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Abstract
Many semantics for abstract weighted argumenta-
tion assume that each argument is associated with
a numerical initial weight. Eliciting these initial
weights poses several challenges: (1) accurately
providing a specific numerical value is often dif-
ficult, and (2) individuals frequently confuse initial
weights with acceptability degrees in the presence
of other arguments. We therefore propose an elici-
tation pipeline that allows a user to specify their be-
lieved final acceptability degree intervals for each
argument. We can determine which portion (if any)
of these intervals are rational, refining the intervals,
or restoring rationality when the intervals are irra-
tional. This allows us to ultimately identify possi-
ble initial weights for each argument.

1 Introduction
After the seminal work of [Dung, 1995], the argumentation
community’s focus has shifted to the relation between ar-
guments, abstracting the content of the arguments. Debates
or discussions are represented as directed graphs, with argu-
ments as nodes and attacks between arguments as arcs. Sev-
eral extension-based semantics have been defined to obtain
conclusions from those graphs. Such semantics identify sub-
sets of arguments (called extensions), representing consistent
conclusions [Baroni et al., 2011]

Motivated by the work of [Amgoud and Ben-Naim,
2013a], researchers started focusing on semantics which
could give a more gradual view on arguments’ acceptabil-
ity by ranking them from the least acceptable to the most
acceptable (not necessarily based only on the cardinality or
quality of the attackers) [Bonzon et al., 2018]. A subset of
these semantics, called gradual semantics, assigns to each ar-
gument a numeric (final) acceptability degree representing its
strength after taking into account the relation between argu-
ments (e.g., [Besnard and Hunter, 2001]). More recent works
expand gradual semantics with supports [Rago et al., 2016],
sets of attacking arguments [Yun et al., 2020], and initial
weights [Amgoud and Ben-Naim, 2018].

At the same time, it is becoming increasingly recognised
that people struggle to differentiate between an argument’s
initial weight and its final acceptability degree. For example,

in the context of Dung-style arguments, [Rahwan et al., 2010]
found that individuals assign lower strength to reinstated ar-
guments, suggesting that individuals report acceptability de-
gree instead of initial weights when reasoning with an ar-
gumentation graph (as initial weights should be unchanged).
Moreover, [Vesic et al., 2022] showed that individuals reason
better when presented with an argumentation graph (as op-
posed to only textual arguments). We thus argue that when
eliciting information about arguments, it may make more
sense to obtain what individuals perceive as an argument’s
final acceptability degree in the context of the entire argu-
mentation system, rather than try to obtain its initial weights.

Moreover, humans are rarely precise when specifying argu-
ment strengths. Rather, they use natural language terms (e.g.,
“this argument is convincing”, or “this argument is stronger
than that argument”) or utilise ranges (e.g., “likely” may in-
dicate a 66-90% confidence [IPCC, 2023, pg.3]).

Building on these observations, we make two primary con-
tributions. First, we investigate how to narrow down an argu-
mentation system’s final acceptability degrees for each argu-
ment given an interval over final acceptability degrees, based
on some desirable properties, using the given values as well as
the underlying argumentation framework structure. We term
the resultant intervals rational. If no such rational intervals
exist, we seek to find rational values which require minimal
changes from elicited values. We also provide an implemen-
tation and evaluation of our system1. Our second contribution
involves identifying the range of initial weights obtainable
from a final acceptability degree interval, recognising that the
mapping between the two is non-linear.

2 Background
A weighted argumentation framework is composed of argu-
ments, attacks between arguments, and a weighting function
associating each argument to an initial weight representing its
trustworthiness or certainty degree of its premises.

Definition 1. A weighted argumentation framework (WAF)
is wAF = (A,R, w), where A is a finite set of arguments,
R ⊆ A × A is a set of attacks between arguments, and w is
a weighting function from A to [0, 1].

1A user interface demonstrating the system (with the link to
source code) is available at https://weight-elicitator.vercel.app/.
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Given wAF = (A,R, w) and a ∈ A, Att(a) = {b ∈ A |
(b, a) ∈ R) and Att∗(a) = {b ∈ Att(a) | w(a) ̸= 0}.

Dung’s extension-based semantics [Dung, 1995] induce a
two-level acceptability of arguments (inside or outside of one
or all extensions). Gradual semantics (and ranking-based
semantics in general) have been proposed as a more fine-
grained approach to argument acceptability [Amgoud and
Ben-Naim, 2013b; Bonzon et al., 2023], and their weighted
versions have been defined (e.g., [Amgoud et al., 2022]).
These gradual semantics use the weighting to compute a score
for each argument in the weighted argumentation framework,
called its (acceptability) degree.

Definition 2. A weighted gradual semantics is a function σ
which associates to each wAF = (A,R, w), a weighting
σwAF : A → [0, 1] on A. σwAF(a) is the degree of a.

We recall the well-known weighted gradual semantics
studied by [Besnard and Hunter, 2001; Oren et al., 2022b;
Amgoud et al., 2022]. The weighted h-categoriser semantics
(Hbs) assigns a value to each argument by considering the ini-
tial weight of the argument and degree of its attackers, which
themselves take into account the degree of their attackers.

Definition 3. The weighted h-categoriser semantics is a
gradual semantics σHbs s.t. for any wAF = (A,R, w) and
a ∈ A, σHbs

wAF(a) = w(a)/(1 + Σb∈Att(a)σ
Hbs
wAF(b)).

Weighted Card-based semantics (Car) favour the number
of attackers over their quality. This semantics is based on a
recursive function which assigns a score to arguments on the
basis initial weights, number of attackers, and their degrees.

Definition 4. The weighted Card-based semantics is a grad-
ual semantics σCar s.t. for any wAF = (A,R, w) and a ∈
A, σCar

wAF(a) = w(a)/(1 + |Att∗(a)|+ Σb∈Att∗(a)σ
Car
wAF(b)

|Att∗(a)| ) if
Att∗(a) ̸= ∅, otherwise σCar

wAF(a) = w(a).

Weighted Max-based semantics (Max) favour the quality of
attackers over their number. An argument’s degree is based
on its initial weight and degree of its strongest direct attacker.

Definition 5. The weighted Max-based semantics is a grad-
ual semantics σMax s.t. any wAF = (A,R, w) and a ∈ A,
σMax
wAF(a) = w(a)/(1 + maxb∈Att(a) σ

Max
wAF(b))

Starting from a weighted argumentation framework, one
utilises a weighted gradual semantics to compute acceptabil-
ity degrees. The approach of [Oren et al., 2022b] has shown
that we can instead start with acceptability degrees and the
graph to infer initial weights. In this work, we explore what
to do if we are unsure about the acceptability degrees.

3 Working with Intervals
Humans often struggle to differentiate between an argument’s
initial weights and its acceptability degree, as human reason-
ing implicitly considers additional background knowledge.
Moreover, humans also struggle to pinpoint specific accept-
ability degree values. We thus propose a framework where
one can indicate an interval for acceptability degrees, from
which appropriate final acceptability degrees can be identi-
fied and possible initial weights can be sampled.

0.2 0.4 0.6 0.8 1
0.2

0.4

0.6

0.8

1
Acc. Degree space

Figure 1: The hatched area represents DAF
σ . The x- and y-axes are

the degree of a and b. Vertical lines are at x1 = 0.8 and x2 = 1.
Horizontal lines are at y1 = 0.5 and y2 = 5/9.

Namely, the process is as follows. Individuals would first
provide intervals (step 1). If the input provided is rational
(w.r.t. some weighted gradual semantics), then we refine the
interval of linked arguments using the corresponding gradual
semantics (step 2a). However, in the case where the appraisal
is irrational (for a given gradual semantics), the user will have
to re-do their appraisal with support from the framework (step
2b). Note that after the automatic refinement of the inter-
vals, the user can continue to improve their input. Once users
are satisfied with their acceptability degree intervals, they can
sample some possible valid initial weights.

Definition 6. An interval constrained argumentation frame-
work (ICAF) is ICAF = (A,R, I), where AF = (A,R) is
an (non-weighted) argumentation framework and I is a func-
tion s.t. ∀a ∈ A, I(a) ⊆ [0, 1].

In our setting, an interval I(a) = [0, 1] for some argument
a effectively means that there is no restriction on a.

Definition 7. Given AF = (A,R) and a weighted grad-
ual semantics σ, where A = {a1, . . . , an} and a point P =
(p1, . . . , pn) ∈ [0, 1]n. We say that P is in the acceptability
degree space w.r.t. σ iff ∃w s.t. ∀ai ∈ A, σ(A,R,w)(ai) = pi.

We call the acceptability degree space (of AF w.r.t. σ),
denoted DAF

σ , the set of all such points [Oren et al., 2022b].

Definition 8. Let σ be a weighted gradual semantics and
ICAF = (A = {a1, a2, . . . , an},R, I) be an ICAF. A pair
(ICAF, σ) is irrational if ∄w : A → [0, 1] s.t. ∀ai ∈ A,
σ(A,R,w)(ai) ∈ I(ai), and is rational otherwise. (ICAF, σ)
is fully rational if ∀(d1, d2, . . . , dn), where di ∈ I(ai) for all
1 ≤ i ≤ n, ∃w : A → [0, 1] s.t. σ(A,R,w)(ai) = di.

Example 1. Consider an ICAF ({a, b}, {(a, b)}, I). In Fig-
ure 1, we represent the acceptability degree space of a and b
(below the blue curve) w.r.t. the weighted h-categoriser. For
every point (da, db) in this area, there exists a weighting func-
tion w s.t. σ(A,R,w)(a) = da and σ(A,R,w)(b) = db.

Assume that I(a) = [0.8, 1.0]. Let U = 5/9 and L = 0.5.

• If I(b) ∈ [x, L], for 0 ≤ x ≤ L, then the ICAF is fully
rational as for every (da, db), da ∈ I(a), and db ∈ I(b),
there exists a weighting function w s.t. σ(A,R,w)(a) =
da and σ(A,R,w)(b) = db. Any such point (da, db) will
lie within the brown rectangle shown in Figure 1. Thus,
any point in I(a)× I(b) lies within the rectangle.
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• If I(b) = [x, y], for L < y, 0 ≤ x ≤ U and x ≤ y, then
the ICAF is rational, as the point (0.8, x) ∈ I(a)× I(b)
is in the brown or blue area but it is not fully rational as
the point (1, y) ∈ I(a)× I(b) is not in the acceptability
degree space (but still lies inside the blue area).

• Finally, if I(b) = [x, y] s.t. U < x ≤ y, then the ICAF is
irrational because every point in I(a) × I(b) lies in the
pink area (and thus above the blue curve).

Note that intervals on acceptability degree cannot be di-
rectly converted into intervals for initial weights. This is
due to the inter-dependencies between arguments in the fi-
nal acceptability degree computation process. For example,
if I(a) = [0.8, 1] and I(b) = [0, 0.5], one would think that
the initial weights of a lies between 0.8 and 1 whereas the
one of b would lie within 0 and 1. However, if w(a) = 0.8
and w(b) = 1, we would have σHbs

wAF(b) /∈ I(b).

If (ICAF, σ) is fully rational, then there is a weighting for
any final acceptability degrees within the intervals and is thus
achievable. In contrast, if (ICAF, σ) is rational but not fully
rational, then some combination of final acceptability degrees
within the interval will not be achievable. ϵ-rationality serves
as a measure for “how close to fully rational” (ICAF, σ) is.

Definition 9. Given ICAF = (A,R, I), a weighted grad-
ual semantics σ and 0 ≤ ϵ, we say (ICAF, σ) is ϵ-rational
if for all a ∈ A, it holds that ((A,R, Ia), σ) is rational,
where for all a′ ∈ A, a′ ̸= a, Ia(a′) = I(a′) and Ia(a) =
[max(min(I(a)),max(I(a))− ϵ),max(I(a))].

The condition considers a set of induced ICAFs (one per
argument) where, for each ICAF, a specific argument’s in-
terval is modified so that its lower bound is equal to its upper
bound minus ϵ (and the remaining arguments are unchanged).
If all such induced ICAFs are rational, then — in combination
with the first condition — the original ICAF is ϵ-rational. In-
tuitively, this means that the shape ×a∈AI(a) is not “too far”
(i.e., within ϵ) from the acceptability degree space on all axes.

Observe that a fully rational ICAF must be 0-rational, any
ϵ-rational (where ϵ > 0) ICAF which is not ϵ′-rational (for
any ϵ′ < ϵ) is rational (but not fully rational), while an irra-
tional ICAF is not ϵ-rational for any ϵ. Note that these are not
“if and only if” relationships. Thus, a 0-rational ICAF is not
necessarily fully rational, but is always rational.

Proposition 1. If (ICAF, σ) is ϵ-rational, then it is rational.

Proof. Let ICAF = (A,R, I) and assume (ICAF, σ) is
ϵ-rational. For any a ∈ A, if (1) 0 ≤ ϵ ≤ max(I(a)) −
min(I(a)), we have that ((A,R, Ia), σ) is rational. Thus,
there exists w : A → [0, 1] s.t. σ(A,R,w)(a) ∈ [max(I(a))−
ϵ,max(I(a))] and for all b ∈ A \ {a}, σ(A,R,w)(b) ∈ I(b).
Moreover, min(I(a)) ≤ max(I(a)) − ϵ ≤ σ(A,R,w)(a) ≤
max(I(a)), thus σ(A,R,w)(a) ∈ I(a). Thus, (ICAF, σ)
is rational. If (2) ϵ > max(I(a)) − min(I(a)), then
((A,R, Ia), σ) = ((A,R, I), σ) is rational.

Rationality captures whether some part of the interval is
in the acceptability degree space. A stronger concept is one

of refinement. When refining intervals, we seek to determine
whether the intervals can be tightened without losing any part
of the acceptability degree space.

Definition 10. Consider (ICAF = (A,R, I), σ), we say
that ICAF′ = (A,R, I ′) is a refinement of ICAF (w.r.t.
σ) iff (1) for all a ∈ A, I ′(a) ⊆ I(a); and (2) for all w :
A → [0, 1] s.t. for all a ∈ A, σ(A,R,w)(a) ∈ I(a), then
σ(A,R,w)(a) ∈ I ′(a). A refinement ICAF′ = (A,R, I ′)
of ICAF is called non-trivial if there exists some argument
a ∈ A s.t. I ′(a) ⊂ I(a).

Condition (2) is important and specifies that a refinement
only removes unachievable acceptability degrees. A refine-
ment thus shrinks intervals while ensuring that any achievable
acceptability degrees remain.

Proposition 2. If (ICAF, σ) is rational and ICAF′ is a re-
finement of it, then (ICAF′, σ) is rational.

Proof. Assume that (ICAF, σ) is rational, then there is
a weighting w : A → [0, 1] such that for all a ∈
A, σ(A,R,w)(a) ∈ I(a). From the second item of Definition
10, we get that for all a ∈ A, σ(A,R,w)(a) ∈ I ′(a). This
means that (ICAF′, σ) is rational.

We now show an important intermediate result which in-
forms us on the shape of the “acceptability degree space”
of argumentation graphs, via the notion of axial-radiality
for a weighted gradual semantics. Intuitively, an axial-radial
weighted gradual semantics remains within the acceptability
degree space if moving from a point within the space towards
the origin. Satisfying axial-radiality means that a refinement
can only reduce the upper bound of an interval.

Definition 11. A weighted gradual semantics σ obeys axial-
radiality iff for any wAF = (A,R, w), corresponding σwAF

and a ∈ A then ∀ε ∈ [0, σwAF(a)], ((A,R, I), σ) is ra-
tional, where I(a) = [σwAF(a) − ε, σwAF(a) − ε] and
∀b ∈ A \ {a}, I(b) = [σwAF(b), σwAF(b)].

For weighted gradual semantics satisfying axial-radiality,
the corner points of the hyper-rectangle induced by the in-
tervals over arguments can be used to determine whether the
pair ICAF/semantics is or is not (fully) rational.

Proposition 3. Let ICAF = (A,R, I), where A =
{a1, . . . , an}, and let σ be semantics satisfying axial-
radiality. For each i, define Zi = {min(I(ai)),max(I(ai))}
and Z = Z1×Z2×· · ·×Zn ⊆ [0, 1]n be the set of all corner
points of the hyper-rectangle induced by I . It holds that (1)
if Z ⊆ D

(A,R)
σ , then (ICAF, σ) is fully rational; (2) else

if Z ∩ D
(A,R)
σ = ∅, then (ICAF, σ) is irrational; and (3)

otherwise, (ICAF, σ) is rational but not fully rational.

Proof. The point (max(I(a1)), . . . ,max(I(an))) ∈ Z is
in the acceptability degree space and from the definition of
axial-radiality, we conclude that every point (d1, d2, . . . , dn),
where di ∈ I(ai), is in the acceptability degree space, thus,
(ICAF, σ) is fully rational.

Assume that none of the points of Z are in the acceptabil-
ity degree space but that (ICAF, σ) is rational. This means
that there exists P = (d1, d2, . . . , dn), where di ∈ I(ai),
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such that P is in the acceptability degree space. Using axial-
radiality, we conclude that (min(a1), . . . ,min(an)) is also in
the acceptability degree space, contradiction.

Since one, but not all points, inside the acceptability space,
(ICAF, σ) is rational but not fully rational.

Item 3 of Proposition 3 does not mean that there exists a
non-trivial refinement. Intuitively, a refinement exists if (at
least) an entire face of an ICAF lies outside the acceptability
degree space and at least one corner point lies within it.

Proposition 4. Let ICAF = (A,R, I), A = {a1, . . . , an},
a weighted gradual semantics σ satisfying axial-radiality,
and Z be the set of all corner points of the hyper-rectangle
induced by I s.t. (ICAF, σ) is rational. There is a non triv-
ial refinement of ICAF (w.r.t. σ) iff there exists a set Xi ⊆ Z
composed of 2n−1 corner points s.t. every (x1, . . . , xn) ∈ Xi

is not in the acceptability degree space and xi = max(I(ai)).

Proof. The sketch of the proof is as follows. ⇐ Let us as-
sume that Xi exists such that none of the points in Xi are in
the acceptability degree space. Let P be the bounded hyper-
plane defined by the points in Xi. We know that none of the
points in P are in the acceptability degree space because of
axial-radiality (otherwise, one of the points in Xi would be in
the acceptability degree space). There exists ε > 0 such that
X ′

i = {(x1, . . . , xi−1, xi−ε, xi+1, . . . , xn) | (x1, . . . , xn) ∈
Xi} and all points in X ′

i are also not in the acceptability de-
gree space. It is easy to see that ICAF′ = (A,R, I ′), where
I ′(a) = [min(a), xi − ε] if a = ai and I ′(a) = I(a) other-
wise, is a non trivial refinement of ICAF.
⇒ Assume that ICAF = (A,R, I) has a non trivial re-

finement ICAF′ = (A,R, I ′) such that ∀a ∈ A, I ′(a) ⊆
I(a). Let ai be such that I ′(ai) ⊂ I(ai) (this must be
the case as the refinement is non-trivial). Let Xi =
{(x1, x2, . . . , xi−1, max(I(ai)), . . . , xn) | where for any
j ̸= i, xj ∈ {max(I(aj)), min(I(aj))}} be the face of
the hyper-rectangle in direction i, none of the points of Xi

can be in the acceptability degree space, otherwise ICAF′ =
(A,R, I ′) would not be a refinement.

Given a rational (ICAF = (A,R, I), σ) and two of its
refinements ICAF1 and ICAF2, ICAF1 is a better refine-
ment than ICAF2 iff ICAF1 is a refinement of ICAF2.

3.1 Determining the Rationality of ICAFs
In this section, we focus on several popular weighted gradual
semantics defined in the literature and identify properties of
ICAFs with regards to these weighted gradual semantics.

Proposition 5. Let ICAF be an arbitrary ICAF, it holds that
(1) if the pair (ICAF, σCar) is a rational then (ICAF, σHbs)
is rational; and (2) if the pair (ICAF, σHbs) is a rational then
(ICAF, σMax) is rational.

Proof. Let ICAF = (A,R, I) such that (ICAF, σHbs) is
rational. There exists w : A → [0, 1] such that ∀a ∈ A,
σHbs
(A,R,w)(a) ∈ I(a). [Oren et al., 2022a] showed that

DAF
σMax ⊆ DAF

σHbs ⊆ DAF
σCar . Thus, there is w′ : A → [0, 1]

such that ∀a ∈ A, σMax
(A,R,w′)(a) = σHbs

(A,R,w)(a) (and thus

a

[0, 0.62]

b

[0, 1]

c

[0, 1]

Figure 2: ICAF with 3 arguments.

σMax
(A,R,w′)(a) ∈ I(a)). This generalises to the relation be-

tween weighted card-based and weighted h-categorizer.

Note that the inverse of Proposition 5 is not true.

Proposition 6. Let σ ∈ {σHbs, σMax, σCar}. σ satisfies axial-
radiality.

Proof. From [Oren et al., 2022a], we know that – given a set
of arguments and attacks between them – there is a one-to-one
equivalence between a vector of weights (−→w ) and a vector of
acceptability degrees (

−→
X ). For the weighted h-categorizer,

one can go from the latter to the former using the equation
−→w =

−→
X + MA

−→
X , where M is the diagonal matrix with the

acceptability degrees and A is the adjacency matrix. From
this equation, one can check whether a vector of acceptabil-
ity degrees is achievable or not by computing the vector of
weights and checking if its values are between 0 and 1.

Consider an argumentation framework AF = (A,R, w)
and corresponding σHbs, vectors −→w ,

−→
X , and matrices M, A.

Now, take any a ∈ A and ε ∈ [0, σAF(a)] and compute the
vector

−→
X ′ where the value at the index corresponding to a is

updated to σAF(a)−ε. Similarly, we obtain M′. Observe that
−→
w′ =

−→
X ′ + M′A

−→
X ′ must be positive. Moreover,

−→
w′ ≤ −→w ,

meaning that
−→
w′ has values ≤ 1.Thus, ((A,R, I), σHbs) is

rational. From Prop. 5, we conclude the same for σMax.

The next proposition answers the question how can we de-
termine if a pair (ICAF, σ) is rational/fully rational?

Proposition 7. It holds that ((A,R, I), σ) is rational iff
((A,R, I ′), σ) is rational, where σ ∈ {σHbs, σMax, σCar} and
for all a ∈ A, I ′(a) = [min(I(a)),min(I(a))].

Proof. We split this proof in two parts. (⇐) Assume that
((A,R, I ′), σ) is rational, then ((A,R, I), σ) is also ratio-
nal (by definition). (⇒) We show that if ((A,R, I), σ) is
rational then ((A,R, I ′), σ) is rational. Assume that A =
{a1, a2, . . . , an} and w such that AF = (A,R, w) and
σAF(a) ∈ I(a), ∀a ∈ A. By Proposition 6, ((A,R, I1), σ)
is rational, where I1(a1) = [min(I(a1)),min(I(a1))] and
∀b ∈ A \ {a1}, I1(b) = I(b). Repeating this n − 1 more
times proves that ((A,R, I ′), σ) is rational.

Proposition 7 yields a polynomial time procedure to deter-
mine whether an ICAF is rational (for a semantics) by check-
ing whether the minimum values of the final acceptability de-
grees in its interval give an appropriate initial weight vector.

Corollary 8. Let ((A,R, I)) be an ICAF s.t. for all a ∈
A,min(I(a)) = 0. Then, for σ ∈ {σHbs, σMax, σCar},
((A,R, I), σ) is rational.
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(a) Proposition 7 (b) ε-refinement

Figure 3: Illustration of concepts.

Figure 3a illustrates the intuition of Proposition 7. Each
axis represents the values of the degree of one argument (the
figure represents a scenario with 3 arguments). The blue
shape is the acceptability degree space, and the red shape
corresponds to the intervals for each argument given by I .
((A,R, I), σ) is rational iff there is an intersection between
the red shape and the blue shape. This happens iff the “mini-
mal” corner of the red shape is inside the blue shape.

Proposition 9. ((A,R, I), σ) is fully rational iff
((A,R, I ′), σ) is rational, where σ ∈ {σHbs, σMax, σCar} and
for all a ∈ A, I ′(a) = [max(I(a)),max(I(a))].

Proof. The proof is similar to the one of Proposition 7.

3.2 Refining Intervals
We now consider the problem of obtaining the “best” refine-
ment of a rational interval constrained argumentation frame-
work w.r.t. some weighted gradual semantics. Such a re-
finement is an ϵ-rational refinement for which no elements of
the acceptability degree space are lost, and which cannot be
further refined without losing some elements of the accept-
ability degree space. Algorithm 1 describes how such a re-
finement can be identified. Lines 1-3 check that the condition
of Proposition 4 is satisfied and that we can find a non-trivial
refinement. Lines 4-13 modify the argument intervals using
the bisection method until we obtain an ε-refinement. Note
that the output is not fully rational due to line 8. The use of
the bisection method means that the distance between l and r
is halved at each iteration, leading to convergence in approx-
imately log ε iterations. Figure 3b illustrates the best refine-
ment (the small orange cuboid) of an ICAF (red cuboid).

Proposition 10. Given (ICAF, σ) (s.t. σ is axial-radial) and
ε > 0 as input to Algorithm 1, it outputs an 2ε-rational re-
finement ICAF′ of (ICAF, σ).

Proof. Given as input a rational pair (ICAF =
(A,R, I), σ), the algorithm modifies I into Iout. If
ICAF does not have a non-trivial refinement (according
to Proposition 4), we get Iout = I , showing that the initial
ICAF is already the best refinement we can obtain (and
trivially a 2ε-rational refinement of itself).

If instead a non-trivial refinement exists, we need to show
that the two conditions of Definition 10 hold. Notice that
∀a ∈ A, Iout(a) ⊆ I(a) (satisfying item (1) of Definition
10). At the end of the algorithm, there exists a non-empty
X ⊆ A s.t. ∀x ∈ X , ICAFx = ((A,R, I ′′), σ) is irrational
with I ′′(x) = [mx,mx] (line 8) and ∀a ∈ A \X , Iout(a) =

Algorithm 1 Computing the best refinement
Require: A rational pair ((A,R, I), σ) and ε > 0.

1: for a ∈ A do
2: ICAFa ← ((A,R, I ′), σ) where for all b ∈ A \
{a}, I ′(b) = I(b) and I ′(a) = [max(I(a)),max(I(a))]

3: if ICAFa is irrational then
4: l← min(I(a)) , r ← max(I(a)), found ← ⊥
5: while ¬found do
6: m← (l + r)/2
7: ICAF′

a ← ((A,R, I ′′), σ) where for all b ∈
A \ {a}, I ′′(b) = I(b) and I ′′(a) = [m,m]

8: if ICAF′
a is irrational then

9: r ← m
10: if (r − l)/2 < ε then
11: I(a)← [min(I(a)),m]
12: found ← ⊤
13: else l← m

I(a). Since ∀x ∈ X , Iout(x) = [min(I(x)),mx], and σ
satisfies axial-radiality, item (2) of Definition 10 is satisfied
(no achievable acceptability degrees were removed). Thus,
(A,R, Iout) is a refinement of (A,R, I) (w.r.t. σ).

The refinement is 2ε-rational. The found variable in the
while loop is only set to True when the condition on line 11
is satisfied. Thus, the interval is at most 2ε in size, ensuring
that (A,R, Iout) is 2ε-rational.

3.3 Correcting Irrationality
Consider the situation where an ICAF under a given weighted
gradual semantics is irrational. We may determine some min-
imal interval changes required to achieve rationality.

Strategy 1. We associate a cost with modifying an argu-
ment, according to the cost function cost : A → N∗.
To change an argument a by ∆ therefore costs cost(a) ∗
∆. We can thus consider a line intersecting the point
S = (min(I(a1)), . . . ,min(I(an))) with gradient vector
1/cost(ai) for component i. Moving along this line has an
equivalent cost for all arguments. Thus, our strategy consists
of starting at point S and creating a new ICAF (with interval
function I ′) whose minimum interval moves along the nega-
tion of the gradient until this new ICAF is rational, or until
min(I ′(ai)) is equal to 0 (for some i). In the former case, we
return the new ICAF, while in the latter, we continue mov-
ing down while keeping min(I ′(ai)) = 0. This approach is
described in Algorithm 2. It uses the bisection method to effi-
ciently traverse the gradient line. Lines 1-4 compute the start
point of the line (the end point lies at 1). In lines 5–8, we
use the bisection method to identify the extreme point where
the resultant intervals are rational, taking the possibility of
min(I ′(a)) being below 0 into account (line 7). This strategy
clearly has polynomial complexity.

Strategy 2. This strategy exhaustively applies Strategy 1
but restricts it so that only the intervals of a subset of argu-
ments X ⊆ A can be modified. When all argument subsets
have been explored, the cost-minimising subset is selected.
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Algorithm 2 Computing rational ICAF using strategy 1
Require: An irrational ((A,R, I), σ), s.t. σ satisfies axial-

radiality and ε > 0.
1: l← 1, u← 1
2: for all a ∈ A do
3: t← 1− (1/costs(a)) ∗min(I(a))
4: if t ≤ l0 then l← t
5: while u− l ≥ ε do
6: m← (l + u)/2
7: ICAF′ ← ((A,R, I ′), σ) s.t. ∀a ∈ A, I ′(a) =

[max(0, m
costs(a) +min(I(a))− costs(a)),max(I(a))]

8: if ICAF′ is rational then l← m else u← m
9: return ((A,R, I ′′), σ) where for every a ∈ A, I ′′(a) =

[max(0, l/costs(a) + min(I(a))),max(I(a))]

Other strategies. We can consider two special cases of the
previous strategies that do not require argument costs. First,
we may consider the case where costs(ai) = 1, for all
1 ≤ i ≤ n. Second, we may move along the line segment be-
tween the origin and S, in which case our gradient vector has
min(I(ai)) as its i-th component. This latter approach has
the benefit of no argument having 0 as its minimum element
in the interval (unless all arguments have 0 as the minimum
interval element). Such a strategy can be captured using a
cost function, and therefore, we do not consider these further.

The aim of all strategies is to identify the closest point to
S in the acceptability degree space. Cost-aware strategies
change the metric by which this distance is measured. The
need for strategies arises as — in general — one cannot iden-
tify the closest rational point to another point analytically.

4 Evaluation
To evaluate the strategies from Section 3.3, we generated 40
Erdös-Rényi random graphs2 for each number of arguments
between 4 and 14, with a 0.5 likelihood for edge creation.
Each such graph yielded a single ICAF, and for each such
ICAF, we initialized I s.t., I(a) = [x, 1], where x is picked
randomly from [0.8, 1], ensuring that ((A,R, I), σ) is likely
irrational according to the chosen weighted gradual seman-
tics. Argument costs were drawn from [1, 11].

Figures 4 (a-c) illustrate the cost for our cost-aware strate-
gies using the weighted h-categoriser, card-based and max-
based semantics. For the weighted h-categoriser semantics,
Strategy 2 outperforms Strategy 1, while the advantage of the
former strategy shrinks for the weighted card-based and max-
based semantics as the number of arguments grows. Figures
4 (d-f) plot the total number of arguments modified to achieve
minimal cost via Strategy 2. In all cases, the number of argu-
ments grows linearly. However, we can see that the variance
in the number of arguments modified remains large for the
weighted h-categoriser, while shrinking for weighted max-
based semantics. For the weighted card-based semantics, the
variance begins small and quickly approaches 0 as the number
of arguments increases. We hypothesize that the explicit con-

2Note that similar results were obtained for other networks with
no islands; space constraints prevent us from including other results.

sideration of the number of attacks in weighted-card based
semantics reduces the impact of arguments’ initial weight on
rationality, while the use of only maximally acceptable argu-
ments in the weighted max-based semantics causes a simi-
lar effect. The exponential complexity of Strategy 2 makes
it unsuitable for large ICAFs. Our results suggest that for
the weighted card-based and max-based semantics, the im-
pact of using Strategy 1 is small, and that for the weighted
h-categoriser semantics, Strategy 1 performs well.

5 Sampling Initial Weights and Insights
Using our pipeline, users can specify intervals of acceptabil-
ity degrees as ICAFs, and refine or correct the elicited inter-
vals for each argument. Now, to obtain a possible value for
the initial weights associated with each argument, one can use
a sampling approach to efficiently get a weighting function w.
Definition 12. Let (ICAF, σ) be rational, a weighting func-
tion w can be sampled (from ICAF w.r.t. σ) iff for all
a ∈ A, σ(A,R,w)(a) ∈ I(a). The set of all weighting func-
tions that can be sampled is denoted S(ICAF, σ). We denote
by WA, the set of all weighting functions from A.

We can determine the probability of specific preferences in
initial weights between arguments using ranking queries.
Definition 13. Given a set of arguments A, a ranking query
(on A) is a Boolean combination of expressions of the form
a ≤ b with a, b ∈ A. We use Greek letters α, β, γ, . . . to
denote ranking queries.

For a weighting function w : A → [0, 1], we say that w |=
a ≤ b iff w(a) ≤ w(b). Similarly, w |= α ∨ β iff w |= α
or w |= β. We can now define how probabilities on ranking
queries are calculated.
Definition 14. Consider ICAF = (A,R, I), a weighted
gradual semantics σ s.t. (ICAF, σ) is rational, and a rank-
ing query α. Let Y = S(ICAF, σ), the probability of α is
PICAF,σ(α) =

|{w∈Y |w|=α}|
|Y | if Y ̸= ∅ and 0 otherwise.

In Definition 14, the numerator is inferior or equal to the
denominator, and thus PICAF,σ(α) ∈ [0, 1]. By sampling,
we can approximate PICAF,σ(α).
Example 2. Let us consider ICAF = (A,R, I) as dis-
played in Figure 2. We get that PICAF,σHbs(a ≤ b) ≈
0.608, PICAF,σHbs(a ≤ b ∧ b ≤ c) ≈ 0.208, PICAF,σHbs(c ≤
a∧a ≤ b) ≈ 0.167, and PICAF,σHbs(a ≤ c∧c ≤ b) ≈ 0.233.
Note that PICAF,σHbs(a ≤ b) = PICAF,σHbs(a ≤ b ∧ b ≤
c)+PICAF,σHbs(c ≤ a∧a ≤ b)+PICAF,σHbs(a ≤ c∧c ≤ b).

It is also possible to get insights on the ICAF by computing
the fraction of the initial weight space (resp. acceptability
degree space) that satisfies the ICAF constraints.
Definition 15. Consider ICAF = (A,R, I) and a weighted
gradual semantics σ, with A = {a1, . . . , an}. The fraction
of the initial weight space (resp. degree space) that satis-
fies the ICAF constraints is F init

ICAF,σ = |S(ICAF,σ)|
|WA| (resp.

F deg
ICAF,σ =

|{P=(p1,...,pn)∈DAF
σ |∀1≤i≤n,pi∈I(ai)}|
|DAF

σ | ).

Example 3 highlights the difference between these two
fractions as F init

ICAF,σ samples the initial weight space while
F deg
ICAF,σ samples the degree space.
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(a) W. h-categoriser (b) W. card-based (c) W. max-based

(d) W. h-categoriser (e) W. card-based (f) W. max-based

Figure 4: (a–c) Cost (y-axis) achieved by Strategy 1 (blue) and 2 (orange) w.r.t. number of arguments (x-axis); shaded regions denote ±1
standard deviation. (d–f) Number of arguments used (y-axis) by Strategy 2 w.r.t. the total number of arguments, averaged over 40 runs.

Figure 5: Density of the acceptability degree space for values of b
between 0.30 and 0.31. Darker shading indicates higher density.

Example 3. Consider ICAF = ({a, b, c},R, I ′), where
I ′(a) = [0.2, 0.4] and I ′(b) = I ′(c) = [0, 1]. Using 1 000
sampled points and repeating the experiment 5 000 times, the
mean values of F init

ICAF,σ and F deg
ICAF,σ are 0.38 and 0.34, re-

spectively. The difference between these means is significant
(p ≈ 0) using an independent two-sample t-test).

This is because, in general, the acceptability degree space
does not have a “homogeneous density”. Figure 5 demon-
strates this by uniformly sampling 106 initial weights and
plotting the number of points where the degree of b is between
0.3 and 0.31 (yielding a slice) for the sampled weights.

Sometimes, F init
ICAF,σ = F deg

ICAF,σ . Two such cases are
in ICAFs without attacks, and when the acceptability de-
gree space is fully included in the constraints (i.e., ∀P =
(p1, . . . , pn) ∈ DAF

σ , we have pi ∈ I(ai), for every 1 ≤
i ≤ n). In the latter case, we have F init

ICAF,σ = F deg
ICAF,σ = 1.

6 Related Work
In [Espinoza et al., 2023], the authors introduce credal sup-
port argumentation frameworks. Here each argument is asso-
ciated with a credal set and an imprecise base score obtained

from its credal set. While they only consider a support rela-
tion, they show how to compute the imprecise strength of ar-
guments (an interval).The epistemic approach to probabilistic
argumentation [Hunter et al., 2021] seeks valid probabilities
for arguments given some properties, similar to our intervals.
In fuzzy argumentation, legal argument weights can be com-
puted according to the approach of [Wu et al., 2016]. How-
ever, in all these cases, the properties of the interval are not
explicitly considered, nor are correcting systems which do not
comply with the underlying properties. Enforcement in ab-
stract argumentation (e.g., [Baumann et al., 2021]) considers
how argumentation frameworks can be modified to guarantee
an argument’s status and refinement can be viewed similarly
in a weighted gradual semantics context.

7 Conclusions and Future Work

In this paper, we use weighted gradual semantics to align user
beliefs as intervals of acceptability degrees for arguments.
From an initial set of acceptability degree intervals we intro-
duced refinement (tightening interval bounds without losing
valid solutions) and rationalisation (modifying bounds to in-
clude valid solutions not originally present). The latter was
achieved via cost-aware heuristics.

We intend to pursue several avenues of future work. We
plan to investigate how to sample the “best” valid initial
weights, and present/explain them to a user, allowing them
to identify those that they wish to use. In Definition 15, we
provided two measures to reflect the rationality of an ICAF.
In conjunction with other human studies, we will investigate
which of these better aligns with human intuition. We also
intend to further examine the theoretical properties of these
measures. Finally, extending the formalism to capture inter-
vals via probability distributions may also better capture hu-
man reasoning.
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