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Abstract

Partial Dependence Plots (PDPs) visualize how
changes in a single feature affect the average model
prediction. They are widely used in practice to in-
terpret decision tree ensembles and other machine
learning models. Joint-PDPs extend this idea to
pairs of features, revealing their combined effect.
Partial Dependence Interaction Values (PDIVs)
measure feature interactions. The Any-Order-
PDIVs task computes these interactions for every
feature subset across all rows of the dataset.

We introduce WOODELF++, a unified and efficient
approach for computing all these useful explain-
ability tools on decision tree ensembles, building
on WOODELF, an algorithm for efficient SHAP
computation. By deriving suitable metrics over
pseudo-Boolean functions, WOODELF++ can com-
pute PDPs (exact and approximate), Joint-PDPs,
and Any-Order-PDIVs in a unified framework.
Our method delivers substantial complexity im-
provements over the state of the art, including an
exponential gain for Any-Order-PDIVs. Addition-
ally, we introduce and efficiently compute Full
PDPs, which leverage the model’s split thresholds
to faithfully capture its behavior across all possible
feature values.

WOODELF++ is implemented in pure Python' and
supports GPU acceleration. On a dataset with
400000 rows, WOODELF++ computes PDP and
Joint-PDP up to 6x faster than the state of the
art and up to five orders of magnitude faster than
scikit-learn. For Any-Order-PDIVs, the gap is even
larger: WOODELF++ computes all interaction val-
ues in 5 minutes, while the state of the art is esti-
mated to require over 1 000 000 years.

1 Introduction

As decision tree ensembles are widely used in real-world ap-
plications [Blockeel et al., 2023], understanding their predic-

"WOODELF++ was migrated to the WOODELF GitHub package:
https://github.com/ron-wettenstein/woodelf
Extended version of this work: https://arxiv.org/abs/2605.14578
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Figure 1: PDP examples.

Blage] = 30
p1=m.predict(B).mean()

B[bloodPressure] = 80
p1 = m.predict(B).mean()

Blage] = 50
p2 = m.predict(B).mean()

B[bloodPressure] = 100
p2 = m.predict(B).mean()

Blage] =90
p3 = m.predict(B).mean()

B[bloodPressure] = 150
p3 = m.predict(B).mean()

Figure 2: Naive computation of the PDVs required to plot the PDPs
in Fig. 1, carried out according to Def. 1.

tions is crucial for trust and decision-making [Yasodhara er
al., 2021; Ribeiro et al., 2016]. This paper accelerates the
computation of three widely used attribution metrics for de-
cision tree ensembles: Partial Dependence Plot, Joint Partial
Dependence Plot, and Partial Dependence Interaction Value.

1.1 Partial Dependence Plot (PDP)

A PDP [Friedman, 2001] illustrates how a model’s average
prediction varies with changes in a specific feature. For exam-
ple, Fig. 1a shows that the average prediction increases with
age. PDPs are widely used in many scientific domains such as
healthcare [Caruana er al., 2015], ecology [Cutler et al., 2007,
Jibiki and Fukuda, 2024], and economics [Gnat, 2024].
A PDP is a line plot of several PDVs (Def. 1).

Definition 1 (Partial Dependence Value (PDV)). A PDV mea-
sures the average prediction of a model M when a feature f;
is fixed to a given value v. For a dataset B:

iffi:fj) 1

PDV, = :
oJi otherwise

“mIM ({Z[fi]

beB


https://github.com/ron-wettenstein/woodelf
https://arxiv.org/abs/2605.14578

PRELIMINARY PREPRINT VERSION - DO NOT CITE
This is not the version of record. The final version will appear in the Proceedings of JCAI-ECAI 2026.

k: #selected values to plot; f: #features; F: Max
number of features in a single tree; m: #samples
(rows); T': #trees; D: tree depth; L: leaves per tree.

Figure 3: Notations.

To construct a PDP for feature f;, we select k possible val-
ues of f;, compute their PDVs, and plot them. The selected
values are typically sampled from B[f;] or evenly spaced
across its range.

For each feature f, and samples {aq,...ax}:

PDP requires Vi<;< : PDV{a,} (1.}

The naive way to construct these plots is to compute each
PDV separately using Formula 1 (see Fig. 2). The overall
complexity of computing PDPs for all features using this
method is O(kfnT D) (see Fig. 3 for notation). This naive
approach remains the standard in widely used frameworks
such as scikit-learn [Pedregosa et al., 2011] and PiML [Sud-
jianto et al., 2023].

[Friedman, 2001] also introduced a faster approach that
approximates the PDVs, which we discuss in detail in Sec. 3.

Several extensions of PDPs have been proposed. Individ-
ual Conditional Expectation (ICE) [Goldstein et al., 2015]
plots can be viewed as PDPs computed for a single data row,
revealing variation in feature effects across samples. Accu-
mulated Local Effects (ALE) [Apley and Zhu, 2020] modifies
the PDV computation by focusing on rows with feature val-
ues similar to v. A comparative analysis of PDPs, ALE, and
Shapley values is presented in [Cook et al., 2021]. Addition-
ally, iPDP [Muschalik et al., 2023] handles dynamic models
that evolve over time, and StratPD [Parr and Wilson, 2020]
takes a different approach: instead of interpreting the model,
it generates plots that directly explain the training data.

1.2 Joint Partial Dependence Plot (Joint-PDP)

The concept of Partial Dependence Values extends naturally
to feature sets: instead of fixing a single feature, we fix a set
of features to chosen values - see Def. 2.

Definition 2 (Partial Dependence Value (PDV) on sets). PDV
on a subset of features F-= {f1,..., fn}, set of values V =
{v1,...,0n} (write V[f;] = w; for the value of f;) and a
dataset B is defined as follows:

if f; e F

_ N VIfi
PDVv.r = |B| I;M ({b[fl] otherwise

To visualize the joint contribution of a feature pair, it is
useful to plot their PDVs. For features f,, f, with sampled
values {a1,...,ap} and {by, ..., by}, Joint-PDP computes:

PDV{ai,bj},{fa,fb} foralll1 <i,5 < h

The naive approach, also used by scikit-learn, computes
the PDYV for every feature pair and value by fixing the pair
to specific values and evaluating the model prediction (similar
to Fig. 2, but fixing two features instead of one). This results
in a time complexity of O(k? f?nTD).

1.3 Partial Dependence Interaction Value (PDIV)

It is often useful to decompose the joint effect of features
into their individual effects and the effect of their interactions.
PDIVs (Def. 3) do exactly this.

Definition 3 (Partial Dependence Interaction Value (PDIV)).
A PDIV quantifies the interaction effect among the features
F = {fi,..., fn} when their values are fixed to V =
{v1,...,0n} (with V[f;] = v;). PDIVs on dataset B are
defined as follows:

PDIVy,p = Z (_1)|F|_|S‘ 'PDV(V[fz‘])vfies,S 3)
SCF

For example: PDIV (4,1,6},{f,,f5.fs} = PDV{4,1,6},{f2.fs.fs}

—PDVisny (fo.05y — PDVivey {ssifsy — PPV a6} {fa.fs}
+PDV 4y 5,3 + PDV 1y 155} + PDVyey (5) — PDV 3y

Summing all interaction values.over subsets of F' recon-
structs the PDV of F. Moreover, [Hiabu et al., 2022] showed
that the Shapley value of a feature f; is a weighted sum of the
PDIVs of all subsets .S such that f; € S.

The Any-Order-PDIVs task computes PDIVs for each row
c in the explained data C, across all feature subsets. Let ¢|g =
{c[fi] : fi € S}, thenthe Any-Order-PDIVs task computes:

PDIV,, g forallce C, SCF

An acceptable result for the Any-Order-PDIVs task is to re-
turn all non-zero PDIVs. A naive method runs predictions on
the background data B (see Def 3, for simplicity, we assume
|B| = |C| = n), for every feature subset S C F (2f subsets
in total), and for every explained sample ¢ € C'. This results
in a total complexity of O(2fn2TD).

1.4 FastPD

FastPD [Liu et al., 2025] is the current state-of-the-art tool
for computing Any-Order-PDIVs. It exploits the structure
and additivity of decision-tree ensembles to improve perfor-
mance, achieving two main complexity improvements.

1. By processing each tree independently, FastPD reduces
2f to 2. This is beneficial, as the number of features
used in a tree (F) is typically much smaller than the total
number of features (f).

2. FastPD preprocessing reduces the data-size term from
O(mn) to O(m + n), where m = |B| and n = |C.
Overall, the complexity of FastPD for computing Any-Order-
PDIVsis O (T2D+F(n + m)) FastPD can also compute in-

teraction values up to order s in complexity:

0<Z<>>

This complexity was not discussed in [Liu ef al., 2025]; we
derived it ourselves and verified it empirically. Further details
are provided in the supplementary material.

The GLEX package’ implements the FastPD algorithm in
R. Although FastPD theoretically supports separate back-
ground (B) and consumer (C) datasets, this option is not

2GLEX GitHub: https://github.com/PlantedML/glex
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Task scikit-learn FastPD WOODELF++

PDP, Sect. 3 O(kfnTD) O(T2PF(n + k)) O(nTL + kTLD + TL2P D)
aay-Order-PDIVS, i O(2FnT) O(n2PTL + 4PTL)

Joint-PDP, Sect. 6 | O(k2f2nTD) | O(T2PF2(n + k2log(f))) | O(k2f2log(f)+nTL+k2log(f)TLD?+TL2P D?)

Table 1: Time complexity of SCIKIT-LEARN, FASTPD and WOODELF++ (see Fig. 3 for notations).

available in GLEX. For our experiments, we extended the
package to support this setting while preserving its efficient
implementation strategy. FastPD can also compute PDP in
O(T2PF(n + k)) and Joint-PDP in O(T2P F2(n + k?)).
This is done by computing first-order interactions for PDP
and up to second-order interactions for Joint-PDP, and then
reconstructing the PDVs from these interactions.

1.5 Contributions

Building on our previous work, WOODELF [Nadel and Wet-
tenstein, 2026al, we formulate PDP, Joint-PDP, and Any-
Order-PDIVs as cooperative-game metrics and introduce
WOODELF++ for their efficient computation on decision tree
ensembles. Our contributions include:

1. PDP and Joint-PDP speedup: We construct consumer
datasets that enable efficient computation of PDP and
Joint-PDP using local-attribution methods. We apply
this approach to both WOODELF++ and FastPD, en-
hancing both methods. On large datasets, WOODELF++
is about 6 faster than FastPD.

2. Exponential complexity improvement for Any-
Order-PDIVs: In the worst case, where all splits use
distinct features (F' = 27), FastPD Any-Order-PDIVs

complexity has a 22”7 dependence, while WOODELF++
depends only on 4°. We demonstrate this gap empir-
ically: WOODELF++ completes Any-Order-PDIVs on
400000 samples in just 5 minutes, whereas FastPD is
estimated to take 1 000 000 years for this task.

3. Full PDP: We introduce a novel method for selecting the
k plotted values in a PDP, yielding full PDP - a plot that
displays the PDV for any possible feature value. Our
speedups make it feasible to compute these plots for all
model features within practical runtimes.

4. PDP Approximation: We demonstrate how WOOD-
ELF++ can be used to compute approximate PDPs, es-

tablishing a simple connection between approximate
PDPs, exact PDPs, and Path-Dependence SHAP.

2 Preliminaries

2.1 Pseudo Boolean Functions

We remind the reader of Pseudo Boolean (PB) func-
tions [Nadel, 2020] and their representation in Weighted Dis-
junctive Normal Form (WDNF) [Zhang and Jang, 2005], fol-
lowed by the linearity property in this context.

Definition 4 (PB Function). A Pseudo Boolean (PB) function
is a function of the form F(x1,...,xp) : {0,1}" - R.

Definition 5 (Positive and Negative Literal; Cube; WDNF).
A literal is a Boolean variable x; (positive literal) or its nega-
tion —x; (negative literal). A cube is a conjunction of literals.
A Weighted Disjunctive Normal Form (WDNF) formula rep-
resents a PB function as:

m
F(zy,...,zp) = Zwk, cep(X1, ..., xh),
k=1

where each cy, is a cube and wy, € R is its weight.

Definition 6 (S, S,j, Sy ). For a cube cy, let Sy, denote its

set of variables, S,j its positive literals, and S its negative
literals.

Definition 7 (Linearity). A function g over WDNF formu-
las satisfies linearity if its value on a WDNF formula F' =
S opejwy, - ¢k can be expressed as the weighted sum of its
values on the individual cubes:

g(F) = Zwk ~g(cx)
k=1

2.2 SHAP on Decision Trees and WOODELF

The inputs to Background SHAP are a decision tree ensem-
ble M, a consumer dataset C' containing the samples to be
explained, and a background dataset B. For each consumer
c € C, the goal is to compute Shapley values [Shapley, 1953]
for all of its features.

A cooperative game is defined over M, B, and ¢: when
feature f; participates (f; € .9), it takes the consumer value
c[fi]; when it is missing (f; ¢ S), it is iteratively replaced
with values from each baseline b € B. The model prediction
is evaluated for every b € B, and the results are averaged.

WOODELF, introduced in our previous work [Nadel and
Wettenstein, 2026al, models this game as a PB function F,
assigning 1 to f; when it participates and O when it is missing:

w2 (G ihes) (o ife5)

= it fi ¢ S
“4)
WOODELF efficiently constructs a WDNF formula repre-
senting the PB function F'. It then computes Background
SHAP by applying a simple linear-time formula to the con-
structed WDNF. Path-Dependent SHAP is computed simi-
larly, by constructing a slightly modified WDNEF.
Importantly, WOODELF is not limited to Shapley values.
This approach enables efficient computation of any function v
that takes a WDNF formula as input and satisfies the linearity
property (e.g., Banzhaf values).
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A naive Background SHAP approach evaluates each con-
sumer-background pair individually, resulting in O(nm)
complexity, where |B| = m, =mn,and L, T, and D are
treated as constants. WOODELF and PLTreeSHAP [Zern et
al., 2023] use preprocessing to reduce this cost to O(n + m).

More precisely, the complexity of WOODELF depends on
the amortized cost of evaluating the function v across all
cubes over the variables {x1,...,zp} (where D is the tree
depth), see Appendix D of [Nadel and Wettenstein, 2026b].
Let O(v2v9) denote the average computational cost of evalu-
ating v on a single cube, and let O(vs) denote the number of
unique feature subsets returned by v across all cubes. For ex-
ample, in the case of Shapley values, each variable in a cube
is considered individually, so O(v2¥9) = O(vs) = O(D).
The overall complexity of WOODELF is:

Path-Dependent: O(nT Lv, + TL3Pv2"9)
Background: O(mTL + nTLv, + TL3Pv%9)

3 Efficient PDP with WOODELF++

In this section, we extend WOODELF to efficiently compute
all required PDVs for plotting the PDPs of all features.

The simple approach. Observe the strong correspondence
between the PDV formula (Formula 1) and the model-
prediction game formula (Formula 4): assigning S = {f;}
and ¢[f;] = v in Formula 4 renders the expressions identical.

To better understand this correspondence, consider the
PDV of age at v = 50. In the standard PDV computation,
we set age to 50 for all samples in the background dataset B,
run the model, and average the predictions (Fig. 2).

Equivalently, we can view this through a game-theoretic
lens: imagine a consumer ¢ with c[age] = 50 and the coalition
where the feature age participates and is fixed to 50, while all
other features are missing and filled with their values from B.
The model’s expected prediction where only age participates
is exactly the PDV of age at v = 50.

Leveraging this correspondence, WOODELF naturally ex-
tends to compute PDVs, yielding our WOODELF++. Let M
be a decision tree ensemble, B its training set (or any dataset),
and f the set of features in B. Foreach fi € f, select k values

V1, Uky, . We proceed as follows:

1. Construct a consumer dataset C' with k rows. The ¢-th
row of C contains the ¢-th selected value for each f; € f.

C=( (’Utfi)\v/fief' )Vlgtgk (®)]

2. Use WOODELF with the background data B, the model
M and the consumer data C, to produce a WDNF for
each row in C.

3. For each WDNF formula F' and feature f;, apply:

PDVy = F(fi=1,Yfjz =0) (6)
For row ¢ and feature f;, this returns the average pre-
diction when f; participates (set to v, ) and others are
missing, i.e., PDVvtf i

Since all assignments (including F'(f; = 1, Vfj+ = 0))
are functions over WDNF formulas that satisfy linearity,
WOODELF++ is guaranteed to compute them correctly.

The constructed consumer data C: The trainset is B.

age bloodPressure The decision tree ensemble is M.
30 80

50 100

90 150

CPDVs = WOODELF(
M, C B,
For age: F(age=1, bloodPressure=0) - F(age=0, bloodPressure=0)

metric= For bloodPressure: F(age=0, bloodPressure=1) - F(age=0, bloodPressure=0)

)

Figure 4: Using WOODELF++ to compute the CPDVs required for
the plots in Fig. 1.

The efficient approach. Notice that Formula 6 above vio-
lates the null player property; that is, a variable whose truth
value never affects the resulting weight might still receive a
nonzero value. For example, the cube 3(—z3) does not in-
clude the variable x5, yet it still affects PDV , (since the as-
signment {5 = 1, Vf;x5 = O} satisfies it). As a result,
a single cube may influence all the features in the dataset,
which significantly hurts WOODELF’s performance.

Luckily, Centered Partial Dependence Values (CPDVis),
obtained by subtracting the mean prediction on B from each
PDV, do satisfy the null player property:

2_ven M(b)
|B|

In the WDNF constructed by WOODELF, the mean term

ﬁ > wep M(b) corresponds to the assignment where all

variables are set to 0 (all features are “missing” and taken
from B). Combining this insight with Formula 6 yields a
simple formula for computing CPDV:

CPDVfi - F(fl - 1, ij;ﬁi = 0) — F(Vf] = 0) (8)

Fig. 4 illustrates how WOODELF++ and Formula 8 com-
pute CPDVs efficiently.

Finally, Formula 9 is equivalent to Formula 8 on WDNFs.
It satisfies both linearity and the null player property, making
its use within WOODELF both correct and efficient:

m 1 (ST ={AD A ¢ Sy)
CPDVy, = wyi x § =1 if (fi € Sy) A (S =0)
k=1 0 otherwise

CPDV,, ;, = PDV,, ;, — 7)

(€))

The computation of CPDVs with the WOODELF package is
straightforward — Fig. 5 shows the entire code. The compu-
tation is performed by calling WOODELF with a CPDVMetric
instance, and requires no modifications to the package.

Recovering PDVs from CPDVs is immediate: add back the
mean prediction on B. We now present the pseudo-code for
our PDP algorithm. Alg. 1 receives a model M, a dataset B,
and an integer k, and computes PDPs for all features in B,
where each plot uses k& sampled points.

A complexity analysis of Alg. 1 is provided in the supple-
mentary material. In short, the WOODELF call (line 3) domi-
nates the runtime: we show that O(v2"9) = O(vs) = O(D)
and that cubes with |S;"| > 1 can be ignored, leaving only
O(2P D) relevant cubes. The complexity is:

Exact PDP: O(nTL + kTLD + TL2”D)
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1 class CPDVMetric (CubeMetric) :
2 def calc_metric(self, s_plus: Set,
< s_minus: Set):

3 if len(s_plus & s_minus) > O:
4 return {}

5 pdp_values = {}

6 if len(s_plus) ==

7 for £ in s_plus:

8 pdp_values[f] = 1

9 if len(s_plus) == :

10 for f in s_minus:

11 pdp_values[f] = -1

12 return pdp_values

Figure 5: Python code for the class CPDVMetric that implements
Formula 9 for a single cube with weight 1. It inherits WOODELF’s
CubeMetric; a base class for metrics over WDNF formulas.

Algorithm 1 Efficient Partial Dependence Plot

1: function WPDP(M, B, k)
2: Select k possible values for each feature in B, and
store them in C' (see Formula 5).

3: CPDVs=WOODELF(M,C, B, CPDVMetric())
4: PDVs = CPDVs+ M(B).mean()
5: Use PDV s to plot the PDP of each feature.

Approximate PDP. Node cover is the number of training
samples that reach each node during training. [Friedman,
2001] introduces a PDP approximation based on node cover.
[Liu et al., 2025] later observed that this uses the same ap-
proximation technique as Path-Dependent SHAP. In cooper-
ative game terms, both methods are defined over the same
game. [Liu er al., 2025] also discusses an inconsistency of
this approach: it may produce different explanations for func-
tionally equivalent trees.

WOODELF++ leverages this connection to unify approxi-
mate and exact PDP under a single algorithm. Specifically,
approximate PDP is obtained by computing the same PDV
expression on the WDNF built with the Path-Dependent con-
struction. In practice, this reduces to running the algorithm
with an empty background dataset, so it defaults to the Path-
Dependent setting (i.e., simply call: WPDP(M, 0, k)).

The complexity of Alg. 1 with an empty background
dataset (see the Path-Dependent complexity in Sect. 2.2):

Approximate PDP : O(kTLD + TL2PD)

4 Full PDP with WOODELF++

Standard PDPs depend on both the number (k) and choice of
sampled values. A small k£ can hide important patterns. For
example, a TV-rating model may reveal a sharp viewer spike
at lunch (11:30-13:00), but a PDP sampled every four hours
(6:00, 10:00, 14:00, 18:00) would miss it.

Some effects are hard to capture even with large k. For
instance, a fraud-detection model may learn that users who
leave their annual salary at the default value of 60000 are
more likely to commit fraud. Even £ = 1000 might miss this,
as it occurs at a single value within a wide range.

PDP k=5 For TransactionAmt PDP k=20 For TransactionAmt

0.060 0.060
0.055 0.055
0.050 0.050
B 0.0as B 0.045
o o
0.040 0.040
0.035 0.035
0.030 0.030
0 200 400 600 800 1000 0 200 400 600 800 1000

TransactionAmt
Full PDP For TransactionAmt

TransactionAmt
PDP k=100 For TransactionAmt

0.060 0.060
0.055 0.055
0.050 0.050
B 0.045 B 0.045
o o

0.040 0.040
0.035 0.035
0.030 0.030

0 200 400 600 800 1000 0 200 400 600 800 1000

TransactionAmt TransactionAmt

Figure 6: Comparison of PDPs for TransactionAmt on the IEEE-
CIS dataset using k =5, k = 20, and £ = 100 uniformly spaced
intervals versus the proposed Full PDP. Standard PDPs approximate
the structure as k increases but fail to recover exact discontinuities
even at k = 100. The Full PDP recovers the true step function using
only 66 evaluation points corresponding to split thresholds.

To address this, we introduce Full PDPs, which capture all
such behaviors in decision tree ensembles. For a given feature
(e.g., age), we take all split thresholds from tree nodes that
split on that feature and use them as x-axis values. The ratio-
nale is simple: the ensemble changes its prediction only when
age crosses one of its thresholds. Between any two consecu-
tive thresholds th, < ths, the prediction remains constant:

vth1 <v<ths (PDVv,age = PDVthl,age)

Thus, plotting only these points suffices.

Full PDPs reveal the complete piecewise-constant struc-
ture of the decision tree ensemble, including narrow spikes
and single-value effects that sampled PDPs often miss. They
are particularly useful for detecting overfitting and checking
monotonicity. Fig. 6 compares sampled PDPs with different k
values to a Full PDP, showing how the latter exactly recovers
the true step function using only the feature’s split thresholds.

The main drawback is computational cost: large ensembles
may have thousands of thresholds per feature. Previously, this
made Full PDPs impractical. Both WOODELF++ (via Alg. 1)
and FastPD handles large & efficiently, enabling Full PDPs at
practical speeds.

5 Any-Order-PDIVs with WOODELF++

In this section, we extend WOODELF to compute all Partial
Dependence Interaction Values (PDIVs; see Def. 3). Our ap-
proach follows three steps:

1. Derive a formula for PDIVs on a WDNF representation.
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class PDIVMetric (CubeMetric) :
INTERACTION_VALUE = True

def calc_metric(self, s_plus: Set,
< sS_minus: Set):

5 if len(s_plus & s_minus) > O0:

6 return {}

7 pdivs = {}

8 for sm in all_subsets (s_minus) :
9 s = tuple(s_plus | sm)

10 pdivs([s] = (-1) xx len(sm)

11 return pdivs

Figure 7: Python implementation of Formula 11 for a single cube
with weight 1. all_subsets returns all subsets of a given set.

2. Use this formula to implement a Python class inheriting
CubeMetric that computes all PDIVs of a cube.

3. Run WOODELF with that CubeMetric.

For a pseudo-Boolean function F' and variable subset X,
PDIV is defined by Formula 10 (combining Def. 2, Def. 3,
and Formula 6):

PDIVyx = Y  (—1)XISIP(Vaieq = 1, Vags = 0)
5CX
(10)
Because PDIV is linear, computing PDIVx onthe WDNF
reduces to determining the contribution of each cube cj sep-
arately and summing the results. We discard unsatisfiable
cubes where S;” NS, # (. A cube affects only subsets

X such that S,j C X C S

e If X & Sy, the interaction value is zero, since X con-
tains at least one feature that does not appear in the cube
and is therefore ignored. Any interaction involving an
ignored feature is zero.

« If S;7 Z X, at least one positive literal is falsified, so all
assignments in Formula 10 return zero.

For subsets X where Slj C X C Si, Formula 10 sums
the assignments of all S C X. The only such S to satisfy the
cube and affect the summation is S = S,j. Thus:

m o |X|—|S+| . + C C
PD[VXZZka (=1) k1if S _.X_Sk
— 0 otherwise

an

The PDIVMetric code in Fig. 7 uses Formula 11 and com-
putes the effect of a single cube on all relevant subsets X.
Running WOODELF++ with PDIVMetric is straightforward:

return WOODELF (M, C, C, PDIVMertric())

This simple WOODELF++ call computes all the desired Any-
Order-PDIVs. Here C' is used as both consumer and back-
ground data, but a separate background dataset can be pro-
vided (e.g., using the training set as background). Limit-
ing consumer size is recommended for memory efficiency.
An empty background dataset produces approximate PDIVs
via the Path-Dependent approach. As WOODELF is GPU-
friendly, our method naturally supports GPU acceleration.

Complexity. For PDIVMetric, O(vs) =
O(vg?) = O((3)"). giving:

Any-Order-PDIVs: O(nTL2P + TL4P)

This complexity is exponentially better than the previous
state of the art, and for balanced decision trees with 22 nodes
it becomes polynomial in the input size. A detailed complex-
ity analysis is provided in the supplementary material.

The intuition behind this complexity improvement is as fol-
lows. The naive algorithm treats the model as a black box,
leading to complexity exponential in the total number of fea-
tures. FastPD [Liu et al., 2025] improves on this by process-
ing each tree separately; its complexity is exponential in the
number of features used per tree, resulting in a worst-case de-

pendence of 22" which remains exponential in the input size.
WOODELF++ advances this line of improvement by treating
each root-to-leaf path separately, yielding complexity expo-
nential only in the number of features used per path, i.e., 27.

0(2P) and

6 Joint-PDP with WOODELF++

To compute all Joint PDVs, we use the algorithm from Sect. 5
and the identity:

PDViga, b3 A far sy = PDIV{ai b} 4 f0 fo} T

(12)
PDIViay 1.3 + PDIVi 3 g5,y + PDIVE

The algorithm:
1. Compute all PDIVs of order 2 and 1 using Sect. 5.

2. PDIV 3 1y is simply the average prediction on the back-
ground data. Compute it directly.

3. Apply Formula 12 to obtain PDVs for all feature pairs.

Deriving PDVs from PDI Vs, as in Formula 12, is also used
in FastPD [Liu er al., 2025]. Since only up to second-order
interactions matter, step 1 can ignore cubes with \S,‘:\ > 2,
leaving only O(2” D?) cubes to consider.

To construct the consumer dataset, we sample & values per
feature. For every pair of features f, and f3, the dataset must
contain all k% value pairs (a;, b;). A naive construction allo-
cates k2 rows per feature, resulting in O(k2f) rows overall.
Specifically, we first construct a size-k consumer data using
the PDP procedure (Formula 5). Then, for every feature f,
and every sampled value a;, we duplicate the constructed data
C and set feature f, to a; in all rows:

Vi.erVi<i<ikVeeo : ¢[fa] < a

Using a more efficient construction (see supplementary ma-
terial), we reduce the dataset size to only O(k?log(f)) rows
and adapt WOODELF++ to operate on this compressed repre-
sentation. Overall complexity (see notations in Fig. 3):

O(K? f2log(f) +nTL + k*log(f)-TLD?* + TL2P D?)

This consumer data construction is not specific to WOOD-
ELF++. We also use it to accelerate FastPD on Joint-PDP.

As the PDIVs algorithm supports GPU acceleration, Joint-
PDP is also GPU-friendly. Using full PDP sampling, one can
plot full Joint-PDPs showing the joint dependence for all val-
ues of f, and f.
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7 Experimental Results

The PDP implementation is available in scikit-learn via the
partial_dependence function. This function implements both
the exact method (method="brute’) and the approximation
method (method="recursion’) of PDV computation.

FastPD is implemented in the GLEX R package. It is the
current state-of-the-art tool for computing Any-Order-PDIVs.
The current implementation focuses on local feature attribu-
tions and supports only the case where the background and
consumer datasets are identical. We extend the package to
support distinct consumer and background datasets. Com-
bined with our consumer-data constructions for PDP, Joint-
PDP, and Full PDP, this enables efficient computation of these
tasks within the FastPD framework.

Finally, we implemented WOODELF++ in Python for all
discussed tasks and empirically validated it by comparing its
outputs to those of scikit-learn.

We compare WOODELF++ running times against scikit-
learn and FastPD on two large and widely used datasets:

e The IEEE-CIS fraud detection [kag, 2019] dataset with
472432 rows and 397 features after one-hot encoding.

* The KDD Cup 1999 intrusion detection [kdd, 1999]
dataset with 4 898 431 rows and 127 features after one-
hot encoding.

For consistency, these are the same datasets we used in the
original WOODELF paper [Nadel and Wettenstein, 2026a].
Additional experiments on smaller datasets and varying tree
depths are reported in the supplementary material.

We used scikit-learn’s HistGradientBoostingRegressor
model, which employs the histogram-based approach popu-
larized by LightGBM [Ke er al., 2017]. In all experiments,
models were trained with 100 trees, each limited to a max-
imum depth of 6, matching XGBoost’s widely used default
max_depth. Experiments were conducted on Google Colab.
For CPU training, we enabled the high-memory runtime with
50GB RAM (the default is 12GB). For GPU training, we
used the T4 runtime type with high-memory enabled. All
experiment notebooks are available in the WOODELFEXPER-
IMENTS GitHub repository?.

As shown in Table 2, our approach outperforms the state
of the art, with WOODELF++ achieving a 6x speedup over
FastPD on PDP and Joint-PDP. Notably, both FastPD and
WOODELF++ significantly outperform scikit-learn, the most
widely used tool for this task, with the gap becoming espe-
cially pronounced for large k: tasks that take hours or even
several days using scikit-learn are completed by both ap-
proaches in under 10 minutes.

In Any-Order-PDIVs, where WOODELF++ offers an ex-
ponential complexity improvement over FastPD, the prefor-
mance gap is substantial. On IEEE-CIS, this improvement
translates to a reduction in runtime from an estimated one
million years with FastPD to just five minutes using our ap-
proach.

contain-
https:

3The WOODELFEXPERIMENTS repository
ing all the notebooks used in our experiments:
/Igithub.com/ron-wettenstein/WoodelfExperiments/tree/main/
woodelf_experiments/woodelf_pdp/IICAI26

IEEE-CIS
Task scikit-learn FastPD WOODELF++
CPU GPU
Exact PDP k=5 58.5 min 99 sec 14.5 sec 13.1 sec
Exact PDP k=10 112.4 min 99 sec 15.2 sec 10 sec
Exact PDP k=100 19 hours* 99 sec 14.8 sec 9 sec
Exact full PDP 59.3 min 98 sec 11.8 sec 7 sec
Exact Joint-PDP 35 days* 130 sec 19 sec 25 sec
k=5
Approx. PDP k=5 3.3 sec 4.6 sec 5.4 sec
Approx. Joint-PDP 19.4 min 10.2sec | 21.4sec
k=5
Any-Order-PDIVs 6-10* years* 21 sec 22.6 sec
n=10,000
Any-Order-PDIVs 2.9-108 years* 275 sec 30.7 sec
KDD Cup
Task scikit-learn FastPD WOODELF++
CPU GPU
Exact PDP k=5 72.1 min 520 sec 95.6 sec 33.4 sec
Exact PDP k=10 100.2 min 519 sec 95.9 sec 33.5 sec
Exact PDP k=100 17 hours* 519 sec 96.2 sec 33.6 sec
Exact full PDP 116.5 min 519 sec 90.3 sec 26.8 sec
Exact Joint-PDP k=5 9 days* 568 sec 95.2 sec 37.5 sec
Approx. PDP k=5 5.5 sec 6.5 sec 8.7 sec
Approx. Joint-PDP k=5 10.1 min 21.6 sec 26 sec
Any-Order-PDIVs 15 days* 80.6 sec 24 sec
n=10,000
Any-Order-PDIVs 20 years* 35 min 45 sec**

Table 2: Performance comparison between scikit-learn, FastPD, and
WOODELF++. k is the number of sampled values per feature; n is
the number of rows. Values marked with * are estimates; details on
estimation are provided in the supplementary material. Dashes indi-
cate unavailable or non-applicable measurements. **Due to RAM
limitations, GPU evaluation of KDD “Any-Order-PDIVs” was con-
ducted on an L4 runtime environment.

8 Conclusion

In this work, we extend our previous algorithm, WOOD-
ELF, originally designed for Shapley and Banzhaf values, into
WOODELF++: a unified framework for efficiently computing
PDPs, Joint-PDPs, and Any-Order PDIVs on decision tree
ensembles. The two key ideas are to formulate these explana-
tion tasks as linear metrics over WDNF formulas, and to con-
struct compact consumer datasets that allow local-attribution
algorithms to efficiently compute global dependence plots.
Full PDPs take the latter idea a step further by construct-
ing a consumer dataset that exactly capture the complete
piecewise-constant behavior of decision tree ensembles.

This perspective yields substantial computational gains, es-
pecially on large datasets. For PDP and Joint-PDP, WoOD-
ELF++ is approximately 6x faster than FastPD. For Any-
Order-PDIVs, where WOODELF++ significantly improves
the complexity, runtime decrease from several years to just
a few minutes.
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