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Abstract

We study the question of existence and fast com-
putation of fair and efficient allocations of indivis-
ible resources among agents with additive valua-
tions. As such allocations may not exist for arbi-
trary instances, we ask if they exist for rypical or
random instances, meaning when the utility values
of agents for the resources are drawn from certain
distributions. In this paper, we extend the previ-
ously studied formal models of this problem to non-
identical items. We assume that every item is as-
sociated with a distribution I{;, and every agent’s
utility value for the item is drawn independently
from U;. We show that envy-free fair and maxi-
mum social welfare efficient allocations exist with
high probability in the asymptotic setting, meaning
when the number of agents 7 and items m are large.
Further we show that when m = Q(nlogn), then
by only sampling O(log m) or O((logm)?) utility
values per item instead of all the n, we can com-
pute these allocations in O(m) time. Finally, we
simulate our algorithms on randomly generated in-
stances and show that even for small instances, we
suffer small multiplicative losses in the fairness and
efficiency guarantees and converge to fully optimal
guarantees quickly.

1 Introduction

Fair and efficient allocation of indivisible resources is
a central area at the intersection of economics, algo-
rithmic game theory and computational social choice
([Amanatidis er al., 2023] surveys the most popular direc-
tions and seminal results). In this paper, we focus on the par-
ticular problem of dividing typical or random instances (initi-
ated in [Dickerson et al., 2014]), where agent utilities for the
resources are drawn from certain distributions rather than be-
ing arbitrary. We assume that we are given oracle access to
a distribution I{; (that has minimal technical assumptions de-
scribed in Section 1.1) corresponding to every item j. Every
agent’s value for item j is sampled independently from its
distribution ¢{;. This model reasonably captures several real
world allocation scenarios. For example, while distributing

assets among companies, every company’s value for a partic-
ular asset would be similar, and can be assumed to belong to
some natural distribution with bounded upper and lower val-
ues. The same is true for resources like public housing, rent,
or time to serve online server requests. If we can guarantee,
with high probability, the existence of fair and economically
efficient allocations for random instances drawn in this way,
and further give computationally efficient algorithms to find
these, then we would essentially be able to quickly resolve
such real world fair allocation problems with high probability.
As there are simple counterexamples to show that fair and ef-
ficient allocations may not always exist (consider 2 items and
1 agent), existence with high probability is a strong guarantee.
This implication is a compelling reason to pursue this direc-
tion of research and the motivation for this paper as well.

The setting of random instances was initiated in
[Dickerson ef al., 2014]. They studied the formal model of
identical goods, where the distributions for the utilities of
all the items are identical. In the initial work, they proved
the existence of envy-free fair allocations when the number
of items m is asymptotically large compared to the num-
ber of agents n, that is m = Q(nlogn). Their work was
followed up by [Manurangsi and Suksompong, 2020] and
[Manurangsi and Suksompong, 2021] for the same setting of
identical distributions. They closed the gaps in our under-
standing this setting, and proved tight existence results for
fair allocations.

In this paper, we extend this series of works by modelling
the class of non-identical distributions, where every item is
associated with its own distinct distribution, and show sev-
eral existence results. First, we show that envy-free fair allo-
cations exist when the number of items m is larger than the
number of agents n, that is, m = Q(nlogn) (Theorem 1.1).
For small m, when m = O(n), we show envy-fair allocations
exist when m > 5n and n divides m (Theorem 3.2), and pro-
portional allocations exist when n < m < 2n and the means
of all the item distributions are at most 1/2 (Theorem 3.1),
or when m > cn for some constant c, that depends on an
upper bound of the means of all the item distributions (The-
orem 1.4). The overarching techniques to prove these results
are similar as the identical case, but the analysis is far more
involved. The assumption of identical distributions provides
strong symmetry assumptions that are critically used in prior
work. The most similar and straightforward is the case for
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large m = Q(nlogn). As in the identical case, we show that
there is a gap between the expected utility of an item to an
agent who gets the item and that to an agent who does not get
it. These values are now different for each item in our non-
identical case. We can easily show that there is a gap between
the means of these expected values across all items. We then
essentially perform the same analysis as the identical case in
[Dickerson et al., 2014], by replacing the identical expected
values in that analysis by these means of the non-identical
expected values.

The linear regime m = ©(n) is more involved. In the
identical items setting, [Manurangsi and Suksompong, 2020;
Manurangsi and Suksompong, 2021] reduce the existence
problem of envy-free allocations to the existence of certain
many-to-one matchings in certain random bipartite graphs
called the Erd6s-Rényi graphs. In these graphs, every edge
exists with the same probability. Standard known results
from combinatorics show when such matchings exist in these
graphs. The identical items fair allocation case reduces to
this exact problem, hence the known results directly prove
the envy-free results. Our non-identical model reduces to a
random graph where edges correspond to non-identical item-
dependent existence probabilities, and is no longer standard
Erd6s-Rényi. After constructing this graph, our main tech-
nical step is to extend the standard combinatorics result to
this heterogenous setting. This yields our envy-free fairness
results for linear m > 5n.

Now we overview our proportionality results. For the
m > cn case, we follow a similar framework as [Manurangsi
and Suksompong, 2021]. First, by a simple pigeonhole prin-
ciple argument, we prove the sufficiency of the condition on
the means of the distributions. For the case when this condi-
tion is satisfied, we design a two-stage matching algorithm to
constructively prove that a proportional allocation exists. In
the first stage, the algorithm constructs a bipartite graph that
connects every agent ¢ with any good j only if u;(j) > 75,
where 7; is carefully chosen so that Pr[u; (j) > 7;] is exactly
logn+w(1)/n. Our extended proofs for the Erdés-Rényi graphs
then imply the existence of certain many-to-one matchings.
Now, for the case where m > 1.9n, we show by simple con-
centration bounds that this matching is already proportional.
When m < 1.9n, we need a tighter analysis. This is the most
technically involved part of our paper. The difficulty of this
case is intuitive, as when m is large, every agent gets a large
number of items. Even with non-identical items, the process
of combining a large number of them provides some iden-
tical measures, like the mean of the expected utility across
all items. These measures can be placeholders for the met-
rics used in the identical items analysis, and make similar
proofs go through. We prove a stronger version of the stan-
dard Berry-Esseen theorem, extending it to independent but
not necessarily identically distributed summands; using this,
we show that at most 0.6n agents remain without a propor-
tional share after the first stage. For these agents, we con-
struct a residual graph with the remaining agents and items
and use this to complete a proportional allocation.

Other works on the random instances model in-
spired us to investigate our model in two further ways.
[Bai and Golz, 2022] extended research on the random model

to the asymmetric agents case, where each agent was associ-
ated with a distinct distribution and drew utilities for all the
items independently from their own distribution. They also
additionally explore Pareto optimality, a notion of economic
efficiency. We also investigated economic efficiency, and ob-
served that our algorithm for large number of items m =
Q(nlogn) case assigns every item to an agent who draws
the highest value for it, hence gives Pareto optimality by de-
sign. Second, [Manurangsi and Suksompong, 2021] study ef-
ficient computation of these allocations. They show that an
envy-free allocation can be obtained with a round robin al-
gorithm for m = Q(nlogn/loglogn). [Li et al., 2024] per-
form a detailed analysis of the round robin algorithm, and
show that it has complexity O(mn + mlogm) when agent
preferences are uniform, identical and random. These works
inspired us to study efficient computation. This seems espe-
cially important as the existence results are for the asymp-
totic regime. Our algorithm for the m = (nlogn) case has
O(mn) time complexity, as for every one of the m items, we
draw from their distributions n times, to decide which agent
receives it. Note that thereis a natural lower bound of O(m)
for this problem, as every item needs to be processed once
to decide which agent it gets assigned to. We explore if we
can match this'lower bound. We considered the natural ex-
tension to sampling algorithms, where instead of drawing all
the n values, we sample a few agents and give the item to
the agent who drew the highest utility among these. We show
three trade-off results between time and fairness guarantees:
by sampling O(m) samples, we obtain 0.8-approximate fair
and 0.9-approximately efficient allocations, with high proba-
bility (Theorem 1.3). These guarantees can be improved for
the more restricted class of discrete distributions (Theorem
1.2), or by drawing more samples (Theorem 4.1).

We now describe our final set of observations. We em-
pirically evaluated both the non-sampling and sampling al-
gorithm on finite instances to understand how quickly the
asymptotic behavior manifests. Note that our proofs for the
linear m = O(n) case are non-constructive, hence there is no
method to experimentally simulate these, hence we simulate
our algorithm used in the m = Q(nlogn) case. For various
values of m and for n = 100, we sampled utilities from either
the beta, truncated normal, or uniform distributions. The de-
tails of our set up are in Section 5. For each instance, we run
our algorithm, and record three parameters, (i) envy ratios
that capture how much any agent values someone else’s set
compared to their own, (ii) the fraction of agents who have
envy, and (iii) the highest welfare ratio, to understand how
much we sacrifice in the total efficiency, to reduce time com-
plexity by sampling. We observed that the envy ratio remains
between 4 and 9 when m is small compared to 7, but vanishes
when m is about 100 times higher than n. We also found that
in practice, after sampling about 5 In n values for every item,
the sampling and non-sampling algorithms become nearly in-
distinguishable in terms of the allocations they yield. Finally,
the economic efficiency with the sampling algorithm remains
higher than 0.85 times that of the non-sampling one, even
when we sample as low as 4 samples per item, and goes to
above 0.95 times for 23 or more samples.

Other related work. There are several other works
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that study the random model. The case of iden-
tical undesirable resources or chores is studied by
[Manurangsi and Suksompong, 2025]. They showed stronger
positive results and proved that the chores case was easier
than goods. [Manurangsi et al., 2025] explore a general set-
ting with random identical distributions for utilities, but with
weighted agents where each agent has a scalar value called
a weight assigned to them. In this problem, fairness notions
are generalized to capture the idea that agents receive utilities
proportional to their weights. Related works studying sim-
ilar models are [Bai et al., 2022], which studies fairness in
an interesting smoothed utilities model, and [Zeng and Pso-
mas, 2020], which studies fair and efficient allocations in on-
line settings and asymmetric agents, and give non-asymptotic
results. A series of works studies other notions of fairness
with identical items and symmetric agents. [Amanatidis et
al., 2017] study maximin share fairness with uniform distri-
butions, [Suksompong, 2016] study proportionality, and [Ma-
nurangsi and Suksompong, 2017] study group envy-free fair-
ness, when items are assigned to groups of agents instead of
individually. [Kurokawa et al., 2016] studied this problem for
maximin share fairness in the more general case of asymmet-
ric agents. [Farhadi er al., 2019] study maximin fairness in
the setting with asymmetric agent distributions and weighted
agents.

In the remaining paper, we discuss our main results for each
case, large and small number of goods - Theorem 3.1 for a
proportional allocation when there are n < m < 2n goods in
Section 3, Theorem 3.2 for envy-free allocations with small
number of goods in Section 3.2, and Theorem 4.1, our sam-
pling algorithm for large number of items with continuous
distributions and bounded means in Section 4. We also de-
scribe our empirical evaluations in Section 5. An extended
version of this paper with the remaining results can be ac-
cessed at: https://arxiv.org/abs/2512.17238.

Theorem 1.1. [Large number of goods] When the number of
goods is large, that is, n = O(m/logm), then, with proba-
bility (1 — 1/m) , an envy-free and maximum social welfare
allocation exists as m — 0.

We write n = O(m/logm) and m — oo to emphasize that
the result holds even with a finite number of agents as long as
the number of items goes to infinity.

Theorem 1.2. [Sampling from discrete distributions] Sup-
pose the utility of each good for every agent is drawn from
a discrete distribution with finite support in [0,1]. Let m =
Q (nlogn) and the number of sampled agents for each good

s = %. Then, with high probability, a maximum so-
cial welfare and envy-free online allocation of goods exists

asn — oQ.

Theorem 1.3. [Sampling with constant approximation] For
the allocation problem as described in Section 1.1, let m =
Q (nlogn) and the number of sampled agents for each good

5= m;inm Then, with high probability, a 0.9-approx. max-

imum social welfare and 0.8-approx. envy-free online alloca-
tion of goods exists as n — Q.

Theorem 1.4. [Proportionality for linearly many goods] Let
¢ < 1 be such that ElU;] < cforall j € M. Ifr = [2-

%1 and m > rn, then with high probability, a proportional

C
allocation exists as n — 00.

1.1 Our Model

Fair allocation problem. We consider the problem of divid-
ing m indivisible and non-identical items among n agents,
according to certain fairness and efficiency notions (defined
shortly). We assume the items are goods, meaning they
are non-negatively valued by all the agents. Formally, let
N ={1,...,n} bethesetof agentsand M = {1,...,m} be
the set of goods. For each (i,7) € (N x M), u;(j) € [0,1]
denotes the utility of good j for agent <. The utilities are as-
sumed to be additive, that is, for all M’ C M, u;(M’) =
> jenr wi(j). The solution of the fair allocation problem is
an allocation or a partition of M into n disjoint subsets. For-
mally, we denote an allocation by A = (A, ..., A,), where
A; is the bundle or subset of M allocated to agent ¢. Thus
U;A; = M and A; N Ay = ¢ forall i and ' € N. In this
paper, we will study the setting where each utility w;(j) is
sampled randomly from a known distribution ¢{;, described
below.

Distributions of utilities. For each good 5 € M, we assume
that there exists a distribution {; supported on [0, 1], such that
u;(j) ~ U; independently for each ¢ € N. Computationally,
we assume a black box for each U{; that allows us to sample
once from the distribution in O(1) time. The distributions
have the following properties. Each U is non-atomic, i.e.,
Prx.y,[X = z] = 0 forall z € [0, 1]. Further, every U, is
(e, ﬁj;-PDF bounded, meaning the density function of each
U; has value between a; and 3; at every point in its support,
for some constants 5, 3; > 0. Here the a; and 3; may be
distinct for each j € M.

Fairness and efficiency notions. We study the existence and
computability of the following three types of allocations. An
allocation A is envy-free if for all pairs of agents 7,7’ € N,
it holds that u;(A;) > u;(A;/). The envy of any agent ¢ to-
wards another agent ¢’ is max{0, u;(A;) — u;(A4;)}. An al-
location A is proportional if for all agents i € N, it holds
that u;(A;) > wi(M)/n. Finally, an allocation A has maxi-
mum social welfare if it maximizes the sum of agent values
for their own shares. Formally, if A is the set of all alloca-
tions of M, then A € argmax ), u;(A;). We also con-
sider equivalent approximation notions for these. An alloca-
tion A is c-approximate envy-free (¢ < 1) if for all pairs of
agents i,i' € N, it holds that u;(A;) > ¢ u;(A;). Finally,
an allocation A has c-approximate maximum social welfare
(¢ < 1) if some allocation A’ has maximum social welfare

and >, ui(A;) > ¢ - >0, ui(A)).

2 Matchings in Random Bipartite Graphs

We now discuss the random graphs and their properties used
in analyzing the case of small number of items.

Let G(n,ng,p) denote the distribution of random bipar-
tite graphs with ny, left vertices, ny right vertices, and p be-
ing the probability that there exists an edge between any pair
of left and right vertices. A graph sampled from this distri-
bution is called an Erdds-Rényi random bipartite graph. The
following result is classical and well-known.
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Lemma 2.1. [Erdés and Renyi, 1964]. Let G ~ G(n,n,p)
such that p = (logn+w(1))/n. Then, with high probability, G
contains a perfect matching.

We prove an extension to Lemma 2.1 where the probability
of edges depends on the right vertices.

Theorem 2.1. Let G ~ G(n,n,{pj};cm)) be a random
bipartite graph, say G = ({li}icin), {7j}jem), E). Each
edge (1;,7;) € E independently with probability p;. Define
Pmin = Milje[n) Pj. If Pmin > (0gn+w(1)/n, then with high
probability G contains a perfect matching.

Proof. Given G, define a new random bipartite graph G/ =
({li}iem) {ritiem), E') as follows. If (I;,7;) € E, then
keep the edge (I;,7;) in G’ with probability Pmin/p;, and re-
move it with probability 1 — Pmin/p;. Observe that for each
(l'hrj), Pf[(liﬂ”j) € E/] = Pr[(l7;77'j) € E] Pr[(li,rj) S
E' | (li;rj) € E] = pj - Pmin/p; = Pmin.-

Thus, G’ is a random bipartite graph where each edge is
included independently with constant probability p,,;,. Since
Prmin > (lognt+w(1))/n, from Lemma 2.1, G’ contains a perfect
matching with high probability. Further, E’ C E, so G also
has a perfect matching with high probability. U

Next, we state the following known result, which proves
some sufficient conditions that random graphs must have to
satisfy Hall’s condition for perfect matchings.

Lemma 2.2. [Manurangsi and Suksompong, 2021]. Let G =
(A, B, E) be a graph sampled from the Erdds-Rényi random
bipartite graph distribution G(n,q,p), where p > 0.5 and
0.9n < q < n. Then with high probability, for every S C A
of size at most 0.6n, we have |Zg(S)| > |S (S)
is the set of vertices adjacent to S in graph G.

Finally, we talk about right saturated r-matchings.

Definition 2.1. An r-matching of a bipartite-graph G =
(L, R, E) is a subset of edges E' C FE such that the sub-
graph G' = (L, R, E’) has degree at mostr for vertices in L
and degree at most 1 for vertices in R.

Definition 2.2. A right-saturated r-matching of a bipartite
graph G = (L, R, E) is a subset of edges E' C E such
that the subgraph G' = (L, Ry E') has degree at most r for
vertices in L and degree exactly 1 for vertices in R. It is
said to be perfect if the subgraph G’ has degree exactly r for
vertices in L and degree exactly 1 for vertices in R

Lemma 2.3. Let G ~ G(n, m,p) such that p = (logn+w(1))/n
and m = rn. Then, with high probability, G contains a per-
fect r-matching.

A simple graph construction, where the new graph contains
r copies of all the left vertices in G, followed by showing
that each set of left vertices forms a perfect matching with
the right vertices, suffices to prove the lemma. A similar re-
duction, by adding n — m dummy right vertices and edges
to these independently with probability p, helps to prove the
following.

Lemma24. Let G ~ G(n,m,p) such that p = (logn+w(1))/n
and n > m. Then, with high probability, G contains a right
saturated matching.

Algorithm 1 Proportional Algorithm forn <m < 2n

Imput: N, M, {u;}ien
MO = first n items in M, M =
T 1— 71-}11;5", VjieM
Es. « {(i, j)GNxM0|ul( ) > 75}
if G>T(N MO , B> ) has perfect matching then
(M7, .. MO) + any perfect matching of G'>,
NYio {z € N | uy(MQ) < My
B < {(i, j)enoxmus (j)> 200 —u (M) }
if G™(nvo, M, E™) has | NY°| size matching then
(M{, ..., M}) <+ any such matching
return (MY UM}, ..., MO U M})
end if
: end if

M\ M.
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3 Small Number of Goods

3.1 Proportionality for Small Number of Goods

Theorem 3.1. [Proportionality for small number of goods]
For goods, if n < m < 2n and for all j, U; has mean at most
/2, then, with high probability, a proportional allocation al-
ways exists as n. —+ oo.

The assumption that each distribution {/; has a mean at
most 1/2is crucial to ensure the existence of a proportional
allocation for all n < m < 2n with high probability. Sup-
pose instead {; has mean 1/2 + ¢, for some constant ; > 0,
and set m = 2n — 1. Then, the expected utilities satisfy
Elu,(M)] = n (1 +1 dE— 0(1)). By standard Cher-
noff and union bounds, with high probability, all agents si-
multaneously have u;(M) > n. In such cases, no propor-
tional allocation exists since at least one agent must receive
at most one item (by the pigeonhole principle), but each item
has value at most 1, contradicting proportionality.

Proof. Consider the graph G>, = {N, M°, E>.} defined in
the first stage of Algorithm 1 with 7; = 1 — 1“& Since

Theorem 2.1 immediately implies that a perfect matchlng ex-
ists in G'>, with high probability, we will assume that this
is the case from now on. Also, using Hoeffding’s inequal-
ity [Hoeffding, 19631, we can show that

ui(M)S%—l—lO\/mlogn (D

holds with high probability. Hence, we will also assume this
from now on. Now, let g = m — n (so 0 < ¢ < n). We make
two cases based on the value of q.

Case 1: ¢ < 0.9n. For sufficiently large n, we have from
equation (1), % < 0.996 and for sufficiently large n,
7; > 0.996. Hence, 7; > “M) vj ¢ M foralli € N.
Hence, running only the first part of the algorithm gives a pro-

portional allocation, i.e., the partial allocation (M7, ..., M?)

is already proportional.

Case 2: ¢ > 0.9n. Define GL .5 = (N, M! E;o 5 ) such
=3

that (i,j) € B, if and only if u;(j) > % Let Za(S)
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denote the set of vertices adjacent to the vertices of the set .S
in graph ;. We define two events E'1 and E2 as follows. E1
occurs when |[NY'°| < 0.6n, and E2 occurs when VS C N

and |S| < 0.6n, ‘Z@ .. (S )’ > |S].

We first prove that if E 1 and E2 hold with high probability,
then the algorithm outputs a proportional allocation. For suf-
ficiently large n, % = 1+ o(1) (using equation (1)) and
1+o(1) < %> + 7;. Now, if E1 and E2 hold, due to Hall’s
Marriage Theorem, there exists a matching from NV to M*
that uses all vertices in N, And since “’(M) < %5 + 75,
Vi € N and Vj € M, the matching in GZ% from NVi© to
M also is a matching in G, The algorithm thus outputs a
proportional allocation. Thus, proving that £1 and E2 hold

with high probability suffices. We now proceed to show this.
Let f; denote the probability distribution function of 1f;.

Since fj(x) < B;,Vx € [0,1], Prlu;(j) > 05/;,] > 0.5.
Hence, for G1 >0 Lemma 2.2, directly implies that £2 holds
with high probability if E'1 holds.

For showing E'1, let X; = wu;(j) — ;. Thus E[X;] = 0
and E[X HIES JJZ, where o; is the standard deviation of the
distribution ¢{;. Also define p; = E[|X;|?]. Thus, E[XJQ] =

fi;;“ 22 f;(z)dz. Since a; < fij(x) < B; for every z €

1—p; 1—py
aj/ idr < E[ij] < Bj/ z2dx
—h; —h
1—3p; + 3u? 1—3p; + 3u?
ajw < E[X2] < B 1 1 95
3 J 3
Now, since p1; € [0,1/2], we have 1/4 < 1—3u; +3u3 <1,
which means 3
@ 2 3
o S EX] <3 @)

Now, consider the quantity 2 p; 7.
.07

By Lyapunov’s mo-
J

ment inequality (see [Karr, 1993] Corollary 4.37, p.120), we

have E[|X;[*] < E[X7]3/2? =4/E[X?] E[X?], s0

ijjQS Zjafzgammzj?z
(=) () (Z)
(SrE?) T o

where the first inequality follows from Lyapunov’s inequality
and the third inequality follows from equation (2). Thus

Zje]\l Pj 4\/ 3Bmax (3)
2 - m Qmin
(Z JEM 012' )
where  min and B4, represent minjecar(o;) and

max,e s (5;) respectively. Now, we know that Pr{u, (M) <

nmin(7;)] = Pr30L, wi(f) <
m < 2n. Rearranging the terms gives us Pr

min(7;)] > Pr[Z;‘n:1 Xj < % min(7;) — 27:1 115]. Now

> < m/2, as every distribution ¢/; has a mean at most
1/2, thus,

% min(7;)] because

Pr{u;(M)/n < min(7;)]
> Pr[X, + -+ X, < (m/2) min(7;) —m/2]
1.1ml
— Pr {X1+---+Xm S_mogn]
2n Amin
) _ XattXp
Now, let’s define S,, = \/ﬁ and let Fg denote
thei 1cu{nulative distribution function of S,,. Let ¢, =
.1mlogn 1
T 2n (xm,;gn ,\/a'f_’_--.—i-g'g”. Then
(M )
Pr [u() < mln(Tj)] > Fs(tn) 4)
n
and using equation (2), t;, > — Llmlogn L andt <

2n amin \/mamin/IQ

0. Note also that ¢,, tends to 0 as n gets sufficiently large.
Now, by [Esseen, 1942], for independent (not neces-

sarily identically distributed) summands, we can say that,

sup, |Fs(z) — ®(x)] < Cy -
sents the PDF of the standard normal distribution. Hence,

Es(t,) > ®(t,) — Cp - 4v35m‘“” . Since, pmin and Bmas
are finite quantities, for sufﬁmently large n (and thus also m),

and as t,, tends to 0, the above equation becomes Fs(t,,) >
®(t,) — 0.04 > 0.49 — 0.04. Thus, using equation (4), we
get Pr [# < min(rj)} > 0.45 for all agents i € N,
so each agent has at most 0.55 probability of being present
in NV'°. Hence, using standard concentration inequalities,
|NY*°| < 0.6n with high probability.

Thus, the algorithm outputs a proportional allocation with
high probability in both cases. This concludes our proof. [

%, where ® repre-

. Using equation (3),

3.2 Envy-freeness for Small Number of Goods

Theorem 3.2. [Envy-freeness for small number of goods]
When m > 5n and m is divisible by n, then with high proba-
bility, an envy-free allocation exists as n — oo.

Proof. Let m = xn for some x € Z>g. Let apin =
minjey o and Brae = Maxjens 5;.
Construct a bipartite graph G = (N, M, E') where edges

are given by:
E={(i,j) € N x M :u;(j) > 75}

1.1logn 1.1logn
a]

where 7; 1= 1— e

Lett’ :=1— W forsomee > 0 (say e = 0.1) and x >
5. The graph G 1s an Erd6s-Rényi random graph with edge
probabilities at least w, so by Lemma 2.3 with high
probability, there exists a perfect xz-matching corresponding

to an allocation {Ay, ..., A, } such that:
ui(A;) > o1

and 7 := minjear 7; = 1—
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Now fix any pair 4,7’ € N. The probability that more than
5 goods in A; have uy (j) > 7' is bounded by:

Bmar Z/2
/
Pr(|{j € Ai M>TH>)S(Mmf
=o(n7?)
By union bound over all 7,7’ € N:
Pr(ﬂzz eEN:|{jeA: ()>T}|>2)

=n?-0o(n"?) =0(1)

Hence, with high probability:
x x
u;(Ay) >t 57 + 5

T 1 2.2logn
- 5 n4/:c+5 -

AUminT
We want this to be at least 0. Thus,

x 1 2.2logn
2 (n4/$+5 N ) 20

AminT
For sufficiently large n, and z strictly greater than 4,
1 2.2logn
n4/L+E = am

The allocatfgn (Al, .

ui(Ay) < %"—F% = ui(4;)

, Ay,) is thus envy-free. O

4 Large Number of Goods

We will assume the sampling model as follows. We assume
that for each good j € M, we sample a set S; C N of s
agents at random (uniformly). We assign each j to the agent
in S; who draws the highest value for it. We will show that
this simple algorithm gives strong envy-free and maximum
social welfare guarantees. Our model is as discussed in Sec-
tion 1.1, with the following additional mild constraint. As
long as we are guaranteed a constant upper bound (say ;4 < 1)
on the means of the distributions of the goods, that is, u; < 1
for all goods j, we have the following result.

Theorem 4.1. [Sampling with near optimal guarantees] Let

m = Q(nlogn) and the number of sampled agents for each
2

good s = Q(Sgim. If, for all goods j, E[U;] < u for some

constant . < 1, then, with high probability, a (1 — 1Ogn)

approx. maximum social welfare and envy-free online alloca-

tion of goods exists as n —» <.

Proof. For any good 7,

1 a \°
Pr(Vie S, u(j)<1— <(1-%
r <Vz €S;,ui(j) < logn> < ( logn>

By union bound over all goods,

. . . 1
Pr (3.7 st.Vie Sju(j) <1- logn>
S (67 ; s
<3 () < (-)
JEM logn logn
Smin . g 1

Sm.e_logn Si
m

where the last inequality is due to the chosen value of s.
Thus, with high probability, for all goods, there is always at
least one agent in the sampled set of agents that has value
greater than or equal to 1 — loén > “7“ (for sufficiently
large n). Hence, the allocation is (1 — 10;n)— maximum so-
cial welfare by construction. If good j is allocated to agent
i (thatis j € A;), we also know that with high probability
ui(j) > “TH This in turn implies that, with high probability,
E [u;(5)]j € Ai] > “FL. We now show that the allocation is
EF with high probability. Define for fixedi € N, 7 € M:

¢ 0, otherwise
Then u;(A;) = > e X 7. Moreover,
j . A\ ¢ 1 +1
E[X] = Pr[j € A]-E[w()lg e Al > - - F—=
Using linearity of expectation,
; m
AN = N> _— .
e Y B > =T
JEM

Now, define fori,7" € N,i #i',and j € M:

v 0, otherwise
Thenw;(Ai) =3 e Y/ 7. Furthermore,
. 1 o
E[Y))] = Elui(j) | € Ay

= L E()]i ¢ Al < h

(since E [u;(j) | j ¢ As] < pj < p, where the first inequality
holds from the proof of Theorem 1.2. ‘

Let ZJ,, € [0,1] be such that E[Z,] = &, and Z,, stochas-
tically dominates Y;/,. Then, > jemElZI] = p- 'y Let Eii
be the event that agent 7 envies agent i/, i.e., Z sen Yii >

Zj eM XZ . This occurs only if either of the two conditions
below occur:

> xi<

3u+1 m p+1 m

1— -
by’ ( 2u+1> 2 n
jeEM

S v (1 )u
jeEM
1 — ,
:<1+ 4/LM>-E Sz,

JjEM

S|3

Lete = ﬁ <1l,s0e< 1;7“ also holds.
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Comparison: goods, beta-uniform, n=100
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= “=s=4 s=46
> 6.0 l\ —-5=9
2
g 45
@
g 3.0
1.5 = A,
1.0
> =0=Non-sampling s=23
208 = -
S . - s=4 s=46
£06 N oo\, Ars=9
§04
=]
3 }
© 0.2 ~<o
0.0 — Am==s

- ]
103 104 10°
Number of items (m)

Figure 1: Goods: beta_uniform utilities, comparison of sam-
pling and non-sampling algorithms.

Since X f and szi, are independent across j, using Chernoff
bounds:

PriYd X/ <(1-¢-E|> X/

JjEM jEM

e u+l m
e R

Pri|Y) Yi>(+e-E|) 7

jeEM jeM

€? m
< exp —g-u-;

Choose m large enough such that n < % e % (since
m = Q(nlogn)). By the union bound:

2 1 2
Pr{Eiy] < exp <_62 ptL m) I (_g . m)
n

2 3 n
<. b _ 1
- 2m3  m3
Allocation A is EF if and only if no event E;;; occurs. The
probability that A is not EF is at most:

11
Pr| \/ Ew|< Y PrlEq]< (’;) <

i,i’ €N i,i' €N
i’ i’
Thus, the probability that A is not EF vanishes as m — oo
(n — oo and m = Q(nlogn)). O

S Empirical Results

We empirically evaluate both the non-sampling and sampling
algorithm on finite instances to understand how quickly the
asymptotic behaviour manifests. For each experiment, we fix
n = 100 agents and vary the number of items m from 103
to 10°. Each item is associated with a distinct distribution
drawn from one of these classes.

Comparison: goods, normal-uniform, n=100

o
<)
/

AS =0=Non-sampling s=23
D, - s=4 s=46

>
]

w
<)

Worst envy ratio

e o
o

o
IS

=0o=Non-sampling
-rs=4 s=46
- 5=9

o
N]

Fraction with envy

o
=)

AL
103 104 10°
Number of items (m)

Figure 2: Goods: normal_uniformutilities, comparison of sam-
pling and non-sampling algorithms.

beta uniform mixture. For each item j, and for all
agents 4, u;(j) is drawn from the following distributions:

* a Beta(a, ) distribution, with «, 8 resampled indepen-
dently for every item, or

* a Uniform[a, b] distribution, with a,b likewise resam-
pled per item.

normal uniform mixture. For each item j, and for all
agents 4, ¢;(j) is drawn from the following distributions:

* a truncated (values are truncated to [0, 1] and then nor-
malized so that Pr([0,1]) = 1 for the distribution)
Normal (1, 02) value, with (p, ) resampled indepen-
dently per item, or

* a Uniform[a, b] value as above.

Agent utilities are then drawn from the item distributions, and
allocations computed as per the maximum welfare producing
algorithm. We record three quantities for each allocation: the
worst envy ratio (the maximum envy relative to their own
set’s value over all agents), the fraction of agents with any
envy, and the welfare ratio comparing sampled and non-
sampled allocations. Each experimental point represents the
average of these values over multiple independent trials.
Envy behaviour. Across all distributions, envy drops rapidly
as m increases (Figures 1 and 2). Worst envy ratios begin
between roughly 4-9 at m = 10 but approach 1 by about
m =5 x 10*. The fraction of agents with any envy similarly
falls to zero as m grows. Sampling introduces the expected
trade-off: small s leads to higher envy at moderate m, but as
soon as s > 23 ~ 51nn, it becomes nearly indistinguishable
from the non-sampling algorithm.

Welfare under sampling. The welfare ratio between sam-
pled and non-sampled allocations remains high throughout
Even with s = 4, the ratio stays above 0.85, and for s = 23
or 46 it consistently exceeds 0.95 across all values of m. The
ratio is essentially flat in m, indicating that the efficiency im-
pact depends primarily on s.

From these observations, we can conclude that the sampling
algorithm reaches the guarantees of the non-sampling algo-
rithm for large m, thus offers a practical and scalable alterna-
tive for large fair division instances.
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