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Abstract

Tool-augmented methods aim to enhance the
reasoning capabilities of large language models
(LLMs) by invoking external tools, which can be
broadly categorized into training-free and training-
based methods. Training-free methods can directly
instruct LLMs to invoke external tools, but they
exhibit limited generalization in dynamic environ-
ments. In contrast, training-based methods use a
teacher model to generate tool-use trajectories and
fine-tune a student model to distill the trajectories
that can generalize across tasks. However, they still
face two major challenges: (1) Knowledge bound-
ary mismatch: teacher trajectories may contain
steps that the student cannot execute withouttools
due to their mismatch of knowledge boundaries. (2)
Tool overuse propagation: the student inherits the
misaligned tool-use strategy from teacher model.
To address these challenges, we propose RADAR,
an automated framework for knowledge bound-
ary discovery and tool overuse mitigation. First,
RADAR performs semantic anchoring to select
representative seeds. Second, simulated annealing
probing is employed to actively explore the student
model’s tool-use boundary and acquire sparse, ver-
ified student-aware labels. Third, it globally prop-
agates these labels and rewrites conflicts, yielding
deployment-aligned decisions with fewer unneces-
sary tool calls. We conduct experiments on mul-
tiple benchmarks, compared to the SOTA method,
RADAR reduces average tool-use by 52.7% while
improving accuracy by 3.2% across three models.

1 Introduction

Tool-augmented paradigm [Hao et al., 2023; Shi et al., 2025;
Lu et al., 2025] enhance the reasoning capabilities of large
language models (LLMs) by extending their knowledge
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Figure 1: Comparison of teacher and student behaviors under two
misalignment scenarios. (a) Knowledge Boundary Mismatch:
missing student knowledge induces errors without tools. (b) Tool
Overuse Propagation: redundant tool calls are distilled to the stu-
dent for internally solvable tasks.

boundary across diverse tasks, such as mathematical problem
reasoning [Didolkar ef al., 2024; Luo et al., 2025], time sensi-
tive question answering [Wang et al., 2025], and human intent
recognition [Harnad, 2024]. However, current LLMs have a
tendency toward tool overuse. For example, Llama-3.1-8B
and Mistral-7B-v0.3 invoke tools in 66.2% and 30.2% on the
GSMSK benchmark, respectively, even though most can be
solved without external tools [Qian et al., 2025b].

To mitigate these issues, recent studies have attempted
strategies to regulate tool invocation behaviors in LLMs,
which can be broadly categorized into training-free and
training-based methods [Mialon er al., 2023]. Training-
free methods typically rely on rule-based prompting and in-
context learning (ICL) constraints to invoke external tools
without parameter updates [Fang ef al., 2025; Zhang et al.,
2023]. However, these methods are constrained by context
window limits and sensitivity to example formatting. More-
over, they exhibit poor generalization when facing dynamic
environments or unseen tool-use scenarios. For instance,
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LLMs relying on few-shot examples struggle to handle a
novel problem, as they tend to apply the referenced patterns
to different functional scenarios.

Training-based methods have been proposed to alleviate
these challenges by fine-tuning models on tool-use related
steps [Schick er al., 2023; Patil et al., 2024; Kong et al.,
2024]. Current training-based methods typically follow a
knowledge distillation framework, where a teacher generates
reasoning trajectories that are used to supervise a smaller stu-
dent model [Ye er al., 2025; Zeng et al., 2025]. However,
these methods still have two limitations regarding the mis-
alignment of knowledge boundaries. On the one hand, the
process overlooks the difference in parametric knowledge be-
tween the teacher and the student model. As illustrated in Fig-
ure 1(a), the teacher correctly answers Die With A Smile for
the most streamed song on Spotify in 2025, but the student im-
itates this response and hallucinates Starlight due to missing
knowledge. On the other hand, the student model propagates
the teacher’s tool overuse trajectories, consequently acquiring
a bias toward invoking tools even when internal parametric
knowledge would suffice [Yu et al., 2023]. As shown in Fig-
ure 1(b), for calculating the sum of the first 50 positive odd
numbers, the student propagates the teacher’s tool overuse be-
havior, leading to unnecessary external tool calls even when
the problem is solvable via internal knowledge.

In this paper, we argue that effective tool-augmented infer-
ence requires a dynamic balance between a model’s internal
knowledge and external tools. To achieve this balance, we
first identify the student’s internal knowledge boundary and
then invoke external tools only when necessary to compen-
sate for specific limitations. In light of this consideration, we
propose Reasoning-boundary Anchoring & Dynamic Active
Recalibration (RADAR), a three-stage framework that recon-
structs the tool-use boundaries specific to the target LLMs.
First, we perform semantic anchoring to build a structural
foundation. Taking raw teacher-generated reasoning steps as
input, we encode them into a dense embedding space and
execute k-Means clustering to identify centroids, ensuring
subsequent exploration starts from semantically diverse re-
gions. Second, to address the knowledge boundary mismatch,
simulated-annealing—guided active probing is performed. Us-
ing the initial anchors as the input, the student model is
treated as a black-box uncertainty estimator to iteratively
explore uncertain regions around the initial anchors, while
newly discovered steps are labeled by a stronger model and
added as new anchors to locate the decision boundary. Third,
we execute global recalibration to mitigate tool overuse prop-
agation. Taking the sparse anchors as input, we apply k-
Nearest Neighbors (k-NN) propagation to extrapolate student
aware tool-use strategies across the entire dataset. To ensure
these tool decisions remain logically consistent within each
specific query’s context, we then employ the teacher model to
rewrite conflicting steps. Then we utilize this data to fine-tune
various models, supporting inference on downstream tasks.

We conduct experiments on the SMARTER benchmark
across three domains: Math (MATH) [Hendrycks et al.,
20211, Time (FreshQA) [Vu et al., 2024], and Intention
(IN3) [Qian et al., 2025a]. Extensive experiments on three
datasets demonstrate that our method achieves a maximum

task performance improvement of 7.4% and a maximum tool
usage reduction of 75% across different models.

2 Methods

Given a dataset D = {(g;,7:)},, each query g; is asso-
ciated with a teacher-generated intermediate reasoning se-
quence 7; = (8;1,- .., 1,) produced by the teacher model
M, where s; , denotes the ¢-th step (¢t € {1,..., L;}). Each
step s;, is annotated with a teacher tool-use label yzt =
I[Tool(s;)] € {0,1}. Given a student model M g, the task
is to infer a student tool decision yis’t € {0, 1} for each step,

where ¥, = 1 only if the student model cannot reliably solve
step s; ¢ without external tools. Formally, the output is a label
set VS = {yS, |i € [1,N], t € [1,L;}.

Figure 2 illustrates the overall architecture of RADAR. In
the first stage, we select representative anchors by embed-
ding teacher-produced reasoning steps into a latent space. In
the second stage, the selected anchors are used to probe the
student model to estimate the decision boundary for tool-use
and assess tool necessity near the boundary. In the final stage,
we propagate sparse boundary annotations via global recali-
bration and rewrite conflicting steps using a stronger model,
producing a set of tool-use labels that is suitable for deploy-
ment with the student model.

2.1 Tool Boundary Anchoring

To ensure that the subsequent boundary probing covers the
semantic space of intermediate reasoning steps, we construct
a set of initial anchors. Using intermediate steps extracted
from teacher trajectories as input, this stage outputs a glob-
ally distributed anchor set to initialize the probing loop and
prevent sampling bias toward dense regions.

Semantic Clustering Each step s; ; € S is mapped into a
continuous latent space by the encoder ¢(-), yielding an em-
bedding vector z; ; = ¢(s;,) € R4, where d is the embed-
ding dimension. As illustrated in Stage#1 of Figure 2, these
steps represent specific reasoning actions such as Isolate the
radical term. Based on these, the step set S is partitioned into
K clusters C = {Cy}X_, using K-Means clustering, where
each cluster satisfies C, C S and has a centroid ¢;, € R<.

Initialization Seeding From each cluster CY, a representa-
tive step is selected as an anchor by choosing the step whose
embedding is closest to the corresponding centroid:

8k = argmin [|¢(s) — ¢y, (1)
seCy
The resulting anchor set is defined as Ag = {8x}_ . These
anchors serve solely as the starting states for the boundary
probing procedure in the next stage, ensuring that probing
begins from semantically representative locations rather than
from randomly sampled or densely concentrated regions.

2.2 Tool Boundary Probing

To identify the tool-use decision boundary of the student
model within the semantic space, we conduct an active prob-
ing stage initialized from the anchor set. Starting from
these seeds, we use a simulated annealing method to explore
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Figure 2: Overview of our RADAR workflow. The arrow indicates the data flow from previous stage to next one.

the space and iteratively select informative steps for tool-
necessity queries, yielding a sparse set of boundary annota-
tions. The procedure is summarized in Algorithm 1.

Uncertainty Quantification Unlike standard uncertainty
sampling that relies on model probability outputs, we quan-
tify ambiguity based on the local smoothness of tool-use la-
bels in the semantic embedding space. For a candidate step s,
we inspect its local neighborhood N (s) consisting of the k
nearest labeled neighbors. We define the spatial entropy H(s)

as:
H(s) = — Z

y€{0,1}

p(y | Ni(s))logp(y | Ni(s)), @)

where p(y | Nx(s)) represents the proportion of neighbors
with label y (tool-use or internal-reasoning). As shown in
Stage#2 of Figure 2, our search prioritizes candidates where
local neighbors exhibit conflicting labels, while the simulated
annealing mechanism preserves a stochastic characteristic to
explore other regions. A high entropy value indicates that
s lies in a contentious region where tool necessity is incon-
sistent, signaling a decision boundary. The resulting score
H(s) is then used as.the acquisition signal in the next step
to guide the simulated annealing search toward boundary-
relevant candidates for tool-necessity queries.

Active Probing Search To navigate toward high uncer-
tainty regions without becoming trapped in local optima, we
model boundary probing as a stochastic search process ini-
tialized from an anchor § € Ay. Let s(") denote the current
search state at iteration r, and let z(s) = ¢(s) be the embed-
ding of step s. The next candidate s" 1) is selected by max-
imizing an acquisition function S(-) that balances boundary
exploitation and spatial exploration:

S(s') = H(s') + A - dist(z(s'), z(s"))

3
P 1(5(E) £ 5560)) )

where A\ and As are weighting coefficients, dist(-) denotes
the cosine distance, and the last term rewards label flips that
suggest boundary crossings. The search follows a simulated
annealing strategy, in which candidates are primarily cho-
sen to maximize S(-), while with probability e the state is
restarted by sampling a step from a broad proposal distribu-
tion to improve global coverage.

Tool Necessity Verification Once a candidate step s("+1) is
selected, we query its student-aware tool label by a counter-
factual verification procedure. Specifically, the student model
Mg is prompted to produce two trajectories for the same
step s("t1): a tool-enabled trajectory 7°°!(s("*1)) and a tool-
disabled trajectory 7V°(s("+1)) The teacher model My
then serves as a judge J(-) € {0,1} to determine whether
external tools are necessary:

yS(S(r+1)) — J(Ttool(s(rJrl))7 Tvoid(s(rJrl))) , 4)

The label is set to 1 only when 7' (s("+1)) provides verifi-
able corrections or required computations that are absent un-
der 7V°4(s(m+1)), ensuring that supervision is aligned with the
student model’s actual limitations. For the radical equation in
Stage#2 of Figure 2, the teacher identifies that the student’s
internal result 3x + 1 = 4+ x — 1 is wrong, whereas the tool-
use version produces the correct result 2z = 2 + 4y/x — 1,
thereby confirming tool necessity.

2.3 Tool Use Recalibration

In the final phase, we generalize the precise but sparse bound-
ary signals acquired from the active probing phase to the
entire dataset. Through anchors identified during probing,
we employ a semi supervised framework that combines label
propagation with consistency aware step rewriting to extrap-
olate the learned boundary information to the full dataset.

Label Propagation We generalize the sparse verified la-
bels obtained in the probing stage to the remaining unlabeled
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Algorithm 1 RADAR Active Boundary Probing

Input: Anchors Ay C S; step set S; budget B; k; A1, Ao;
restart prob. €.
Output: Verified set £ with pairs (s,35(s)).

1: L+ 0, U<+ S, scurr ~ Ao > U: unlabeled pool
2: while |£| < B do

3: C < Cand(Seurr,U) > local candidates near ey
4: for each s’ € C do

5: H(s") < Eq. (3) using KNN(s', L, k)

6: S(s") + Eq. (4) > flip via pseudo labels
7: end for

8: s* + argmaxgec S(s’) > most informative step
9: 7l « M g(ForceTool(s*))
10: 7o« Mg(Forcelnternal(s*))

11: y5(s*) < J(7°°, 7v0d) 1 iff tools are necessary

12: L+ LU{(s*y5(s )N U U\ {s*}
13: if Rand() < € then

> update

14: Scurr ~ U > restart for coverage
15: else

16: Scurr < 8™ > local move
17: end if

18: end while
19: return £

steps. Let £ denote the current labeled step set storing pairs
(5,y5(s)), and let U = S\ {s | (5,4°(s)) € L} be the
unlabeled step set. For each s € U, we estimate the pos-
terior probability of requiring external tools via a similarity-
weighted k-Nearest Neighbors (k-NN) rule:

D eren(s) Sim(z(s), 2(s")) <y (s")
ZS/EN)C(S) sim(z(s);z(s))

p(yP(s)=11s) = :
&)
where z(s) = ¢(s) is the step embedding and sim(-,-) de-
notes cosine similarity. This weighting emphasizes semanti-
cally closer neighbors and prioritizes precision when predict-
ing tool necessity. To mitigate tool overuse, we adopt internal
reasoning for steps with insufficient neighbor support.

Consistency Rewriting The recalibrated tool-use labels
)’® may be inconsistent with the original intermediate reason-
ing text in 7;. Since the reasoning content must be updated to
align with these new tool-use decisions, we perform a fill-
ing process to regenerate the relevant steps. To ensure that
the modified steps remain logically coherent with the original
problem and the surrounding reasoning context, we adopt a
consistency rewriting method where the teacher model serves
as an editor. As illustrated in Stage #3 of Figure 2, the teacher
transforms manual calculations into precise tool-invocation
steps, maintaining logical coherence while matching the stu-
dent model’s specific capability boundary. This rewriting pro-
duces a label-consistent dataset D* derived from (D, )®) for
downstream fine-tuning, while the task output remains the
student reasoning steps set JS.

3 Experiments

3.1 Experimental Settings

Datasets and Metrics We evaluate our RADAR on three
SMART-ER domains: Math (MATH) [Hendrycks er al.,
20211, Time (FreshQA) [Vu et al., 2024], and Intention
(IN3) [Qian et al., 2025a], which assess step-level reasoning
between parametric reasoning and tool-use. For Math and
Time, we report accuracy and average tool calls per query.
For Intention, we use the original metrics: summarized inten-
tion coverage and tool calls per query. Together, these metrics
assess both answer quality and tool-use appropriateness.

Implementation and Tools We select Mistral-7B-v0.3,
Meta-Llama-3.1-8B, and Mistral-Nemo-12B-2407 as student
models, with GPT-40 serving as the teacher, and BAAI/bge-
large-en-v1.5 for embeddings. We provide three tools: Code
(a Python interpreter), Search (the Serper API), and Ask
User (simulated by GPT-40 for the Intention domain).

Baselines We compare’ RADAR with state-of-the-art
training-free and training-based baselines. (1) Training-free
baselines: zero-shot [Kojima et al., 2022] and tool-use [Gao
et al., 2023].° (2) Training-based baselines: CoT fine-
tuning [Wei'et al., 2022] and SMART [Qian erf al., 2025b].

3.2 Main Results

The experimental results are presented in Table 1. Our obser-
vations lead to the following conclusions.

First, Reasoning Prompt achieves competitive performance
without any tool invocation among training-free methods,
yielding Math accuracy of 17.25%, 53.00%, and 47.00% and
Time accuracy of 29.00%, 26.00%, and 34.00% for the three
models, respectively. These results suggest that parametric
reasoning alone provides a usable baseline, yet remains in-
sufficient for domains that inherently benefit from external in-
formation. Compared to the training-free methods, training-
based SMARTAgent further improves task performance over
reasoning-only prompting, but at the cost of substantially
more tool usage, requiring 0.60, 0.88, and 0.82 tool calls on
Math, 1.00, 1.05, and 1.00 on Time, and 3.60, 3.80, and 3.34
on Intention, respectively. This indicates that supervision can
enhance tool-augmented reasoning, but still tends to induce
tool dependence, especially for intention-oriented queries.

Second, RADAR achieves consistently stronger results
than SMARTAgent while using fewer tools across all do-
mains. RADAR achieves Math accuracy of 30.15%, 56.15%,
and 49.75% with only 0.44, 0.62, and 0.61 tool calls, reaches
Time accuracy of 67.00%, 72.00%, and 70.00% with 0.89,
0.95, and 0.83 tool calls. Moreover, RADAR attains Inten-
tion coverage of 87.27%, 82.07%, and 85.11% while reduc-
ing tool usage to 1.50, 0.93, and 0.84, respectively. These
results demonstrate that RADAR achieves superior perfor-
mance while reducing the dependency on external tools.

Overall, the simultaneous gains in accuracy/coverage and
the reduction in tool calls demonstrate that RADAR more pre-
cisely identifies when tools are truly necessary, yielding a bet-
ter performance-efficiency trade-off than SOTA supervision.



PRELIMINARY PREPRINT VERSION - DO NOT CITE
This is not the version of record. The final version will appear in the Proceedings of JCAI-ECAI 2026.

Method Model Math (MATH) Time (FreshQA) Intention (IN3)
tool-use (J]) Acc (%) tool-use (|) Acc(%) tool-use (}) Coverage (%)
Training-free Methods
R ino P Mistral-7B-Instruct-v0.3 0.00 17.25 0.00 29.00 0.00 -
casoning Prompt -y o 1 lama-3.1-8B-Instruct  0.00 53.00 0.00 26.00 0.00 -
[Kojima er al., 2022]
Mistral-Nemo-Instruct-2407 0.00 47.00 0.00 34.00 0.00 -
Tool P Mistral-7B-Instruct-v0.3 3.90 13.25 1.67 49.00 3.80 63.04
ool Prompt Meta-Llama-3.1-8B-Instruct ~ 1.93 51.00 2.05 56.00 3.77 70.20
[Gao et al., 2023] )
Mistral-Nemo-Instruct-2407 2.35 46.00 1.90 53.00 1.80 59.27
Training-based Methods
Normal Reasoning ~ Mistral-7B-Instruct-v0.3 0.00 17.00 0.00 48.00 0.00 —
[Wei et al., 20221~ Meta-Llama-3.1-8B-Instruct ~ 0.00 41.00 0.00 48.00 0.00 -
SMARTA Mistral-7B-Instruct-v0.3 0.60 22.75 1.00 64.00 3.60 81.76
: gent Meta-Llama-3.1-8B-Instruct ~ 0.88 54.75 1.05 67.00 3.80 78.28
[Qian et al., 2025b] )
Mistral-Nemo-Instruct-2407 0.82 49.50 1.00 70.00 3.34 82.30
Mistral-7B-Instruct-v0.3 0.44 0.161) 30.15 (+7.401) 0.89 0.111) 67.00 (+3.001) 1.50 (-2.101) 87.27 (+5511)
RADAR (Ours) Meta-Llama-3.1-8B-Instruct 0.62 (-026)) 56.15 (+1.401) 0.95 0.10)  72.00 (+5.001) 0.93 (-2.87)) 82.07 (+3.791)
Mistral-Nemo-Instruct-2407 0.61 021)) 49.75 0251 0.83 017, 70.00 (+0.001) 0.84 (250)) 85.11 (+2.811)
Closed-Source Models
Reasoning Prompt ~ GPT-40-mini 0.00 73.00 0.00 44.00 0.00 -
[Kojima et al., 2022] GPT-40 0.00 79.50 0.00 47.00 0.00 -
Tool Prompt GPT-40-mini 2.55 54.50 1.06 56.00 1.91 76.44
[Gao et al., 2023] GPT-40 0.27 79.25 1.01 65.00 1.17 86.80

Table 1: Main results on the SMART-ER benchmark. Bold and underlined values denote the best and second-best performance among
functional models, respectively. Green arrows (1/]) indicate improvements relative to the best-performing baseline.

3.3 Ablation Experiments

To explore the contribution of each component in the pro-
posed method, we conduct ablation experiments on the two
datasets and display the results in Table 2. To quantify
the fundamental trade-off between supervision quality and
boundary stability, we introduce the ‘Quality-Stability Index
(QSI), defined as the ratio of Supervision F1 to the Flip Ra-
tio (F1/Flip). A higher QSI indicates a more robust align-
ment that maintains high correctness with minimal deci-
sion oscillation. The performance decline follows the order:
RADAR w/o AM > RADAR w/o SP > RADAR w/o SC.

About semantic clustering (SC) Relative to other variants,
RADAR w/o SC exhibits inferior stability, with a higher flip
ratio across datasets. On the Math domain, the flip ratio
reaches 19.8%, exceeding the 18.1% of the full framework.
This variant reduces the Efficiency Cost to 26,940 by bypass-
ing clustering but decreases the Overall QSI to 3.72. Remov-
ing SC weakens global coverage and lowers the SNR, yield-
ing less stable boundary estimation.

About soft propagation (SP) Relative to other variants,
RADAR w/o SP exhibits pronounced instability, as reflected
by a substantially higher flip ratio. On the Time domain, the
flip ratio increases to 30.2. Hard voting triggers overconfi-

dent label propagation. This variant raises the Efficiency Cost
to 42,210 on Math, proving that soft propagation maintains
Quality while ensuring cost-effectiveness.

About annealing method (AM) Relative to other variants,
RADAR w/o AM exhibits the poorest overall performance.
On the Math domain, the supervision Quality measured by
F1 drops to 2.8. Removing the annealing mechanism traps the
probing process in suboptimal regions, reducing the SNR to
0.08 and increasing Supervision Noise to 34.7. These factors
lead to a negligible Overall QSI of 0.21.

3.4 Analysis Experiments

Label Efficiency and Annotation Quality We evaluate the
quality of the generated labels against a student-derived ora-
cle. Figure 3a shows that teacher distillation achieves a label
accuracy of only 65.1% on Math. In contrast, RADAR signif-
icantly improves label accuracy to 89.7%, 95.5%, and 93.0%
on Math, Time, and Intention, respectively. Figure 3b further
demonstrates high annotation efficiency: label accuracy on
the Time domain exceeds 91% with only a 7.5% anchor bud-
get. Moreover, RADAR yields a 1.63x speedup, reducing the
average annotation cost to 61.3
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Variant Efficiency Stability Quality Overall
Cost (}) Flip(l) SNR (1) Sup. F1 (1) Noise () QSI(1)
Dataset: Math
w/o SC 26,940 19.8 2.70 73.8 27.3 3.72
w/o AM 23,460 135 0.08 2.8 34.7 0.21
w/o SP 42,210 24.2 3.35 80.7 24.1 3.33
RADAR 31,530 18117y 241 71.2 29.6  3.93 w0211
Dataset: Time
w/o SC 11,448 225 4.02 81.7 20.3 3.63
w/o AM 11,289 20.0 0.14 7.0 51.5 0.35
w/o SP 11,946 30.2 2.85 79.1 27.8 2.61
RADAR 11,383 (65)) 21.5¢101) 3.36 79.2 23.6  3.68 +0.051)

Table 2: Ablation study results. Bold and underlined values denote
the best and second-best performance among functional variants.
Green arrows indicate RADAR’s improvement over the strongest
valid baseline. Note that w/o AM is excluded from rankings due to
model collapse (Supervision F1 < 7.0).

vzzZ2 SMART [ RADAR —o—Math © Time —— Intention

2 100 2 100

S 8 s o
B

@ 75 @ 90 o —

[} Q

g 50 g . .

B 8 801° Efficiency Analysis:

o] [5} * Global Time Speedup: 1.63x

B 25 & « Token Reduction: 1.63x

8 8 70 + Avg. Annotation Cost: ~61.3%

Math Time
Domain

Intention 1.5 75 15.0 225 300
Total Annotation Cost (%)

Figure 3: Supervision quality and efficiency analysis. (a) Compari-
son of supervision correctness. (b) Supervision correctness and cost
efficiency across different budgets.

Semantic Stability and Local Continuity To assess lo-
cal semantic continuity, we apply domain-specific perturba-
tion operators to step names in the Math and Time domains
and measure the resulting embedding drift. Figure 4 reports
the Cumulative Distribution Function (CDF) of cosine dis-
tances between original and perturbed embeddings. Single
operators cause minor shifts, while stacked operators yield a
monotonic increase in distance, indicating that the embedding
space preserves fine-grained structure and maps incremental
text changes to predictable semantic drift.
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Figure 4: The plots display the CDF of cosine distances between
original and perturbed step names. For Math, Opl represents
Operand, Op2 Operator, Op3 Verb, and Op4 Mode. For Time, Opl
represents Entity, Op2 Action, Op3 Temporal, and Op4 Mode.

Validity of Entropy as a Proxy To assess our active selec-
tion premise, we validate neighbor entropy as a proxy for se-
mantic uncertainty by examining its alignment with decision

(a) Boundary Validation (Math) (b) Boundary Validation (Intention)
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Figure 5: Correlation between neighbor entropy and decision un-
certainty. Higher entropy levels (bars) align with increased label
flip probabilities (solid lines) and baseline error rates (dashed lines)
across both (a) Math and (b) Intention domains.

instability and task difficulty. We expect a useful proxy to cor-
relate with label flip probability [Settles, 2009] and baseline
error rates. As shown in Figure 5, entropy-stratified clusters
exhibit a clear trend: higher entropy consistently corresponds
to higher flip probability and higher error. For example, in
Math, high-entropy clusters show: label flip probability above
15% and baseline error around 25%, and a similar pattern is
observed in Intention, where the highest-entropy cluster coin-
cides with the peak error rate. These results support neighbor
entropy as an effective difficulty indicator for targeting infor-
mative regions without global supervision.

Sensitivity Analysis of Initial Cluster Count We assess
robustness to initialization by varying the number of seman-
tic clusters used for anchor seeding from 10 to 50. As shown
in Figure 6, the correctness of tool-use label supervision on
Math, Time, and Intention remains nearly unchanged, with
variations below 1%. Task performance is similarly stable
across this range. For example, Intention accuracy stays be-
tween 82% and 84%. This indicates the selected anchors re-
liably capture the global boundary structure.
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Figure 6: Robustness analysis of initialization granularity. Varying
the number of initial clusters (k) has negligible impact on (a) super-
vision correctness and (b) fine-tuning task performance, confirming
the stability of the framework.

Visualization of Decision Boundaries We visualize
student-specific boundaries by projecting step embeddings
with UMAP [Mclnnes et al., 2018] and overlaying tool-use
densities for Meta-Llama-3.1-8B-Instruct and Mistral-7B-
Instruct-v0.3. As shown in Figure 7, both models rely on
tools for complex geometry tasks in cluster4, with tool-use
rates of 28.7% and 37.2%, but diverge sharply on basic area
calculations in cluster3, where Mistral uses tools for 44.2%
of steps compared to only 1.1% for Llama. This confirms
that model-specific knowledge boundaries exist and serve as
the driver for different tool-invocation behaviors.
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Case 1: Query: Unemployment rate in Brandenburg (Jan 2025).

Original [Normal] Based on historical trends from late 2024, the
rate is likely around 5.8%.

Refined [Tool] Search(Unemployment rate brandenburg Jan

2025). Official data reports the rate rose to 6.3%.

Llama-3.1-8B-Instruct Mistral-7B-Instruct-v0.3

Figure 7: Visualization of model-specific decision boundaries. The
distinct tool-use density patterns confirm that RADAR captures
unique capability fingerprints within the same semantic space.

3.5 Case Study

Impact of Boundary Alignment Table 3 demonstrates the
reasoning change resulting from boundary alignment on an
algebraic task. The baseline SMART fails to invoke tools for
the error-prone algebraic simplification, yet redundantly in-
vokes a calculator to verify simple domain constraints. In
contrast, RADAR aligns its execution with capability bound-
aries by invoking external tools to accurately derive the
quadratic form z? — 23z + 90 = 0. Crucially, it success-
fully reverts to internal reasoning to identify the extraneous
root x = 5, proving it can handle logical consistency checks
without external tools. Such switching illustrates the balance
between internal reasoning and external tool invocation and
ensures both arithmetic precision and logical consistency.

SMART/RADAR Intermediate Reasoning Steps

Query: Solve v/9x — 41 = x — 7 for real solutions, ensuring
consistency with the domain constraint z > 7.

Step 1
Correct(X, V')
Tooluse(X, v)

Step 2
Correct(X, V')
Tooluse(X, X)

Step 3
Correct(v/, V)
Tooluse(v/, X)

[Tool] [Code](Simply the Equation).
Simplify and rearrange terms to derive
the quadratic z> — 23z + 90 =0.

[Normal] Solve the quadratic equation
x? — 23z + 90 = 0 via factorization to
identify the candidate set {5, 18}.

[Normal] Check the domain constraint
x > 7. Discards & = 5 as extraneous
and z = 18 is the valid solution.

Table 3: Step Strategy Comparison (SMART vs. RADAR). The
table shows the correct reasoning path generated by RADAR. //X
indicate whether the step is correct and whether a tool was used.

Validation of Tool Necessity Table 4 provides evidence for
the necessity of external tools through enforced execution.
The Original column reveals that dynamic queries, such as
the unemployment rate in Case 1 and box office figures in
Case 3, induce hallucinations due to outdated memory, con-
firming the necessity of tools. In contrast, the question in
Case 2 is answered correctly by internal reasoning, proving
that external search is redundant. This ensures that the tool is
invoked only when necessary, optimizing inference accuracy.

4 Related Work

Tool Learning for LLMs External tools augment LLMs
with real-time data and specialized computation [Schick et

Case 2: Query: Country with Maputo as capital (2024 upheavals).

Original [Tool] Search(Maputo 2024 news). Discusses the recent
election crisis and protests, failing to state the capital.

Refined [Normal] Maputo is the capital city of Mozambique, lo-

cated on the Indian Ocean coast of Southeast Africa.

Case 3: Query: Latest box office for the Mufasa backstory movie.

Original [Normal] Refers to the 2019 movie which grossed over
$1.6B worldwide.

[Tool] Search(Mufasa: The Lion King 2024 box office).
The 2024 prequel has grossed over $180M globally.

Refined

Table 4: Tool Necessity Validation via Evaluation of the counterfac-
tual, where green denotes valid detection and red indicates halluci-
nations or outdated errors.

al., 2023; Qin et al., 2024], pioneered by ReAct’s reasoning-
action integration [Yao et al., 2023]. These methods form
two main paradigms. Training-free approaches leverage in-
context learning [Yao er al., 2023; Liu et al., 2024; Fang et
al.;2025] but suffer from high context overhead and limited
generalization. Conversely, training-based methods internal-
ize tool-use via supervised fine-tuning [Schick er al., 2023;
Patil et al., 2024; Chen er al., 2023; Tang et al., 2023],
with recent reinforcement learning techniques further opti-
mizing tool-call timing to prevent overuse [Jin et al., 2025;
Li et al., 2025b].

Knowledge Boundaries for LLMs Research on knowl-
edge boundaries examines LLMs’ ability to recognize the
limits of their parametric memory [Li ef al., 2025a]. Bound-
ary signals are derived from probability calibration, inter-
nal probing, and consistency checks [Kadavath ef al., 2022;
Tian et al., 2023; Manakul et al., 2023]. Detecting these lim-
its enables test-time interventions like selective abstention or
adaptive retrieval [Jiang et al., 2023; Asai et al., 2024], re-
ducing hallucinations and improving model reliability [Yin et
al., 2023; Mialon et al., 2023].

5 Conclusion

In this paper, we propose RADAR, a student-aware frame-
work for tool supervision in distilled LLMs. We reveal that
unreliable tool supervision largely stems from the knowl-
edge boundary mismatch between teacher and student mod-
els. Through a three-stage pipeline, RADAR performs se-
mantic anchoring to select representative seeds, conducts
simulated-annealing—based active probing to acquire sparse
verified student-aware labels, and applies global recalibration
with consistency rewriting to propagate boundary informa-
tion and suppress tool overuse. Experimental results demon-
strate the superiority of RADAR over existing baselines.
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