maxg rcy . |sur|<k Yar[f(T|S)] of the marginal
gain estimates. Given W, € and § as inputs, Algorithm 3 uses
O(NL) samples for L = O(%Wlog(i log(3))) and
it returns a solution S satisfying (7 (S) > (1 — 1 — ¢)OPT
with probability 1 — 4.

Comparison with prior work: The state of the art for gen-
eral models is due to Sadeh e al. [2020]. Compared to
their algorithm, ours improves sample complexity and run-
ning time by a factor of k/N, which is Q(k/logn) for con-
stant €,d. This is significant for large seed sets: in viral
marketing, campaigns may target a substantial fraction of the
network as influencers [Richardson and Domingos, 2002]; in
outbreak detection, monitoring many locations improves cov-
erage [Leskovec et al., 2007al; and empirical studies [Ling et
al., 2023] use seed sets up to 20% of nodes. When k = O(n),
our factor-k improvement translates to a factor-n speedup
over prior work.

Estimation via empirical variance: A drawback shared with
Sadeh er al. [2020] is that worst-case variance bounds are
pessimistic. We provide Algorithm 6 that instead uses em-
pirical variance to adaptively determine the number of sam-
ples. The algorithm iteratively draws samples and computes

the empirical variance from observations. Using empirical
Bernstein bounds, it constructs confidence intervals around
the current estimate and terminates once these intervals are
sufficiently tight. This adaptive approach avoids oversam-
pling when actual variance is low, yielding significant practi-
cal improvements (Sec. 4). Crucially, the algorithm adapts to
the actual variance without requiring any bound W as input.
Let W be again any upper bound on maxg 1 Var[f(T|5)].
We show:

Theorem 3.5. Given as input Ceg gnd Oost with probability
1 — Oest, Algorithm 6 uses L = O((CQ_ ") lo g(6 —))
samples and | T|L calls to the evaluation oracles for the sam-

ples, and it achieves additive error cest, failure probability
dest, and no multiplicative error (€esy = 0).

Cest

By combining the template Algorithm 1 with the estima-
tion Algorithm 6, we obtain an algorithm with the following
guarantee. We give the pseudocode of the combined algo-
rithm in Algorithm 5, which achieves:

Theorem 3.6. Given € and §~as input, with probabil-
ity 1 — 6, Algorithm 5 uses O(NL) samples for L =
O(( 52%1%"2 + ) log( )) and it returns a solution S sat-
isfying 117 (8) > (1 — L — ¢)OPT.

3.3 Our algorithm for observed cascades

We now present our algorithm for observed cascades, an im-
portant setting where we have ¢ observed diffusion graphs
G1 = (‘/1, El), ey G[ = (‘/g, Eg) with Miot = Zz |EL| to-
tal edges. We assume |V;| < |E;| (isolated vertices can be re-
moved) The influence is the average reachability: () (S) =

3 |Reach(T (S)]. Unlike stochastic models, here we can

evaluate 1 (T)(S’) exactly in O(m¢ot) time via BFS. Greedy
thus gives 1 — 1/e approximation in O(nk - mye) time;
this can be reduced to O(n - myct) at a small approximation
loss [Mirzasoleiman et al., 2015]. We achieve nearly-linear

6(mtot) time by combining our low-adaptivity framework
with reachability sketches.

Estimation via reachability sketches: Our estimation sub-
routines use bottom-b min-hash sketches [Cohen, 1997] to
estimate reachability set sizes: Algorithm 7 handles unre-
stricted influence (7 = n), while Algorithm 8 handles re-
stricted influence (7 < n). We build fresh sketches in each
of the O(log®n/e?) adaptive rounds. The key insight is
that low-adaptivity makes this affordable: rebuilding sketches
O(log? n) times adds only logarithmic overhead to the to-

tal O(myot) running time. Prior work [Cohen er al., 2014a]
uses sketching with Greedy, but reuses sketches across k iter-
ations, creating correlations that invalidate their analysis; fix-
ing it would require rebuilding & times, which is prohibitive.
We thus provide the first nearly-linear time algorithm with
provable guarantees. We show that our sketch-based estima-
tors achieve multiplicative error with no additive error:

Theorem 3.7. Consider the setting T = n (unrestricted influ-
ence). Given as inpgt €ost and 5est, Algorithm 7 runs in time
O(bmyot) for b = O( L log(

—)) and it achieves a multi-
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plicative error €est, failure probability sy, and no additive
error (Cest = 0).
Theorem 3.8. Consider the setting T < n (restricted influ-
ence). Given~as input €egy and e, A~lg0rithm 8 runs in ex-
pected time O(bmyot logd) for b = 0(6% log(%)) and it
est es

achieves a multiplicative error €qg, failure probability Jegt,
and no additive error (cesy = 0).

Our overall algorithm combines the template Algorithm 1
with the estimation Algorithms 7 and 8. We give the pseu-
docode in Algorithm 9 and show:

Theorem 3.9. For 7 = n, given as input € and 6, Algo-
rithm 9 runs in time O(Nbmyo) for N = O(% log(%)) and
b = 5(}2 log(X)) and it returns a solution S satisfying
IM(S) > (1 — L — €)OPT with probability 1 — 6. For
T < n, the running time is O(Nbmyo log b) in expectation.
Note that for observed cascades, the dominant memory
cost is the bottom-b sketches. Since we store one sketch of

size b per node in each of the ¢ graphs, we require O(bnf)
total space, which is almost linear in the input size.

3.4 Our algorithm for influence maximization in
independent cascade models

In this section, we consider the influence maximization in
independent cascade models. As discussed in Sec. 2, we
can obtain a sample f of the influence I(7) by sampling a
live-edge graph G and letting f(S) = |Reachg)(5)\ for all
S C V. Our algorithm is simply to take ¢ such samples (for
an appropriate number ¢ that we discuss below), and use our
algorithm for observed cascades to approximately maximize
the empirical influence /() (S) := 130 |Reachgi)(5)|
where G1, ..., G, are the sampled live-edge graphs.

Our improved sample complexity: To ensure that the algo-
rithm constructs a 1 — 1/e — O(€) approximation with prob-
ability 1 — O(9), it suffices to take enough samples to ensure
that the empirical influence (™) approximates the true influ-

ence 1) on all feasible sets in the following sense. Letting
F ={S C V:|S| < k} denote theset of all feasible solu-
tions, it suffices to ensure that

Pr[vS € F: [I0(S)— I7(S)| < cOPT] > 1 -6 (3)

where the above probability is over samples from the model.

Since we have |Reachgi) (5)| < n, the Chernoff inequality
implies that the number of samples needed to guarantee (3) is
(= O(w) = O("klofw). In this work, we show
the following improved sample complexity.
Theorem 3.10. Ler F = {S C V:|S| < k} be
the set of all feasible solutions. Let I(7): 2V — R,
IM(S9) = %Zle |Reachgi)(5)\ where G1,...,Gy are
live-edge graphs sampled independently from the indepen-
dent cascade model. For any values €,§ € [0,1], we can
ensure that

Pr[vS € F: |[I0(S) — I7)(S)] < eOPT] > 1 -6

using { = O(%) samples, where M =

max,cy I(7) (v) is the maximum singleton influence and
OPT = maxg. |s/<k I)(S) is the value of the optimal
solution. Since M < OPT and |F| = O(nk), we have
(< O(-rkloi(n/&)).

Compared to the sample complexity obtained via the Cher-
noff inequality, our sample complexity replaces the domi-
nant term n = |V| by the number 7 < n of propagation
steps. This is beneficial since in many applications 7 is
very small compared to n, e.g., several applications exhibit
small-world phenomena where the restricted influence 7(7)
for a small 7 sufficiently approximates the unrestricted influ-
ence 1(™) [Travers and Milgram, 2006]. Another example
is in time-critical applications where 7 is explicitly set to a
small value [Liu ef al., 2012; Gomez-Rodriguez et al., 2011;
Chen et al., 2012].

Novel concentration bound. Standard Chernoff bounds use
X < n,yielding O(n) in sample complexity. We exploit the
structure of IC: the reachability set grows layer by layer over
T steps. We decompose X = |Reachg) (S)| across propaga-
tion steps and bound each layer’s contribution, yielding O(7)
instead of O(n). We bound the moment generating function
(all moments), extending Vondrék’s [2010] concentration for
submodular functions. Prior work [Sadeh et al., 2020] only
bounds variance, requiring the less efficient median-of-means
estimator. Our bound enables the submodular sample aver-
age, allowing us to exploit sketching for fast running time.

It is also instructive to compare our number of samples to
the number of samples of the reverse reachability approach
used by the state of the art algorithm of Borgs e al. [2014]. In
the latter approach, a single sample is generated by selecting a
single vertex v uniformly at random and identifying the set of
nodes that can reach v in a single live-edge graph GG sampled
from the model. There are simple examples showing that this
sampling approach requires an 2(n) number of samples even
for 7 = 1. Indeed, consider the case when the graph is a
matching; to estimate the (1-step) influence of a single node
in this instance, we need to sample its only neighbor in the
graph, which requires (2(n) samples even in expectation.
Our algorithm: Our Algorithm 10 for independent cascade
models takes { = O(%W) samples, and it uses our Al-
gorithm 9 for observed czisgades to approximately maximize
the empirical influence (7 (S) = 13 \Reachgi)(S)L
Using algorithms for sampling from the Geometric distri-
bution [Bringmann and Friedrich, 2013], we can construct
the sampled subgraphs in expected time O(m + ¢/) where
M =), Pe is the expected number of edges in a single sam-
ple (see Lemma F.1 in the full version). By combining Theo-
rems 3.9 and 3.10, we obtain the following guarantees.

Theorem 3.11. For any €,d given as input, Algorithm 10
achieves an approximation of 1 — % — € with probability

1— 6 using £ = O(Z—f log(%)) samples. The running time
is O(m + Nblmlogh) for N = 6(}210g(%)) and b =
O log(4))).

Comparison with prior work: State-of-the-art algorithms
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Figure 1: Influence maximization for a general threshold model on
Facebook for 7 = 5.

Dataset n m Mot
Facebook 4039 88234 1529531 + 757
Twitter 81 306 1768 149 35678239 +£ 1734
Google-Plus 107614 13673453 141708703 £ 7858
Pokec 1632803 30622564 294689370 + 2357

Table 1: Dataset Statistics

use reverse influence sampling [Borgs er al, 2014; Tang
et al., 2014, running in time O(%mklog(n/d)). Only
Guo er al. [2022] improve this asymptotically under cer-
tain conditions. Our algorithm is faster by a factor of 5 (Tm)
when m > m7. One common setting where this holds
is when edge probabilities scale with degrees and 7 is con-
stant. We note that our IC algorithm is not designed to com-
pete with highly optimized implementations of reverse in-
fluence sampling [Tang er al., 2015; Nguyen et al., 2016;
Tang et al., 2018] but offers improved asymptotic guarantees.

4 Experimental evaluation

We evaluate on datasets in Table 1 [Leskovec and Krevl,
2014]; further details and results are in the full version.
Experiments run on an AMD Ryzen 7900X3D with 94GB
RAM; code in C++ with GCC O2. We repeat 5 times and
report mean = std.

4.1 Influence maximization in general stochastic
diffusion models

We use a general threshold model with linear weights
bluw)y = ﬁ@), which has no live-edge characterization

objective value running time [s]
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Figure 2: Influence maximization for 7 = 5 steps on £ = 100

observed cascades from the Twitter network.

(weights sum to > 1). We compare our Algorithm 5 with
Sadeh et al. [2020] (Algorithm 4). Results are in Figure 1 for
T = 5; see the full version for 7 € {10,n}. These are the
largest networks in the literature for such models.

Discussion: Our Alg. 5 suffers only a small decrease in
objective value while taking substantially fewer samples and
running faster. For large budgets, our algorithm uses 10x
fewer samples and is 200x faster.

4.2 Influence maximization on observed cascades
We obtain a single graph G; = (V, E;) by including (u,v) €
E; with probability g for each directed edge (u,v) € E.
We sample ¢ = 100 such graphs independently to form the
observed cascades instance. Table 1 shows the total number
of edges myot. We use Algorithm 9 and estimate influence
via Algorithm 7 for unrestricted (7 = n) and Algorithm 8 for
restricted influence (7 < n). We compare with the greedy
algorithm with lazy evaluations, the state of the art with theo-
retical guarantees; all other such algorithms are for stochastic
models [Tang et al., 2015; Guo et al., 2022]. Figures 2 and 3
show results for the Twitter and Pokec networks and we pro-
vide further results in the full version. Lazy greedy does not
scale to Pokec and Google-Plus instances, so we exclude it.

Discussion: Our algorithm vastly outperforms lazy greedy
in running time while achieving nearly the same objective
value, and easily scales to networks like Pokec with 100M
edges; requiring only a few minutes even for large budgets.
Additional experimental results, including further datasets,
parameter settings, and diffusion step values, are provided in
the full version.

5 Conclusion

We extend the low-adaptivity greedy framework of Chen et
al. [2021b] to work with stochastic estimates of marginal
gains, which is non-trivial since individual samples lack sub-
modularity. We develop new estimation techniques: median-
of-means with known variance bounds, an adaptive empirical
variance estimator that avoids pessimistic worst-case bounds,
and sketch-based estimators for observed cascades. For IC
models, we prove a concentration bound replacing n with 7 in
sample complexity. These yield improved complexity, faster
running time, and scalability, including the first nearly-linear
algorithm for observed cascades with provable guarantees.
Experiments confirm substantial speedups while maintaining
near-optimal solution quality.

objective value running time [s]
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5 x 107
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Figure 3: Influence maximization for 7 = n steps on £ = 100

observed cascades from the Pokec network.
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