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Abstract

Coalition formation studies how to partition a set of
agents into disjoint coalitions based on their pref-
erences. In this paper, we consider the class of
additively separable hedonic games and study the
setting in which agents’ valuations of each other
evolve over time. Since rearranging coalitions can
be costly, our goal is to find a stable partition close
to the current one, where distance is measured by
the number of agents that must change coalition.
We study this problem for four stability notions
based on single-agent deviations: Nash, individual,
contractual Nash, and contractual individual stabil-
ity. For all four, deciding whether a close stable
partition exists is NP-complete, even under severe
restrictions on the valuations and even when only a
single valuation changes. On the positive side, we
give polynomial-time algorithms for the two con-
tractual notions under restricted symmetric valua-
tions, and show that over long sequences of up-
dates, these algorithms maintain stability with con-
stant average reconfiguration cost.

1 Introduction

Many real-life applications, such as the formation of study
groups, the interaction of robots, or international organiza-
tions, are multi-agent systems in which agents have differ-
ent preferences for the agents they interact with. Coalition
formation research is concerned with modeling cooperation
in such systems. The objective is to improve the outcome
of the agents through coordinated actions. In this paper, we
assume selfish agents that aim to maximize their own out-
comes, in contrast to cooperative agents that jointly aim to
maximize a global objective. Hedonic games [Dréze and
Greenberg, 1980] provide a general framework for model-
ing this setting. In these games, agents’ preferences are given
by complete rankings over their potential coalitions, i.e., all
subsets of agents that contain them. The output is a coalition
structure where each agent is assigned to a unique coalition.
Since each agent can be in an exponential number of differ-
ent coalitions, this requires ranking an exponential number of
coalitions for each agent. A well-studied subclass of hedonic

games is additively separable hedonic games (ASHGs) [Bo-
gomolnaia and Jackson, 2002], in which agents’ preferences
are efficiently encoded in cardinal valuations for other agents
and the valuation of a coalition is given by a sum-based aggre-
gation. They have, for example, been used to model the for-
mation of research teams [Alcalde and Revilla, 2004]. Most
research in this area focuses on a single game for which a
solution is searched.

In many real-life scenarios, however, the game changes in
various ways over time, and the solution has to be adapted
accordingly. For example, consider a malfunction of an agent
that causes other agents to update their valuations towards
her once they notice it. Or consider an agent that signifi-
cantly overperforms, for example, because of updated soft-
ware, which again leads to other agents updating their val-
uations towards her. As a third example, consider a group
of agents collaborating on a project. Each interaction affects
how the teammates value one another.

The starting point of our setting is a stable partition that
serves as the status quo in a given game. We then investi-
gate how to respond to valuation updates, with the goal of
finding a new stable partition. One approach is to compute a
new solution from scratch each time an update occurs. This
is reasonable if there are no costs or other negative effects
arising from potentially completely rearranging the coalition
structure. Nevertheless, in many settings, changing the coali-
tion structure has a negative impact. Consider, for example,
a group of agents that works together on a task. Removing
too many agents from that project will affect the group’s cur-
rent workflow, and it might take a long time to reach the same
level of routine as before. In such settings, finding a close sta-
ble partition would be beneficial. We assume a cost propor-
tional to a natural distance measure between the previous and
new solution, such that minimizing the distance is equivalent
to minimizing the cost. Specifically, we study the distance
metric defined as the minimum number of agents that need to
change their coalition to arrive from one coalition structure to
another [Day, 1981].

We focus on stability, one of the most studied solu-
tion concepts for ASHGs [Bogomolnaia and Jackson, 2002;
Olsen, 2009; Aziz et al., 2013; Woeginger, 2013; Gairing
and Savani, 2019; Brandt et al., 2023; Brandt et al., 2024],
and explore four well-known stability notions based on devi-
ations by single agents, namely Nash stability (NS), individ-
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ual stability (IS), contractual Nash stability (CNS), and con-
tractual individual stability (CIS). In particular, given an ini-
tial instance, a stable coalition structure for that instance, and
small valuation changes, we study the complexity of finding
a nearby stable coalition structure according to our distance
function for all four stability notions.

2  Our Contribution

We introduce a model that allows us to study ASHGs under
valuation updates. Our focus is on the algorithmic question of
how to find a nearby stable partition, given an ASHG, a stable
starting position, and valuation changes. For this, we study a
general setting in which any agent in group A can update her
valuations towards anyone in group B. As a second case, we
consider the symmetric setting in which the valuations be-
tween agents are symmetric, and where any valuation update
of an agent a towards an agent b also applies to b’s valuation
for a. As important special cases, we consider valuation up-
dates in which all agents change their valuation towards one
agent, updates in which one agent changes her valuations to-
wards many agents, and the case that only one agent updates
one valuation, or in the symmetric case that only two agents
update their valuations for each other.

All of our hardness results hold both for symmetric and
non-symmetric valuations. Our positive results, on the other
hand, only hold for the symmetric setting.

We prove that checking whether a close stable partition ex-
ists is NP-complete for NS, IS, CNS, and CIS, even if we
heavily restrict the set of allowed valuation values, such as
{—1,0,1}. In particular, in Theorem 1 we show that finding
a stable partition with distance at most k after a single agent
updates her preferences towards one single other agent is NP-
hard. The same holds in the symmetric setting when only
one pair of agents changes their valuation towards each other.
Our reductions are from variants of the set cover problem and
also show that finding an approximation is'computationally
hard even for the case when only the valuations {—1,0,1}
are allowed.

Next, we study the four considered stability notions for
strict ASHGs. We show that both the non-symmetric and
symmetric problems remain NP-complete for both NS and
IS, even under severely restricted valuations. For CIS, we
show that there always exists a stable partition with distance
at most 3 to the starting partition. For CNS, we give an algo-
rithm that always computes a partition with distance at most
4 under the assumption that valuations can take on only one
negative value. In both cases, we give a polynomial-time al-
gorithm that computes such a partition.

The valuation restrictions that we study subsume restric-
tions proposed by Dimitrov et al. [2006], which are fre-
quently considered in the literature. Table 1 shows an
overview of our computational complexity results for the
symmetric setting.

Finally, we also consider a sequence of valuation updates
and show that in symmetric friend-and-enemy games (FEGs),
one can compute a sequence of stable partitions such that the
average number of changes is bounded by a constant for all
stability notions we consider. Moreover, we extend this result

strict FENGs FEGs AFGs AEGs
X [ Q\{o} {-101}{-1,1} {-Ln} {-n1}
NS NP-c NP-c NP-c NP-c NP-c
(Th. 9) (Th. 1) (Th. 10) (Th.10) (Th.9)
IS NP-c NP-c NP-c NP-c NP-c
(Th. 8) (Th. 1) (Th. 8) (Th. 8) (Th.9)
NP-c NP-c
CNS (Th. 3) (Th. 1) P(Co.3) P(Co.3) P(Co.3)
NP-c
CIS | P(Co.2) (Th. 1) P(Co.2) P(Co.2) P(Co.2)

Table 1: Computational complexity of X-1-1-SYM-ALTERED. The
rows indicate the stability notions, and the columns correspond
to the allowed valuation values. For X-1-1-ALTERED, we show
throughout the paper that every entry is NP-complete.

to strict symmetric ASHGs for CNS and CIS. Similar bounds
for NS and IS do not hold, which-we prove by providing an
instance where the average number of changes is linear in the
number of agents. In order to evaluate the different settings,
we define the average distance dx (n) as the limit of average
changes over the worst possible sequence of updates. No-
tably, dx only depends on the considered stability notion and
subclass of games.

3 Related Work

Hedonic games have been introduced by Dreze and Green-
berg [1980] and have since then been extensively studied,
especially additively separable hedonic games [Bogomolnaia
and Jackson, 2002]. Often, the valuations are also restricted
to a limited number of values. Commonly considered restric-
tions only allow valuations {—1,n}, {—n, 1} [Dimitrov et
al., 2006], and {—1,1}, which distinguish only whether an
agent is desired or undesired.

A key challenge in ASHGs is to find stable partitions,
meaning that no agent has an incentive to deviate. In
the literature, many different notions of stability have been
studied, most commonly different versions of core stabil-
ity [Karakaya, 2011; Woeginger, 2013; Peters, 2017; Peters
and Elkind, 2015; Dimitrov et al., 2006] and Nash stabil-
ity (NS), individual stability (IS), contractual Nash stabil-
ity (CNS), and contractual individual stability (CIS) [Gair-
ing and Savani, 2019; Peters and Elkind, 2015; Brandt et al.,
2024]. In this paper, we focus on the latter ones. For most
stability notions, there may not exist a stable partition. The
existence decision problem is NP-complete for Nash stabil-
ity [Olsen, 2009], individual stability [Sung and Dimitrov,
2010], and contractual Nash stability [Brandt et al., 2024].
Ballester [2004] shows that a CIS partition always exists.
Aziz et al. [2013] provide a polynomial-time algorithm to find
CIS partitions. Peters and Elkind [2015] give an overview
and provide a framework for hardness of different stability
notions and classes of games. For symmetric ASHGs, there
always exists a stable partition for all four stability notions
[Bogomolnaia and Jackson, 2002].

Next, we discuss literature on dynamic coalition formation
models. First, there are models that study the convergence
of deviation sequences to stable states [Bilo et al., 2022;
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Boehmer et al., 2025; Brandt et al., 2024]. Boehmer et
al. [2025] show convergence under the assumption that agents
increase their valuations for agents that join and decrease
their valuations for agents that leave their coalitions. They
also consider the question whether a stable partition can be
reached from a given partition after k£ deviations. They show
NP-hardness for NS, IS, and CNS for non-symmetric, non-
strict ASHGs. This differs from our setting in that we con-
sider starting partitions that were stable in the original game,
and we do not insist on the stable partition to be reachable via
deviations.

Brandt et al. [2024] prove that the individual stability dy-
namics converge with at most one non-negative valuation,
and that contractual Nash stability dynamics converge with
at most one non-positive valuation. The main difference
between our model and these is that the underlying ASHG
changes. Second, there are online coalition formation models
that allow agents to arrive online and require an algorithm to
immediately and irrevocably assign them to a coalition upon
arrival [Flammini er al., 2021; Bullinger and Romen, 2023;
Bullinger and Romen, 2025]. Bullinger and Romen [2025]
show that finding a stable partition online is not possible in
most cases, even if they are guaranteed to exist. Finally, Co-
hen and Agmon [2024] study a model in which agents have
incomplete information, i.e., agents are unsure of their pref-
erences and must learn them. In comparison to those papers,
our model allows for valuation changes across all agents and
for any agent to be reassigned to any coalition.

Another related line of research is based on robustness.
Given a stability notion X, Igarashi er al. [2019] study the
complexity of deciding whether a game admits an X parti-
tion such that it remains stable in any subgame obtained by
removing k agents. They study this problem in symmetric
games with valuations in {—1,n}, which we also consider.
Interestingly, many of their positive results hold for stability
notions in which the problems we consider are NP-complete,
and their hardness results hold when we can give polynomial-
time algorithms for the problems we consider. The key dif-
ference between their work and ours is that they aim to find
stable partitions that remain stable after k£ agents disappear,
whereas we seek to find new stable partitions that are suffi-
ciently close to the original partition after agents change their
preferences.

Barrot er al. [2019] study how unknown agents might affect
different stability concepts, and Okimoto et al. [2018] study
robustness with respect to the social welfare of each agent.

4 Model

4.1 Hedonic Games

Let IV be a finite set of agents. A nonempty subset C' C N is
called a coalition. The set of coalitions containing agent ¢ €
N is denoted by N; := {C' C N | i € C}. A set of disjoint
coalitions containing all members of NV is a partition of N.
For agent ¢ € N and partition 7, let 7(¢) denote the unique
coalition in 7 that ¢ belongs to.

A (cardinal) hedonic game is a pair G = (N, u) where
N is the set of agents and v = (u;);cn i8S a tuple of util-
ity functions u;: N; — Q. Agents seek to maximize utility

and prefer partitions in which their coalition achieves a higher
utility. Hence, we define the utility of a partition 7 for agent ¢
as u;(m) = u;(w(2)). The social welfare of G = (N, u)
given a partition  is defined as SW(G,m) = 3,y ui(m).
We denote by n(G) := |N| the number of agents and write
n if G is clear from the context. Following Bogomolnaia
and Jackson [2002], an ASHG is a hedonic game (N, u),
where for each agent ¢ € N there exists a valuation func-
tion v;: N\ {i} — Q such that for all C' € N it holds that
ui(C) =3 cc 4y vid)- Note that this implies that the util-
ity for a singleton coalition is 0. Since the valuation functions
contain all information for computing utilities, we can also
represent an ASHG as the pair (N, v), where v = (v;);en s
the tuple of valuation functions. Additionally, an ASHG can
be succinctly represented as a complete, directed, weighted
graph, where the weights of the directed edges induce the val-
uation functions.

An ASHG (N,v) is said to-be symmetric if for every
pair of distinct agents 4,75 € N, it holds that v;(j) =
v;(%). We write v(4, j) for the symmetric valuation between ¢
and j. A complete undirected weighted graph can repre-
sent a symmetric ASHG. For simplicity, we also denote
this graph by (V,v). An ASHG (N, v) is said to be strict
if for every pair of distinct agents ¢,j € NN, it holds that
v;(j) # 0. Furthermore, a subclass of ASHGs is (valua-
tion) restricted if it contains only valuations from a set of al-
lowed values. We consider the following classes of restricted
ASHGs, friend-and-enemy games (FEGs), friend-enemy-
and-neutral games (FENGs), appreciation-of-friends games
(AFGs), and aversion-to-enemies games (AEGs). They re-
strict the allowed valuations to {—1,1}, {—1,0,1}, {—1,n},
and {—n, 1}, respectively.

4.2 Stability

Next, we define different types of single-agent deviations and
their corresponding stability notions. Assume we are given
a hedonic game (V,u), an agent ¢« € N, and a partition 7
of N. A deviation by agent ¢ is a beneficial move of agent
1 from one coalition to another. Formally, from partition 7 a
different partition 7’ can be reached via a deviation of agent
iif forall j € N\ {i¢} it holds that w(5) \ {i} = 7'(j) \ {¢}.
A deviation by 1 is called

* a Nash deviation (NS) if u;(7") > u;(m),

e an individual deviation (IS) if it is a Nash deviation, and
for all j € 7' () it holds that u;(7") > u;(m),

e a contractual Nash deviation (CNS) if it is a Nash devi-
ation, and for all j € 7(¢) it holds that u;(7") > u, (),

* a contractual individual deviation (CIS) if it is an indi-
vidual deviation and a contractual Nash deviation.

For each type of deviation, we define the respective stability
concept as the absence of corresponding deviations. For ex-
ample, a partition 7 is said to be Nash stable (NS) if no agent
can perform a Nash deviation.

Note that Nash stability implies the other three notions,
while both contractual Nash stability and individual sta-
bility imply contractual individual stability [Aziz and Sa-
vani, 2016]. For every ASHG, there exists a CIS partition
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[Ballester, 2004]. This is not the case for the other stability
notions, meaning that for each of them, there exists an ASHG
without any such stable partition [Bogomolnaia and Jackson,
2002; Sung and Dimitrov, 2007]. However, using a potential
function argument, Bogomolnaia and Jackson [2002] show
that every symmetric ASHG admits a Nash stable partition.

4.3 Problem Statement

We say that two partitions 7, 7’ have distance 1 if we can
reach 7’ from 7 via a change of coalition for some agent i.
Further, we define d(w, ") as the length of a minimal se-
quence 7o, 1, ..., s, such that for all ¢ € [s] it holds that
d(mi—1,m) = 1l and m = 7y and ©’ = 7,. This distance can
be computed in polynomial time [Day, 1981, Theorem 9].

In this paper, we are interested in the following problem,
where X € {NS, IS, CNS, CIS}.

X-A-B-ALTERED

Input: An ASHG G = (N,v), an X partition 7
of G, two sets of agents D, E C N with
|D| = A and |E| = B, an updated valuation
function v’ such that v}(j) # v;(j) implies
thati € D and j € F, and a distance param-
eter k € N.

An X partition 7’ of G’ = (N,v’), where
d(m, ") < kif it exists.

Solution:

In this paper, we often consider the restricted setting in
which A or B equals 1, meaning that either one agent changes
her valuation for all other agents or all agents change their
valuations for one agent. Additionally, we consider the case
of symmetric preferences and define the problem as follows:

X-A-B-SYM-ALTERED

Input: A symmetric ASHG G = (N, v), an X par-
tition 7 of G, two sets of agents D, £ C N
with |[D| = A and |E| = B, an updated
symmetric valuation function v’ such that
v'(i,7) # v(i,j) implies thati € D, j € E
ori € E, 7 € D, and a distance parameter
keN.

An X partition 7/ of G’ = (N,v’), where
d(m,7") < kif it exists.

Solution:

As a consequence of the definition, X-A-B-SYM-
ALTERED and X-B-A-SYM-ALTERED are equivalent. Ob-
serve that X-A-B-SYM-ALTERED is not a special case of
X-A-B-ALTERED. For the simplest case, note that in X-
1-1-ALTERED exactly one agent changes her valuation to-
wards one other agent, whereas in X-1-1-SYM-ALTERED
two agents change their valuations towards each other. Also,
note that if A < A’ and B < B’, an instance of X-A-
B-(SYM)-ALTERED is also a valid instance of X-A’-B’-
(SYM)-ALTERED. Thus, showing NP-hardness for the for-
mer implies NP-hardness for the latter. Finally, we always
assume that updates do not affect the subclass of ASHGs. If,
for example, we consider FEGs, the updated valuations must
alsobein {—1,1}.

5 Results

In this section, we present our results. They are divided into
three parts. In the first part, we show hardness results for all
four considered stability notions for general ASHGs. In the
second part, we restrict our attention to strict ASHGs. Finally,
in the last part, we conduct an average-case analysis on the
distance for a sequence of valuation updates.

To show NP-completeness, we give reductions from the set
cover problem and restricted variants of it, which are known
to be NP-complete [Karp, 1972; Garey and Johnson, 1979].
Before we give the reductions, we state two lemmas that guar-
antee that all problems we consider are in NP and that, if & is
fixed, there are only a polynomial number of partitions with
distance at most k from the original partition. The proof of
Lemma 1 is based on a result of Day [1981]. Both proofs can
be found in the full version of the paper, along with all other
omitted proofs.

Lemma 1. The distance d(m,n") between two partitions
and 7' can be computed in polynomial time. Moreover, check-
ing whether  is X for X € {NS, IS, CNS, CIS} can be done
in polynomial time.

Lemma 2. For any partition , there exist at most n** parti-
tions with distance k from T.

The latter lemma directly implies that if & is a fixed con-
stant, we can enumerate all possible coalition structures with
distance at most k in polynomial time and can therefore effi-
ciently find a closest stable partition if it exists.

Next, we show that for all stability notions we consider,
finding a stable partition after updating only one valuation
is already NP-hard if we allow O-valuations and at least one
positive and one negative valuation value.

Theorem 1. Let o, 5 : N — Q< be two polynomial-time
computable functions. Then,

e X-1-1-ALTERED and X-1-1-SYM-ALTERED are NP-
complete for X € {IS, CIS} in ASHGs with valuations
in {—p8(n),0,a(n)}

e X-1-1-ALTERED and X-1-1-SYM-ALTERED are NP-
complete for X € {NS, CNS} in ASHGs with valuations
in {—p(n),0,a(n)} if it holds that a(n) < S(n) for all
n € N.

B(n) and X € {NS,IS,CNS,CIS} for X-1-1-Sym-
ALTERED. The other settings are covered by slight modifica-
tions of this argument, which are detailed in the full version
of the paper. The proof is based on a reduction from the set
cover problem.

Let (E,S, k) be a set cover instance. Without loss of gen-
erality, we may assume that k& < |E/, |S| and that S is a set
cover of F, as otherwise the problem is trivial. Let G be a
symmetric ASHG with agent set N = EUSUY U {21, 22},
where |Y| = |E| 4 |S| + 3 (see Figure 1 for an illustration).
The valuations of GG are given by

* v(e,S)=—LFforall S € Sande € 5,
* v(z,e) =aforalle € E,
* v(z2,€) =v(29,58) =—pFforall S € Sande € E,

Proof sketch. We give a proof sketch for the case a(n) <
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Figure 1: Tllustration of the symmetric ASHG G from the reduction
in Theorem 1. Dotted rectangles are independent sets. All edges
that are not shown correspond to a valuation of 0. Coalitions in 7
are highlighted in blue.

e v(z1,y) =v(21,20) = aforally €Y,
¢ ( for all other valuations,

where we set « := (| N|) and 8 := (| N]).

It holds that @ = {{e}cecr, {S}ses, Y U{z1,22}} is an
X partition in G since no agent can make a Nash deviation.

Alter the valuation between agents z; and z such that
v'(2z1,22) = —p and denote the altered game by G'. We
claim that a set cover C C S of E with |C| < k exists if and
only if G’ has an X partition 7’ with d(m,7") < k + 1.

To this end, suppose that C C S is a set cover
of E of size at most k. We claim that «/ =
{{e}ecr, {S}ses\c,CUY U{z1},{22}} is an X partition
in G’. To see this, note that ug(7'(a)) > 0 foralla € N
and the only deviations by an agent to another coalition in
which she has a positive valuation for at least one other agent
are deviations by e € F to n’(z1). However, noe € E can
Nash deviate to 7’(z1) since there is some S € C C 7'(z1)
with e € S and v(e, S) = —f3, 50 ue (7' (21)) < o — B < 0.
Clearly, it holds that d(m, ') < k + 1.

To prove the reverse direction, suppose that 7’ is an X
partition in G’ with d(w,7'). < k + 1. Note that since
v(y,z1) = aand v(y,a) = Oforall a € N \ {21}, we have
that y € 7/(21) for all y € Y. Moreover, z; is in a singleton
coalition in 7’ since v'(22,a) < Oforalla € N\ (Y U{z2}).
Let R and Rs denote the agents in F and S that were moved
to another coalition from 7. Let f : E — S mapeache € E
to some S € S with e € S. We claim that C := f(Rg) U Rs
is a set cover of E with |C| < k. By assumption, it holds
that |[Rg| + |Rs| < k since zp has moved to another coali-
tion as well. To see that C is a set cover of E, assume for
contradiction that there is some e € F that is not covered by
C. Hence, by construction of C, there is no S € 7’(z1) with
v(e, S) < 0. Therefore, e can X deviate to 7/ (z1) since there
isno a € n'(e) with v(e,a) > 0 and no b € 7'(z1) with
v(e,b) < 0. This is a contradiction to 7’ being X in G’, so C
is in fact a set cover of E. O

Due to the one-to-one correspondence of the problem with

the set cover problem, we can even show the following state-
ment [Raz and Safra, 1997].

Corollary 1. Approximating X-A-B-SYM-ALTERED better
than by a logarithmic factor is NP-hard.

These results paint a rather negative picture. Whenever
agents can be indifferent to other agents, allowing one pos-
itive and one, in absolute size, larger negative value is suffi-
cient for hardness. In the reduction, the O-valuations are cru-
cial. Allowing agents to be completely indifferent to whether
an agent is in her coalition or not circumvents the restrictions
that different stability notions impose. Therefore, in the fol-
lowing, we consider strict ASHGs.

6 Strict ASHGs

The results for IS and NS differ from the results for CNS and
CIS. This is because contractual deviations align better with
stability and allow for efficient algorithms in some settings.
The intuition is that for the contractual notion, for an agent
not to have any valid deviation, it is sufficient to have one
agent in the same coalition that approves her, whereas for in-
dividual stability, we might require an agent in every other
coalition that blocks her from deviating.

6.1 CNS and CIS

In this section, we consider CNS and CIS for strict ASHGs.
Our negative results hold in both the symmetric and non-
symmetric settings, whereas our positive results require sym-
metry.

We first prove that even in these restricted settings, X-1-N-
SYM-ALTERED and X-1-N-ALTERED remain NP-hard for
both CNS and CIS.

Theorem 2. X-1-N-ALTERED and X-1-N-SYM-ALTERED
are NP-complete for X € {CNS, CIS} in strict ASHGs with
valuations in {—p(n),a(n)}, where o, : N — Qsq are
polynomial-time computable functions.

The theorem shows that finding close stable partitions in
the symmetric setting is computationally hard when altering
all preferences of an agent, even when only a single positive
and negative valuation value exists. In particular, this implies
hardness for FEGs, AFGs, and AEGs.

In the following, we again consider the setting in which an
agent can only change her valuation for one other agent (or, in
the symmetric setting, only one pair of valuations changes).
Even in this setting, the problem remains hard for CNS. The
reduction is again from set cover.

Theorem 3. CNS-1-1-ALTERED and CNS-1-1-SYM-
ALTERED are NP-complete for strict ASHGs.

The hardness of CNS-1-1-SYM-ALTERED is closely re-
lated to the number of singleton coalitions in 7 since we can
compute a CNS partition 7’ whose distance to 7 only depends
on the number of singleton coalitions in 7.

Theorem 4. For the CNS-1-1-SYM-ALTERED problem in
strict ASHGs, Algorithm 1 computes a CNS partition ' with
d(m,7") < 4+ ¢(mw) — ('), where $(m) denotes the number

of singleton coalitions in T.
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Algorithm 1: CloseCNS

input : A symmetric strict ASHG (N, v), a CNS
partition 7, and a pair of agents (a, b) together
with an altered valuation v’(a, ).
output: A CNS partition 7’ for the altered ASHG.
1 if 7(a) = 7(b) then
2 | forz € {a,b} do
3 if 3 s, withm(s,) = {s.} and v(x,s;) >0
then
‘ C + 7m(z) Un(sy)
m = (m\ {m(z), 7(s2)}) U{C}
else if  can make a CNS deviation then
‘ Let = make a CNS deviation to the largest
possible coalition
8 Let agents make CNS deviations until no more are
possible and denote the resulting partition by 7’
s return 7’

PN 7

Proof sketch. The proof uses the following two observations
about CNS partitions in strict symmetric ASHGs.

* For any two agents s and s’ in singleton coalitions, it
holds that v(s,s’) < 0 and us(C) < 0forany C € 7
with |C] > 1.

* For any agent x with |7(x)| > 1, there must be some
y € 7(z) with v(z,y) > 0.

Now let the altered valuation be between two agents a and b.
We perform a case analysis depending on whether a and b are
in the same coalition or not.

Case 1: 7(a) = m(b). Without loss of generality, we can
assume that v'(a,b) < 0 as otherwise 7 is again CNS in G”.
If there is an agent s, (or sp) in a singleton coalition in 7 with
v(a, sq) > 0 (or v(b, sp) > 0), then a (or b) cannot make a
CNS deviation after merging their respective coalitions. If
either a or b leaves their coalition, then only agents in single-
ton coalitions can join this coalition by CNS deviations. Due
to the first observation, no agent in a singleton coalition can
make a CNS deviation to a coalition other than 7(a) since 7 is
CNS in G. Since there can be at most two singleton coalitions
in 7’ that are not in 7 and at most two agents in non-singleton
coalitions can make a CNS deviation in the algorithm, it holds
that d(m, ') < 4 4 ¢(m) — ¢(n').

Case 2: 7(a) # w(b). If 7is not CNS in G, then either a
or b is in a singleton coalition. In this case, merging 7(a) and
m(b) yields a CNS partition " with d(7, 7") = 1.

Algorithm 1 also works for CIS if, instead of CNS devia-
tions, we consider CIS deviations. However, we can prove a
stronger bound on d(w, ') that is independent of ¢(7) and is
based on any sequence of CIS deviations.

Theorem 5. Let G and G’ be strict symmetric ASHGs such
that G’ arises from G by altering the valuation between two
agents, and let w be CIS in G. Then, any sequence of CIS
deviations in G' starting from © converges to a CIS partition
7' with d(m,7') < 3.

Due to Theorem 5 we can guarantee the existence of a
CIS partition with distance at most 3. If we are interested

in whether there exists an even closer CIS partition, we can
compute all possible partitions with distance 1 and 2 in poly-
nomial time due to Lemma 2 and check whether any is CIS.

Corollary 2. CIS-1-1-SYM-ALTERED can be decided in
polynomial time in strict ASHGs.

To prove a constant distance bound for CNS, we need to
further restrict the valuations, such that only a constant num-
ber of agents in singleton coalitions in 7 can deviate.

Theorem 6. For CNS-1-1-SYM-ALTERED in strict ASHGs
with at most one negative valuation value, Algorithm I com-
putes a CNS partition ©' with d(mw,7') < 4.

Proof sketch. Let — [ denote the negative valuation value. By
the proof of Theorem 4, we only need to bound the number
of agents in singleton coalitions that make a CNS deviation
to 7(a) in the case 7(a) = 7(b). Again, we may assume that
v'(a,b) < 0. At most two agents; namely a and b, can leave
m(a) = w(b) by a CNS deviation. Moreover, for any two
agents s, s in singleton coalitions in 7, it holds that v(s, s’) =
-8 < 0 and ug(m(a) \ {a,b}) < us(w(a)) +28 < 28,
where us(m(a)) < 0 since 7 is CNS in G. Hence, at most
two agents in singleton coalitions can join this coalition by a
CNS deviation. O

As for CIS, we can infer from Theorem 6 that we can find a
closest CNS partition efficiently under such valuation restric-
tions.

Corollary 3. CNS-1-1-SYM-ALTERED can be decided in
polynomial time in strict ASHGs with at most one negative
valuation value (which includes FEGs, AEGs, and AFGs).

While one can show a similar bound as in Theorem 6
for multiple negative valuation values if they are sufficiently
close to one another, this is not possible in general, as Theo-
rem 3 shows.

In the full version of the paper, we give examples that show
that the bounds from Theorem 4 and Theorem 6 are tight and
that these bounds do not translate to non-symmetric games.
In fact, here the distance to the closest CNS/CIS partition can
be as large as ©(n). Hence, it is not surprising that X-1-
1-ALTERED remains NP-hard for X € {CNS, CIS} even in
FEGs, AFGs, and AEGs.

Theorem 7. X-1-1-ALTERED is NP-complete for
X € {CNS, CIS} in strict ASHGs with valuations in
{=B(n),a(n)} for any polynomial-time computable func-
tions o, f: N — Q.

6.2 NSand]IS

As mentioned, the picture is quite different for NS and IS. We
first show NP-hardness for IS if there exists at least one pos-
itive and one negative valuation value such that the positive
valuation value is at least as large as the absolute value of the
negative one.

Theorem 8. IS-1-1-ALTERED and I1S-1-1-SYM-ALTERED
are NP-complete in strict ASHGs with valuations in
{=B(n),a(n)}, where a, 8 : N = Q¢ are polynomial-time
computable functions with a(n) > B(n) for alln € N.
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Note that Theorem 8 covers the case of FEGs and AFGs.
Using a reduction from Exact Cover by 3-Sets (X3C), we can
prove NP-completeness of IS-1-1-(SYM)-ALTERED for the
remaining case of AEGs. Since NS and IS are equivalent in
symmetric AEGs, this immediately implies the hardness of
NS-1-1-SYM-ALTERED. However, we can also utilize this
fact to prove hardness for the non-symmetric case.

Theorem 9. X-1-1-ALTERED and X-1-1-SYM-ALTERED
are NP-complete for X € {NS, IS} in AEGs.

These results show that X-1-1-(SYM)-ALTERED remains
hard even for very restricted settings. However, for Nash sta-
bility, we relied on the fact that IS and NS are equivalent in
symmetric AEGs to prove hardness. For FEGs and AFGs,
this is not possible. Here, one needs to provide a reduction
by arguing only about the valuations of each agent, without
relying on any single agent blocking others from making a
deviation. To this end, we give a reduction from a restricted
version of X3C, which allows us to better control how the
utilities of agents change after altering the valuation between
two of them.

Theorem 10. NS-1-1-ALTERED and NS-1-1-SyM-
ALTERED are NP-complete in FEGs and AFGs.

7 Average Distance of Multiple Updates

In the previous sections, we showed that, in most of the con-
sidered settings, deciding whether a close partition exists is
NP-hard. In the following, we move away from considering
only single updates (in the symmetric setting, this means two
agents update their valuation towards each other) and study
the case in which a sequence of updates occurs. In this set-
ting, we can prove more positive results. Let G be a subclass
of ASHGs in which an X partition always exists, and define
G(n) C G to be all games in the subclass with n agents. De-
note by G™ = (G, ..., Gy ) a sequence of m + 1 ASHGs
such that G; 1 arises from G; by altering at- most one valua-
tion between two agents. Further, let 7y be an X partition in
Gy. We define the average distance of X as

2211 d(ﬂ-i*h 7Ti)

d%(n) = lim max  ‘min ,

m— o0 Gmegm+1 (TL), Tm m
o

where 7 = (m1,...,7m) iS & vector of m partitions such

that 7; is X in G;. If G is clear from the context, we omit the
superscript. First, we note that dg( (n) is in fact well-defined.

Lemma 3. Let X be some stability notion, n € N, and let
G be a subclass of ASHGs for which an X partition always
exists. Then, d$; (n) exists and is well-defined.

In the previous section, we saw that changing a single valu-
ation in a strict symmetric game might require moving many
agents to uphold CNS stability if there are at least two nega-
tive valuation values. However, when considering a sequence
of updates, Algorithm 1 allows us to find CNS partitions for
which we can bound the average distance.

Theorem 11. Let Gy, ..., G, be a sequence of strict sym-
metric ASHGs, where G ;1 arises from G; by altering a val-
uation between two agents, and let my be a CNS partition

in Go. Then, Algorithm 1 computes partitions 71, . . .
where m; is CNS in G;, and

Zd(ﬁi—hﬂi) < dm + ¢(mo) — d(mm).
i=1
Together with Theorem 5, we can show a constant bound
on dx (n) for X € {CNS, CIS} in strict symmetric games.
Theorem 12. Let G be the family of strict symmetric ASHGs.
Then, it holds that dZys(n) < 4 and d¢(n) < 3.
Since any CIS deviation is a Pareto improvement, we can
prove that dcis(n) is constant in FENGs in the non-symmetric
case.

Theorem 13. In non-symmetric FENGs,
ders(n) < 2.

) 7Tm:

it holds that

Proof sketch. A deviating agent a increases her utility by at
least 1. Furthermore, since it is a CIS deviation, it does not
decrease the utility of any other agent. On the other hand, a
valuation update can decrease the social welfare by at most
2. Since the social welfare of any partition always lies in
{—=n(n —=1),...,n(n= 1)}, the claim follows. O

In the symmetric case, this holds for all stability notions we
consider since any Nash deviation in a symmetric FENG in-
creases the social welfare [Bogomolnaia and Jackson, 2002].

Theorem 14. In symmetric FENGs, it holds that dx (n) < 2
for X € {NS, IS, CNS, CIS}.

Finally, we show that for unbounded valuations, the state-
ment no longer holds.

Theorem 15. In strict symmetric ASHGs, it holds that
dx(n) > | 5] for X € {NS, IS}.

8 Conclusion

In this paper, we proved the NP-completeness of deciding
whether a close stable partition exists in a symmetric ASHG
after an agent has changed her preferences for another agent
for the stability notions NS, IS, CNS, and CIS. This holds
even if the valuations are restricted to {—1,0, 1}. However,
for such restricted valuations and sufficiently long sequences
of valuation updates, one can compute a sequence of stable
partitions such that the average distance is constant, which
shows a clear contrast to the previous hardness result.

In strict symmetric ASHGs, finding a closest stable parti-
tion can be done in polynomial time for CIS, and for CNS
under the additional restriction that there is only one negative
valuation value. Without this restriction, the problem is NP-
complete, but for sequences of valuation updates of length
Q(n), our algorithm computes a sequence of CNS partitions
for which the average distance is constant. For NS and IS, the
problem remains NP-complete in symmetric FEGs, AFGs,
and AEGs.

We analyzed the average distance dx (n) over the worst
possible sequence of valuation updates, where dx (n) only
depends on the considered stability notion and subclass of
games. We showed that dx (n) € O(n) for X € {NS, IS}
in strict symmetric ASHGs. It is an interesting direction for
future research to study how dx(n) behaves for other sub-
classes of ASHGs and stability notions.
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