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Abstract
Online planning in continuous state, action, and
observation spaces remains challenging for au-
tonomous systems. While Monte Carlo Tree
Search (MCTS) scales effectively via sampling,
most continuous (PO)MDP solvers do not ex-
ploit gradient-based action optimization. We pro-
pose Action-Gradient MCTS (AGMCTS), a frame-
work that combines global tree search with lo-
cal gradient-based action refinement, while main-
taining consistent value estimates. We provide
three key theoretical contributions: (1) an action
score gradient theorem for particle belief states; (2)
the Multiple Importance Sampling (MIS) Tree that
supports frequent action-branch updates by reusing
prior samples without introducing estimator drift;
and (3) tractable action score gradients for smooth
generative models using the Area Formula. Em-
pirical results demonstrate that AGMCTS outper-
forms state-of-the-art sample-based solvers in mul-
tiple challenging continuous MDP and POMDP
benchmarks.

1 Introduction
Planning under uncertainty is central to AI and robotics,
where state, action, and observation spaces are often con-
tinuous [Lauri et al., 2022]. Markov Decision Processes
(MDPs) and Partially Observable Markov Decision Processes
(POMDPs) model such problems, but exact solutions are
generally intractable [Papadimitriou and Tsitsiklis, 1987;
Madani et al., 2003], motivating efficient approximation.

Online solvers compute actions on demand from the cur-
rent state or belief [Kurniawati, 2022], often via tree search
such as Monte Carlo Tree Search (MCTS) [Silver and Veness,
2010] and Determinized Sparse Partially Observable Tree
(DESPOT) [Ye et al., 2017]. Earlier continuous-POMDP
offline methods often used fixed-dimensional parametric be-
liefs, e.g., Gaussian beliefs [Porta et al., 2006]; recent
continuous MDP/POMDP online methods improve scalabil-
ity via progressive widening, including Double Progressive
Widening (DPW) for MDPs and POMCPOW/PFT-DPW for

POMDPs [Couëtoux et al., 2011; Sunberg and Kochenderfer,
2018].

Most sampling-based continuous POMDP planners keep
sampled actions fixed. VG-UCT [Lee et al., 2020] refines
continuous-MDP actions, but does not correct value-estimate
drift after action updates. Action-Gradient MCTS (AGM-
CTS) integrates gradient steps into global MCTS via MIS,
and is the first such hybrid strategy for non-parametric con-
tinuous POMDPs with sample-based beliefs.

1.1 Contributions
Theoretical. We derive an action score gradient theorem
for MDPs and POMDPs in online tree search with importance
weighting. We introduce the Multiple Importance Sampling
(MIS) Tree and its action update operation, allowing frequent
gradient steps while maintaining value-estimate consistency.
We also compute action score gradients tractably for smooth
generative models via the Area Formula.

Algorithmic. We present AGMCTS (Algorithm 1), blend-
ing MCTS action exploration with online gradient refinement
for MDPs/POMDPs under DPW or alternative continuous-
action selection heuristics.

Experimental. Across continuous MDP and POMDP
benchmarks, AGMCTS variants show notable gains in most
domains and competitive performance overall.

1.2 Related Work
Online Optimization in MCTS. Lee et al. [2020] have
proposed VG-UCT for integrating gradient steps into MCTS
in continuous MDPs. Their Lipschitz-continuous transition
and reward setting gives a deterministic-MDP convergence
result; we give estimator gradients under weaker assumptions
and address value-estimate drift from action updates.

Black-box optimization methods have been used to bias
action selection in MCTS to more promising regions, e.g.
Voronoi optimistic optimization (VOO) [Kim et al., 2020]
and Voronoi progressive widening (VPW) [Lim et al., 2021;
Hoerger et al., 2024], kernel regression [Yee et al., 2016]
and Bayesian optimization [Morere et al., 2018; Mern et al.,
2021] methods. These complement AGMCTS by improving
action proposals rather than refinements.
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(PO)MDP Action-Gradients. An action-gradient corre-
sponds to the single-step gradient of a policy with a deter-
ministic immediate action. Policy gradients in POMDPs typ-
ically assume stochastic policies [Baxter and Bartlett, 2001],
memory-less policies [Azizzadenesheli et al., 2018], or fi-
nite action spaces [Hong et al., 2024], while we handle
belief-dependent policies with continuous actions. Silver et
al. [2014] studied deterministic policies in MDPs; we extend
to non-parametric POMDPs.
Information Reuse in Planning. Leurent and Mail-
lard [2020] considered information sharing in discrete MDPs
by merging similar states. Novitsky et al. [2025] have in-
troduced previous knowledge utilization in POMDPs via
Multiple Importance Sampling (MIS) [Veach and Guibas,
1995]. We reuse samples across sibling action branches
via the MIS Tree, avoiding retrieval from an external be-
lief database. POMDP planning has used MIS for sam-
ple reuse, e.g. [Farhi and Indelman, 2021], mainly to com-
pute observation likelihoods. AdaOps and CMCGS clus-
ter values of similar observations/states [Wu et al., 2021;
Kujanpää et al., 2024], whereas we recompute value esti-
mates under updated actions.

2 Background
MDPs and POMDPs. We consider MDPs in the form
⟨S,A, pT , r, γ, L, b0⟩. The state and action spaces are S ⊆
Rns and A ⊆ Rna . The transition model pT (s

′|s, a) is
the probability of arriving at state s′ when taking action
a ∈ A at state s ∈ S . The reward function r(s, a, s′) ∈ R
gives the immediate reward of transitioning from state s to
s′ by taking action a, and the expected reward is r(s, a) ≜
Es′|s,a[r(s, a, s

′)]. The discount factor is γ ∈ (0, 1]. The
MDP starts at time 0 and terminates after L ∈ N ∪ {∞}
steps, and if L = ∞ then we assume γ < 1. The initial state
is drawn from the distribution s0 ∼ b0.

We assume π = (πt)
L
t=0 is a (possibly time-dependent)

deterministic policy, but we note our theoretical results
generalize to stochastic policies as well. The value
function of a policy π at time t is the expected sum
of discounted rewards until the horizon: V π

t (st) ≜
Est+1:L|st,π[

∑L
i=t γ

i−tr(si, πi(si), si+1)]. We denote next-
step variables with primes, e.g. s′ follows s. We define
the action-value function as Qπ

t (s, a) ≜ Es′|s,a[r(s, a, s
′) +

γV π
t+1(s

′)]. Our goal is to compute a policy that maximizes
the value function, i.e. find π∗ ∈ argmaxπ V

π
0 (s0).

A POMDP adds ⟨O, pO⟩ to the MDP tuple. The observa-
tion space is O ⊆ Rno , and the observation model pO(o|s) is
the conditional probability of receiving an observation o ∈ O
at s ∈ S . Similarly to Sunberg and Kochenderfer [2018], we
assume that we can both sample from and evaluate pO(o|s).

A history at time t is defined as a sequence of b0, fol-
lowed by actions taken and observations received until t:
Ht ≜ (b0, a0, o1, . . . , at−1, ot). In partially observable set-
tings, the agent has to maintain a probability distribution of
the current state given past actions and observations, known
as the belief. The belief at time t is bt(st) ≜ p(st|Ht). We de-
fine H−

t ≜ (b0, a0, o1, . . . , at−1), i.e. the history until time t

without the last measurement, and correspondingly the propa-
gated belief b−t (st) ≜ p(st|H−

t ). It has been shown that opti-
mal decision-making can be made given the belief, instead of
considering the entire history [Kaelbling et al., 1998], mean-
ing a POMDP is an MDP on the belief space [Åström, 1965].
Policies and value functions extend from MDPs to POMDPs
by equivalent definitions on beliefs as states.

Importance Sampling. Importance Sampling (IS) [Kloek
and Van Dijk, 1978] is a technique in Monte-Carlo (MC)
estimation where a proposal distribution q is used to gen-
erate samples. The IS estimator for g(x) = Ex∼p[f(x)] is
ĝq = N−1

∑N
i=1 ρ

p
q(x

i)f(xi), for importance ratios ρpq(x) ≜
p(x)/q(x). The IS estimator ĝq is unbiased if q(x) = 0 im-
plies p(x) = 0. Often, the self-normalized IS (SNIS) estima-
tor is formulated when we only have access to an unnormal-
ized version of p, or for variance reduction purposes, and is
given by g̃q = (

∑N
i=1 ρ

p
q(x

i))−1
∑N

i=1 ρ
p
q(x

i)f(xi). While
biased, under weak assumptions it is consistent [Owen, 2013,
9.2]. We denote SNIS estimators throughout with [̃·].

MIS [Veach and Guibas, 1995] is a method to lever-
age several sampling methods {qi}ni=1, by calculating
a weighted average of IS estimators with ni samples
each: The corresponding MIS estimator is ĝMIS =∑n

i=1 n
−1
i

∑ni

j=1 wi(x
i,j)ρpqi(x

i,j)f(xi,j). If the weights
wi satisfy requirements: (MIS-I)

∑n
i=1 wi(x) = 1 when-

ever f(x) ̸= 0; (MIS-II) wi(x) = 0 whenever qi(x) =
0; then ĝMIS is unbiased. Many weighting strategies ex-
ist; the balance heuristic wi(x) = niqi(x)/

∑
k nkqk(x),

has its variance provably bounded from the optimal weight-
ing strategy for independent samples. Analogously to
SNIS, self-normalized MIS (SN-MIS) can be defined as
g̃MIS = β−1

∑n
i=1

∑ni

j=1 wi(x
i,j)ρpqi(x

i,j)f(xi,j) for β =∑n
i=1

∑ni

j=1 wi(x
i,j)ρpqi(x

i,j) [Metelli et al., 2020].

Particle Beliefs. Particle filters are often used to represent a
belief non-parametrically [Doucet et al., 2001, 1.3.2]. We de-
note particle beliefs with b̄. The particle belief of J particles
is the ordered set of state-weight pairs b̄ = ((sj , λj))Jj=1 (fol-
lowing [Lim et al., 2023]), and is defined as the discrete dis-
tribution p(s|b̄) =

∑J
j=1 λ

j · δ(s− sj)/
∑J

j=1 λ
j . For com-

putational simplicity, we assume throughout the paper that
the bootstrap filter is used to update particle beliefs [Doucet
et al., 2001, 1.3.2]. At each time step, the bootstrap fil-
ter advances sampled particles using the transition model,
reweights them based on the observation model, and resam-
ples to avoid weight degeneracy [Kong et al., 1994].

MCTS and DPW. MCTS is an algorithm used to quickly
explore large state spaces [Browne et al., 2012]. It iteratively
repeats four steps to build a search tree that approximates the
action-values, using a best-first strategy: (1) Selection: Start-
ing from the root node, descend recursively until a node to
which children can be added is found; (2) Expansion: A new
node is added as a child, according to an action expansion
strategy; (3) Simulation: A simulation is run from the new
node according to the rollout (default) policy; (4) Backprop-
agation: The simulation result is backpropagated through the
selected nodes to update the action-values. Often UCT [Koc-
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sis and Szepesvári, 2006] is used at selection to balance be-
tween exploration of new actions and exploitation of promis-
ing ones. Double Progressive Widening (DPW) [Couëtoux et
al., 2011] is a technique to limit the branching factor from
being infinite in continuous settings. The number of children
of a node is artificially limited to kNα for N visitations, for
fixed k > 0 and 0 < α < 1.

3 Action Gradients and MIS Trees
Here we present the theoretical basis of AGMCTS. We derive
action score gradients for local refinement, introduce MIS
Trees for consistent value estimates, and discuss density com-
putation for smooth black-box simulators.

3.1 (PO)MDP Action Score Gradients
In POMDPs the posterior belief transition probability
p(b′|b, a) is generally intractable. We approach the belief up-
date structure via the propagated belief density:

p(b′|b, a) =
∫
p(b′|b′−, o′)p(o′|b′−)p(b′−|b, a) db′− do′. (1)

The propagated belief b′− is obtained after action a but be-
fore observation o′. Exact beliefs make p(b′−|b, a) a Dirac
delta because b′− is deterministic in (b, a); for particle be-
liefs b̄, b̄′− it is non-degenerate because particles are sampled
through stochastic transitions:

Lemma 1. Let b̄ = ((sj , λj))Jj=1, b̄′− = ((s′−,j , λ′−,j))Jj=1

be ordered particle beliefs. The probability that b̄′− is a prop-
agated belief in the bootstrap filter, given b̄ and action a, is:

p(b̄′−|b̄, a) =
∏J

j=1 pT (s
′−,j |sj , a), (2)

whenever λ′−,j = λj for all j = 1, . . . , J , and zero other-
wise. When p(b̄′−|b̄, a) > 0 it holds that:

∇a log p(b̄
′−|b̄, a) =

∑J
j=1∇a log pT (s

′−,j |sj , a). (3)

We use this to introduce importance ratios over the future
propagated belief b̄′− rather than the posterior belief b̄′.

In tree search, after updating action a to ă, we estimate
Qπ

t (s, ă) by reusing samples from Qπ
t (s, a) instead of recom-

puting the subtree. Because repeated updates create samples
from multiple proposals, we use IS/MIS. Equations (4)-(5)
give the single-proposal action-reuse form:

Qπ
t (s, ă) = Es′|q[ρ

pT
q (s′)(r(s, ă, s′) + γV π

t+1(s
′))], (4)

Qπ
t (b̄, ă) = Eb̄′−,o′,b̄′|q[ρ

p
q(b̄

′−)(r(b̄, ă, b̄′) + γV π
t+1(b̄

′))],

(5)

where ρpT
q (s′) ≜ pT (s

′|s, ă)/q(s′|s, ă), and ρpq(b̄
′−) ≜

p(b̄′−|b̄, ă)/q(b̄′−|b̄, ă) are the importance ratios. The ratios
require proposal support to cover target support. We use
q(s′|s, ă) := pT (s

′|s, a), reusing samples from the previous
action a, but generally other choices are possible too. In Sec-
tion 3.2, we extend Equations (4)-(5) to an MIS setting with
multiple proposals, where assumptions (MIS-I) and (MIS-II)
suffice for unbiasedness (Section 2).

We introduce our main results of action score gradients.

Figure 1: Update operations in the MIS Tree, left to right, high-
lighted in cyan: (1) Action update, a novel operation, computes a
consistent action-value estimate for a new action ă reusing previous
successor states; (2) Action backpropagation; (3) State backpropa-
gation.

Theorem 1. Assume: (i) ρpT
q (s′), ρpq(b̄

′−) are well-defined;
(ii) r, V are bounded; (iii) there exist integrable gr, gT w.r.t.
the MDP/POMDP measures such that ∥∇ar∥ ≤ gr and
∥∇a log pT ∥ ≤ gT . For POMDPs, assume the assumptions
of Lemma 1 hold. Then, the action score gradient satisfies:

∇ăQ
π
t (s, ă) = Es′|q[ρ

pT
q (s′)[∇ă log pT (s

′|s, ă)
(r(s, ă, s′) + γV π

t+1(s
′)−B(s)) +∇ăr(s, ă, s

′)]], (6)

∇ăQ
π
t (b̄, ă) = Eb̄′−,o′,b̄′|q[ρ

p
q(b̄

′−)[∇ă log p(b̄
′−|b̄, ă)

(r(b̄, ă, b̄′) + γV π
t+1(b̄

′)−B(b̄)) +∇ăr(b̄, ă, b̄
′)]], (7)

where B(s) (resp. B(b̄)) is any baseline independent of ă
for estimator variance reduction [Schulman et al., 2016], e.g.
B(s) = V π

t (s).
The proof follows policy-gradient arguments [Sutton et al.,

1999]. We give all proofs in the Appendix [Lev-Yehudi et
al., 2026]. The result allows computing action gradients with
samples taken from the proposal q. The gradient favors im-
mediate reward and likely high-value successors; since s′ is
integrated out, V π

t+1(s
′) has no direct ă-gradient. Compared

with recursive estimates like VG-UCT [Lee et al., 2020],
these score gradients are branch-local in the MIS Tree, and
apply to belief-dependent policies via Equation (1).

3.2 MIS Trees for Action-Adaptive MCTS
We introduce the MIS Tree, a novel search-tree whose

action-value estimates are MIS estimators. It supports stan-
dard backpropagation plus action update: replacing an action
label while reusing previous successor states for a consistent
updated action-value estimate. Figure 1 illustrates these op-
erations. We formulate the MIS Tree recursively over state
nodes s and action nodes (s, a). For POMDPs, we use a
particle-filter tree (PFT) [Sunberg and Kochenderfer, 2018],
replacing s by ordered particle belief states b̄ throughout.

Each state node s has a set of child actions As ≜ {ai}i.
Each action node (s, a) has a set of child successor states
Ssa ≜ {s′,i}i. The visitation counts of state and action nodes
are n(s) and n(s, a). We store for each successor s′,i the
proposal action aiprop, namely the action under which s′,i was
originally sampled. This stored proposal action may differ
from the current action label a after action updates. We also
store the value estimate V̂ (s′,i), defined by:

V̂ (s) ≜ n(s)−1
∑|As|

i=1 n(s, ai)Q̂(s, ai). (8)
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Algorithm 1 AGMCTS. Highlighted lines mark AGMCTS-specific MIS and action-optimization steps.

procedure SIMULATE(s, d)

1: if d = 0 then
2: v ← ROLLOUT(s) {Rollout until terminal state}
3: UPDATETERMINAL(s, v) {Eq. (17)}
4: return v
5: a← ACTIONPROGWIDEN(s) {Vanilla or VPW}
6: addBranch← ACTIONOPT (s, a, d)
7: if |Ssa| ≤ ko · n(s, a)αo OR addBranch then
8: s′, r ∼ G(s, a) {b̄′−, b̄′, r ∼ G(b̄, a) in POMDPs}
9: Ssa ← Ssa ∪ {s′}

10: v ← ROLLOUT(s′, d− 1)
11: else
12: s′ ∼ Unif(Ssa), r ← REWARD(s, a, s′)

13: v ← SIMULATE(s′, d− 1)
14: UPDATEMIS(s, a, s′, r) {Eqs. (15), (16), (18)}
procedure ACTIONOPT(s, a, d)

1: addBranch← FALSE
2: for all k = 1, . . . ,Kopt do
3: gqa ← ∇̂aQ̃(s, a) {Eq. (21)}
4: ă← OPT(s, a, gqa) {Adam/other}
5: ă←CLIPNORM(ă, Tmax

da
)

6: ACTIONUPDATE(s, a, ă) {Eq. (11)-(14), (18)}
7: addBranch ← addBranch ∨ (∀s′,i ∈ Ssă :

ρiă(s
′,i) ≤ T add

ρ )
8: return addBranch

The visitation counts satisfy:

n(s) =
∑|As|

i=1 n(s, ai), n(s, a) =
∑|Ssa|

i=1 n(s′,i)+1. (9)

Here, n(s′)+1 ≜ n(s′) + 1 is the post-expansion count
contribution of successor s′. The +1 accounts for the ini-
tial rollout value stored when the successor node is created,
while n(s′) counts later visits. For action nodes, Q̂(s, a) ≜
r̂(s, a)+ γV̂f (s, a), where r̂ estimates immediate reward and
V̂f estimates next-step value. Our key observation is that this
decomposition lets action update recompute V̂f from older
successor samples and their stored value estimates.

Generally in MIS, each proposal distribution qi has ni sam-
ples. In our situation, we assume that each s′,i ∈ Ssa was
sampled from pT (·|s, aiprop), with its associated single value
estimate V (s′,i). Therefore, we adapt the MIS definition to
combine successor-specific estimators, based on the associ-
ated proposal action, branch importance ratio ρia(s

′) and MIS
weights wi(s

′):

V̂f (s, a) ≜
∑|Ssa|

i=1 wi(s
′,i)ρia(s

′,i)V̂ (s′,i), (10)

ρia(s
′) ≜ pT (s

′|s, a)/pT (s′|s, aiprop), (11)

and for POMDPs ρia(b̄
′) ≜ p(b̄′−|b̄, a)/p(b̄′−|b̄, aiprop). Anal-

ogously, replace V̂ (s′,i) with r(s, a, s′,i) to obtain r̂(s, a).
The following theorem shows that the MIS conditions suf-

fice for unbiasedness of the MIS Tree:
Theorem 2. If wi(s

′) satisfy requirements (MIS-I) and (MIS-
II) (see Section 2), then the MIS Tree yields unbiased value
and action-value estimates for a given tree structure.

The MIS balance heuristic requires O(|Ssa|) density
evaluations per recursive sample update [Novitsky et al.,
2025]. For efficiency, we use self-normalized MIS (SN-
MIS) [Metelli et al., 2020] with naive weights wi(s

′) ∝
n(s′,i)+1, which we found to perform well in practice:

Ṽf (s, a) ≜
∑|Ssa|

i=1 n(s′,i)+1ρ
i
a(s

′,i)V̂ (s′,i)/η(s, a), (12)

η(s, a) ≜
∑|Ssa|

i=1 n(s′,i)+1ρ
i
a(s

′,i). (13)
Using SN-MIS, all MCTS operations are O(1) except
O(|Ssa|) action update. We give full MIS Tree deriva-
tions, numerically stable log-likelihood forms, and analogous
immediate-reward updates in the Appendix.

Action Update. Action update replaces (s, a) by (s, ă), re-
computes all ratios, (12), (13), and immediate rewards in
O(|Ssa|) time.

In POMDPs, the explicit computation of the new transi-
tion likelihood p(b̄′−|b̄, ă) via (2) requires J evaluations of
the transition density, for J particles in b̄ and b̄′−, which may
be computationally expensive. As p(b̄′−|b̄, ă) is a product of
probabilities, a direct MC estimate based on a subset of par-
ticles results in a large bias. We resort to estimating changes
in log p(b̄′−|b̄, ă). For small ∥ă− a∥ we approximate1

log ρiă(b̄
′−)− log ρia(b̄

′−) ≈ (∇a log ρ
i
a(b̄

′−))T δa

= (∇a log p(b̄
′−|b̄, a))T δa = (Eq. (3))T δa, (14)

and due to Equation (3) being a sum, it admits an unbiased
MC estimate by subsampling particles.
Action Backpropagation. Let s′,i be an updated node.
Hence, we updated n(s′,i) to n′(s′,i) and V̂ (s′,i) to V̂ ′(s′,i).
We update n(s, a) by (9) and perform

η′(s, a) = η(s, a) + ρia(s
′,i)(n′(s′,i)− n(s′,i)), (15)

Ṽ ′
f (s, a) = (η′(s, a))−1

(
η(s, a)Ṽf (s, a)

+ ρia(s
′,i)(n′(s′,i)V̂ ′(s′,i)− n(s′,i)V̂ (s′,i))

)
.
(16)

Assuming a general n′(s′) also supports cases where we
delete branches in the tree, i.e. n′(s′) < 1. For state ex-
pansion, the same equations apply by initializing n(s′) = 0.
State Backpropagation. Let s be a state node. If s is at
the maximum tree depth, V̂ (s) is based only on rollouts. We
update the running average with the new rollout value v′,

V̂ ′(s) = V̂ (s) + (n′(s)− n(s))(v′ − V̂ (s))/n′(s)+1, (17)

If s is not a terminal state, let its recently updated action-value
child be (s, a), with updated n′(s, a) and Q̃′(s, a). We update
n′(s) by (9) and perform

V̂ ′(s) = (n′(s))−1(n(s)V̂ (s)

+ n′(s, a)Q̃′(s, a)− n(s, a)Q̃(s, a)). (18)
1This is obtained by the first-order approximation f(x + δx) ≈

f(x) +∇f(x)T δx, applied to log ρia(s
′) where δa = ă− a.
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3.3 Densities of Smooth Generative Models via the
Area Formula

Thus far we have assumed computable pT (s
′|s, a) and

∇a log pT (s
′|s, a). In practice, many simulators provide in-

stead s′ = f(s, a, ξ) with noise ξ ∼ pξ(·|s, a) ∈ Rnξ . If
nξ = ns and ξ 7→ f(s, a, ξ) is bijective and differentiable, the
change-of-variables formula states that for s′ = f(s, a, ξ∗):

pT (s
′|s, a) = pξ(ξ

∗|s, a) |Dξf(s, a, ξ
∗)|−1

, (19)

where Dξf is the Jacobian matrix of f w.r.t. ξ. However, it
is often the case that nξ < ns and ξ 7→ f(s, a, ξ) is an em-
bedding into an nξ-dimensional manifold rather than a bijec-
tion. Then pT (s

′|s, a) is a density with respect to the induced
manifold measure, not Lebesgue measure, and the Area For-
mula [Federer, 1969, Theorem 3.2.3] applies. Negro [2022]
gives the following locally Lipschitz form for f and the in-
duced density pT :

Theorem 4.1. [Negro, 2022] If f is locally Lipschitz, and it
holds that rank(Dξf) = nξ a.e., then the induced probability
measure over s′ is absolutely continuous w.r.t. the Hausdorff
measureHnξ on Rns , and its Radon-Nikodym derivative is

pT (s
′|s, a) =

∑
Ξ∗ pξ(ξ

∗|s, a)(Jnξ
f(s, a, ξ∗))−1, (20)

for Ξ∗ = {ξ∗ : s′ = f(s, a, ξ∗)}, and 0 when Ξ∗ = ∅.
The nξ-dimensional Jacobian is given by the Cauchy-Binet
formula: Jnξ

f(s, a, ξ) =
√

det((Dξf)⊺ · (Dξf)).

We further discuss these assumptions in the Appendix.
Robotics simulators often integrate continuous-time dy-

namics with stochasticity injected at the input or output. In
both cases below, once pT is computable, ∇a log pT follows
by chain rule and automatic differentiation.

Input Noise to Simulator. Let the input noise be described
by the function h(s, a, ξ) = (s̃, ã). The simulator then pro-
duces a successor state via s′ = f(s̃, ã). If for a new action
ă there exists a unique ξ∗ satisfying h(s, ă, ξ∗) = (s̃, ã), i.e.
such that the input to the simulator remains unchanged, then
we can evaluate the sensitivity of the output state with respect
to the noise: Dξf(s, ă, ξ

∗) = D(s̃,ã)f · ∂h∂ξ |s,ă,ξ∗ . Moreover,
the Jacobian matrix D(s̃,ã)f can be cached from the original
sample (s, a, ξ, s′), allowing to compute the density without
requiring additional simulator queries.

Noise in Simulator Output. Let the simulator output be
h(s, a), and the next state be given by s′ = g(h(s, a), ξ). If
we can find all ξ∗ such that s′ = g(h(s, ă), ξ∗), then we com-
pute the Jacobian via Dξf(s, ă, ξ

∗) = ∂g
∂ξ |h(s,ă),ξ∗ , requiring

a single forward simulation h(s, ă) for all ξ∗.

4 AGMCTS Algorithm
AGMCTS combines MCTS with frequent action-gradient op-
timization, and correcting online value estimates via MIS.
It uses a forward simulator G(s, a) with assumed access
to pT and pO, controls branching via DPW, and extends
to POMDPs via ordered particle-belief states like PFT-
DPW [Sunberg and Kochenderfer, 2018]. Algorithm 1 keeps
the standard simulation loop; highlighted components add

ACTIONOPT and MIS action update before expansion so gra-
dients influence expansion. We detail the implementation in
the Appendix.
Monte Carlo Gradient Estimation. In POMDPs, we es-
timate (3) with K∇

b state particles via ∇a log p(b̄
′−|b̄, a) ≈

(J/K∇
b )

∑K∇
b

l=1 ∇a log pT (s
−,jl |sjl , a), where indices jl are

sampled uniformly from [1, . . . , J ], and J is the particle count
of b̄ and b̄′−. We choose a baseline function of the current
value estimate B(s) = V̂ (s) (B(b̄) = V̂ (b̄) in POMDPs),
effectively estimating advantage gradients. As we linearize
the weight updates as in Equation (14), ∇aρ

i
a(s

′,i) has to be
computed for all s′,i ∈ Ssa. To save computations, we sum
over all successor states s′ ∈ Ssa when computing ∇̂Q̃(s, a):

∇̂aQ̃(s, a) =
∑|Ssa|

i=1 n(s′,i)+1ρ
i
a(s

′,i) · (∇a log pT (s
′,i|s, a)

·(r(s, a, s′,i) + γV̂ (s′,i)−B(s)) +∇ar(s, a, s
′,i))/η(s, a),

(21)

and we cache∇a log pT (s
′,i|s, a) for later action updates.

Gradient Optimization. We used Adam [Kingma and Ba,
2015] for its step-size normalization, which is crucial for
high-variance gradients. We perform Kopt consecutive gra-
dient updates to control the accuracy-compute trade-off, and
additional clipping of ∥ă− a∥ to Tmax

da
to stabilize updates.

Threshold for Adding Successor Nodes. If ρiă(s
′,i) <

T add
ρ for all s′,i ∈ Ssă, we force a new successor sample,

with optional low-relevance deletion.
Action Sampling Heuristics. We use uniform action sam-
pling and Voronoi progressive widening (VPW) [Lim et
al., 2021]; VPW biases samples through Voronoi partitions,
demonstrating that AGMCTS can benefit from different ac-
tion proposal mechanisms.

5 Experiments
We evaluate AGMCTS on continuous MDP/POMDP bench-
marks. MDP baselines are DPW/VPW; POMDP baselines
are PFT-DPW/PFT-VPW and POMCPOW/VOMCPOW
from POMDPs.jl [Egorov et al., 2017]. AGMCTS also uses
POMDPs.jl. VPW and result analysis follow the codebase
of [Lim et al., 2021]; we give additional hyperparameters,
result tables, and implementation details in the Appendix.

5.1 Benchmark Domains
dD-Continuous Light-Dark POMDP. This domain gen-
eralizes the Light-Dark POMDP [Platt et al., 2010] to arbi-
trary dimension d and combines a narrow goal-centered re-
ward peak, a surrounding moat penalty, a non-Gaussian ini-
tial belief, and observation noise that changes sharply across
the state space. Here S = O = Rd, b0 = Sd−1

0.5 , goal
sg = (0d−1, 2.5), beacon sb = (2.5,0d−1), γ = 0.99,
terminal radius Tg = 0.2, and horizon L = 6. Actions
lie in B1.5(0d), transitions are s′ ∼ N (s + a, σ2

T I) with
σT = 0.025, and observations are relative beacon mea-
surements o ∼ N (s − sb, σO(∥s− sb∥)2I) with σO(x) =
min{15, 0.01(x+x8)}. The reward depends only on the suc-
cessor state and combines three terms: a sharp positive bump
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Figure 2: Average returns over 1000 seeds, shaded areas show ±2 standard error. The x-axis shows the simulations budget per planning
session. Ours: AGMCTS algorithms Action-Gradient DPW (AG-DPW) for MDPs, and its particle-filter tree (PFT) adaptation for POMDPs.
Orange: DPW for MDPs and PFT-DPW for POMDPs. Green: POMCPOW (POMDP domains only). We test both vanilla action sampling
(solid lines) and VPW (dashed lines), resulting in 4 MDP and 6 POMDP algorithms.

at the goal, a surrounding moat penalty that discourages ran-
dom wandering near the target, and a small quadratic distance
penalty. With ∆g = ∥s′ − sg∥, the constants are Rgoal = 10,
Rmoat = 2, and Rdist = 0.02, giving Rgoale

− 1
2 (∆g/(0.5Tg))

2 −
Rmoate

− 1
2 ((∆g−5Tg)/Tg)

2 − Rdist∆
2
g . Rollouts move toward

sg but add N (0, 0.12I) action noise, providing a noisy goal-
directed default policy. We benchmark d = 2, 3, 4.

Two-Agent dD-Continuous Light-Dark POMDP. This
variant uses S = O = R2d, and A = B1.5(0d) × B1.5(0d).
Each agent has the same transition and individual reward
structure, with the positive goal term obtained only when both
agents are within Tg . The observation model couples the
agents: agent 1 observes its relative beacon position, while
agent 2 observes its relative position to agent 1 with the same
distance-dependent covariance. Thus agent 2 receives posi-
tion information through agent 1 rather than directly through
the fixed beacon, while the reward grants success jointly. We
benchmark d = 2.

Mountain Car and Hill Car MDP/POMDP. These do-
mains are based on Mountain Car [Singh and Sutton, 1996]
and Car on the Hill [Ernst et al., 2005]; S = R2 is position
and velocity, and A = [−amax, amax] accelerates/brakes the
car while avoiding the left boundary. In POMDPs, velocity
is unobserved and z ∼ N (x, 0.032). These domains have
momentum dynamics and threshold termination: the car may
move away from the goal to gain speed, while overshooting
the safe speed range causes termination. The reward is 100
at x ≥ xmax, −100 at x < xmin or |v| ≥ vmax, and −0.1
otherwise; γ = 0.99. Rollouts use the standard momentum
heuristic, pushing with amax when v > 0 and −amax other-
wise, which provides a useful but myopic default. Our mod-
ified Mountain Car instance uses xmin = −1.5, xmax = 0.5,
vmax = 0.05, amax = 1.0, horizon L = 200, v′ =

v + 0.001ã − 0.0025 cos(3x), and x′ = x + v′. Hill Car
uses horizon L = 30 and integrates nonlinear continuous-
time dynamics for ∆t = 0.1, with the same noisy-clamped
action interface used for AGMCTS density evaluation.

The two car domains differ in where complexity appears.
Mountain Car has a long horizon under a tight velocity bound,
so momentum-building policies can terminate by exceeding
the speed limit. Hill Car has a shorter horizon, but each
transition is obtained by integrating nonlinear continuous-
time dynamics. In both domains, additive action-input noise
ξ ∼ N (0, 0.12) is clamped as ã = clip(a+ ξ,−amax, amax)
before simulation, yielding transition distributions with con-
tinuous interior components and discrete clipping masses.

Lunar Lander MDP/POMDP. We use Lunar Lander
as in [Mern et al., 2021; Lim et al., 2021], with state
(x, y, θ, ẋ, ẏ, ω) and action (Fx, T, δ) ∈ [0, 15] × [−5, 5] ×
[−1, 1]. Actions couple translation, orientation, and angu-
lar rate through the thrust direction and torque, and rewards
combine threshold penalties with a landing reward. Here T is
main thrust, Fx corrective thrust, and δ the offset producing
torque τ = −δFx. With m = 1, I = 10, and ∆t = 0.4,
the deterministic model computes fx = cos θFx − sin θT ,
fy = cos θT +sin θFx, ẋ′ = ẋ+fx∆t, ẏ′ = ẏ+(fy−9)∆t,
ω′ = ω + τ∆t/I , x′ = x + ẋ∆t, y′ = y + ẏ∆t, and θ′ =
θ + ω∆t. Gaussian output noise with scales (0.1, 0.1, 0.01)
is added to ẋ′, ẏ′, and ω′, so transition densities are com-
puted by solving for the output-noise variables under the Area
Formula. In the POMDP variant, o = (ω̃, ˜̇x, h̃) with noise
scales (1.0, 0.01, 0.1) and h̃ centered at y/ cos θ. Rewards are
−1000 if x ≥ 15 or θ ≥ 0.5, 100− x− ẏ2 if y ≤ 1, and −1
otherwise. We use γ = 0.99 and horizon L = 35. The state
distribution is a Gaussian with mean (0, 50, 0, 0,−10, 0), and
the rollout is a proportional stabilizer (−0.1ẋ,−0.1ẏ, 0) un-
der noisy partial observations.
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Domain Setting DPW VPW AG-DPW AG-VPW

2D Light-Dark POMDP .027 .027 .316 .191
3D Light-Dark POMDP .068 .073 .315 .154
4D Light-Dark POMDP .151 .155 .302 .318
2-2D Light-Dark POMDP .160 .173 .447 .464

Mountain Car MDP .016 .016 .148 .152
POMDP .042 .044 .928 .904

Hill Car MDP .026 .029 .744 1.028
POMDP .360 .347 1.636 1.109

Lunar Lander MDP .008 .009 .203 .216
POMDP .103 .102 .504 .508

POMDP domain POMCPOW VOMCPOW

2D Light-Dark .033 .033
3D Light-Dark .060 .063
4D Light-Dark .141 .170
2-2D Light-Dark .141 .169
Mountain Car .116 .134
Hill Car .348 .297
Lunar Lander .136 .144

Table 1: Mean planning time in seconds at the maximum sim-
ulation budget of each domain. In POMDP domains, POM-
CPOW/VOMCPOW use a larger simulation budget to match run-
times similar to PFT-DPW/PFT-VPW.

5.2 Performance Evaluation
We tune hyperparameters with cross-entropy maximization at
the maximum simulation budget. This includes UCT/DPW
parameters, and Adam step size for AG variants, while other
AG settings are manual. VPW Voronoi parameters use rea-
sonable values from [Lim et al., 2021]. The CE procedure
runs 50 iterations; each iteration samples 150 parameter set-
tings, evaluates each on 40 seeds, and refits a smoothed Gaus-
sian proposal from the 30 elite settings. All reported means
use 1000 shared seeds. Maximum planning budgets are 500
simulations for Light-Dark and Car domains and 1000 for
Lunar Lander. These simulation-budget comparisons inten-
tionally hold the number of model queries fixed, giving a
clearer test of whether action-gradient refinement improves
the same underlying tree-search procedures rather than con-
flating this effect with implementation-dependent wall-clock
costs. For wall-clock matching, POMCPOW receives a larger
state-trajectory budget matched to PFT-DPW runtime.

Transition-density computations match the domain struc-
ture: closed-form Gaussian densities in Light-Dark, clipped
input-noise inversion in Car domains, and output-noise inver-
sion in Lunar Lander. AG variants use Kopt ∈ {2, 3} Adam
updates with linearized importance-weight updates (14).

Figure 2 shows mean performance per planning budget.
At maximum budget, an AG variant was preferable to its
matched non-AG DPW/VPW-family baseline in 6/10 sce-
narios (all Hill/Mountain Car, 4D and 2x2D Light-Dark).
Against matched baselines (AG-DPW vs. DPW, AG-VPW
vs. VPW, and the corresponding PFT variants), AG improved
significantly in 10/20 cases, was insignificant in 7/20, and un-
derperformed in 3/20.

By best algorithm per scenario, AGMCTS led in Moun-

tain/Hill Car MDPs, was best or statistically tied in
5/7 POMDPs, and underperformed in 2/7. Overall,
it was competitive with the wall-clock-matched POM-
CPOW/VOMCPOW baselines and often improved over PFT-
DPW/PFT-VPW. The largest gains appear in the Moun-
tain/Hill Car domains, while Light-Dark and Lunar Lander
show more mixed outcomes. The results suggest that AGM-
CTS is effective in domains where small action changes can
lead to large changes in states and rewards, as in the very
long-horizon Mountain Car or very narrow goal in the Light-
Dark POMDPs. The performance difference in Lunar Lander
is mostly insignificant, which may be due to the combination
of large action dimensionality and sparse rewards, reducing
gradient signal quality.

On the other hand, AG variants were 10–35× slower
than DPW/VPW in MDPs and 2–20× slower than PFT-
DPW/VPW in POMDPs, as shown in Table 1. AG variants
have higher per-simulation cost because action updates revise
successor weights and evaluate transition-density terms; these
single-threaded timings therefore report implementation cost
rather than a wall-clock optimum, since particle-belief up-
dates in AGMCTS and PFT-DPW can be parallelized over
particles. Thus, the practical trade-off is whether improved
action quality per model query offsets this density and gradi-
ent overhead within an application-relevant latency budget.

6 Conclusions
We introduced action-gradient continuous-POMDP tree
search with MIS-consistent action-branch updates. Using the
Area Formula to obtain transition log-probabilities, AGM-
CTS improved several continuous MDP/POMDP bench-
marks and was competitive overall, showing that online gra-
dient refinement can strengthen MCTS. Future work includes
convergence analysis and faster, less tuning-sensitive general
planning algorithms.

Practical Considerations. AGMCTS requires transition-
density access and tuning in addition to the per-simulation
overhead. These costs should be weighed against application
latency and modeling constraints.
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