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Abstract

Problems defined on binary decision spaces have
been intensively studied in the theory of multi-
objective evolutionary algorithms (MOEAs). In
contrast, no mathematical runtime analyses exist
so far for MOEAs dealing with decision variables
that take a finite number » > 2 of values, despite
the prevalence of such problems in practice. In this
work, we begin to fill this research gap. We analyze
how the classic SEMO algorithm with unit-strength
local mutation computes the Pareto front of an r-
valued counterpart of the classic ONEMINMAX
benchmark. For the expected number of function
evaluations until the Pareto front is covered by
the population of this MOEA, we prove an up-
per bound of O(n?r?logn) and a near-tight lower
bound of Q(n?r(r+logn)). We can close the small
remaining gap between these two bounds by con-
sidering a variant of the algorithm that accepts only
strictly better solutions; for this variant, we show
an upper bound of O(n?r(r + logn)), matching
our lower bound (which also holds for this variant).
Our results suggest that classic MOEAs encounter
no significant additional difficulties when dealing
with multi-valued decision variables. However, sig-
nificantly more advanced tools may be required to
obtain tight bounds for algorithms with more com-
plex population dynamics.

1 Introduction

Evolutionary algorithms are widely used for solving com-
plex optimization problems, in particular, for those with mul-
tiple conflicting objectives. Multi-objective evolutionary al-
gorithms (MOEAs) address such problems by exploring the
different trade-offs between the objectives in a single run.
Well-known MOEAs such as NSGA-II, NSGA-III, SPEA2,
and SMS-EMOA are widely used in both research and ap-
plications. Their empirical success has motivated a consid-
erable body of theoretical works aimed at understanding
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how MOEAs work and why they perform well in practice.
These include, among others, guarantees on the time re-
quired to cover the entire Pareto front [Laumanns et al., 2002;
Zheng and Doerr, 2023; Wietheger and Doerr, 2023; Zheng
and Doerr, 2024; Ren et al., 2024], analyses on the benefits of
crossover operators [Doerr and Qu, 2023b; Dang et al., 2024;
Opris, 2026al, the role of diversity preservation and archiving
mechanisms [Covantes Osuna et al., 2020; Bian et al., 2024;
Ren eral., 2025], the impact of non-elitist strategies [Zheng
etal.,2024; Li et al., 2025b; Bian et al., 2025; Bendahi et al.,
2025], and approximation guarantees for situations in which
the full Pareto front is too costly to be computed [Horoba and
Neumann, 2008; Zheng and Doerr, 2025; Deng et al., 2025;
Alghouass et al., 2025; Li et al., 2025al.

The vast majority of the theoretical works (in discrete
optimization) have focused on problems defined on binary
decision spaces. To the best of our knowledge, only two
runtime analyses of MOEAs move beyond binary decision
spaces, and they do so by considering the other extreme of
unbounded integer-valued search domains [Rudolph, 2023;
Doerr et al., 2025b]. Among them, Rudolph [2023] analyzed
subproblems of a multi-objective problem in integer search
spaces, but the analysis remains a single-objective analysis.
Following this work, Doerr et al. [2025b] studied evolution-
ary algorithms on unbounded integer domains, focusing on
how different mutation strength distributions affect the run-
time. Till now, no mathematical runtime analyses exist for
MOEAs dealing with decision variables that take a finite
number r of values that is larger than two.

Our Contributions: In this work, we undertake a first at-
tempt to analyze MOEAs for problems with multi-valued de-
cision variables with mathematical means. We first extend
the classical bi-objective ONEMINMAX benchmark to an 7-
valued domain, r > 2. This benchmark preserves the simplic-
ity and structural clarity of its binary counterpart, but (natu-
rally) has a larger Pareto front. We then consider the clas-
sic SEMO algorithm with unit-strength local mutation, which
can be regarded as the natural multi-valued analogue of one-
bit mutation. For this algorithm, we prove an upper bound of
O(n?r?logn) and a lower bound of 2(n?r(r+logn)) on the
expected number of iterations until the population covers the
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entire Pareto front. The dependence on r in these bounds is
moderate. Although the search space has size ™, the Pareto
front of our benchmark grows only linearly with r. Since the
runtime is measured by the time to cover this front, its de-
pendence on 7 is tied more to the linearly growing front than
to the exponentially growing search space. The (small) gap
between these bounds stems from the population dynamics,
which (as this work shows) are much more complex in the
multi-valued setting.

We further consider a very mild modification of the tie-
breaking rule in the selection of the next population, namely
that we accept only strictly better solutions (that is, in case
of equal function values, we keep the old solution and dis-
card the new one). This modification allows for a more
tractable analysis of the population dynamics, and allows us
to prove an improved upper bound of O(n?r(r + logn)),
which matches our lower bound (that is valid also for this
modification of the algorithm).

We do not see any reason why the modified algorithm
should be faster than the original one. Our (simple) ex-
perimental results also could not detect a significant differ-
ence (rather the modified algorithm appeared slightly slower).
To check that this observation is not specific to r-valued
ONEMINMAX, where all solutions are Pareto optimal, we
additionally introduce and experimentally study an r-valued
analogue of LOTZ. This benchmark has the same Pareto-
front size, but, among many other differences, most solu-
tions are not Pareto-optimal. Again, we observe no notice-
able runtime difference between the original and the mod-
ified algorithm. For these reasons, we conjecture that the
O(n?r(r + logn)) bound, proven for the modified SEMO
on r-valued ONEMINMAX and matching our lower bound,
is also the true runtime for the original SEMO. Proving this
conjecture, unfortunately, seems out of reach with the current
methods of this field, and might be a worthwhile challenge for
the future, that could give deep insights into the more com-
plex population dynamics in multi-valued search spaces.

2 Related Work

The theory of randomized search heuristics is a relatively
young subarea of artificial intelligence. While first mathe-
matical runtime analyses for single-objective algorithms ap-
peared already in the 1990s, say [Miihlenbein, 1992; Bick,
19931, the first such works for multi-objective algorithms
took around another ten years [Laumanns et al., 2002] and
the truly practically relevant algorithms could only be ana-
lyzed very recently [Li ef al., 2016; Zheng and Doerr, 2023;
Wietheger and Doerr, 2023; Bian et al., 2025; Ren et al.,
2024].

As stated already in the introduction, there are no theoreti-
cal works analyzing how an MOEA solves a problem defined
over decision variables taking a finite number r > 2 of values.
Closest to our work are the two recent papers [Rudolph, 2023;
Doerr et al., 2025b] that analyze discrete multi-objective
problems defined on Z". Only the second work considers a
true MOEA, namely the SEMO regarded also in this work
and the related GSEMO. The main difficulty in this work,
however, is dealing with the unboundedness of the set of val-

ues taken by the decision variables. Consequently, the meth-
ods employed there are of little help for our problem setting.

In contrast, in the theory of single-objective evolutionary
algorithms a few sporadic works on multi-valued optimiza-
tion exist. Doerr et al. [2011] analyzed the (1 + 1) EA with
uniform mutation strength, that is, resetting a component to
a random other value, on linear functions over {0, 1,2}".
They proved an expected runtime of O(nlogn), matching
the well-known bound for the binary case. The result was
then extended by Doerr and Pohl [2012], where they stud-
ied r-valued linear functions and derived an upper bound
of O(rnlogn) + O(r3nloglogn) and a lower bound of
Q(rnlogn).

Subsequent work considered different and more com-
plex mutation operators and in return only regarded the
simpler ONEMAX problem. Koétzing et al. [2015] ana-
lyzed the (1+ 1) EA with unit-strength mutation on dy-
namically changing ONEMAX where each dimension has
r different possible values. Doerr et al. [2018] consid-
ered the (1 + 1) EA with three different mutation strengths
and proved asymptotically tight runtimes for a variety of
ONEMAX-type test functions over an alphabet of size . They
further analyzed the performance of randomized local search,
a variant of the (1 + 1) EA using local mutation, with a self-
adjusting mutation strength and proved an expected optimiza-
tion time of O(n(logn + logr)), which is optimal among
all comparison-based search heuristics. Harder et al.[2024]
studied the (1 + 1) EA with different mutation operators on
the unbounded integer search space Z™. All these works are
hardly comparable to ours since they regard single-objective
optimization via an algorithm with parent and offspring pop-
ulation equal to one. Hence the population dynamics are less
interesting here.

In [Qian et al., 2018a; Qian et al., 2018b], submodular
functions with multi-valued discrete domains are studied.
Both works formulate a constrained single-objective problem
as a bi-objective problem. They then use problem-specific al-
gorithms and algorithms similar to classic MOEAs to solve
these. However, since their objective is to find a single so-
lution with a particular constraint satisfaction (equivalent to
a particular value of the second objective), they do not ana-
lyze how the full Pareto front is computed or approximated,
but only how long it takes until such a particular solution is
contained in the population. For that reason, we could not
derive deeper insights on multi-objective optimization from
these works, and feel that they should be viewed as single-
objective optimization works.

More recently, estimation-of-distribution algo-
rithms (EDAs) have been analyzed in multi-valued
domains, see, e.g., [Ben Jedidia et al, 2024

Adak and Witt, 2024]. Due to the very different algorithmic
concept of an EDA, these works are hardly comparable to
ours.

Overall, these results demonstrate that runtime analysis
in multi-valued decision spaces is feasible in the single-
objective setting, but typically requires more involved tech-
niques than in the binary case.



PRELIMINARY PREPRINT VERSION - DO NOT CITE
This is not the version of record. The final version will appear in the Proceedings of JCAI-ECAI 2026.

3 Preliminaries

Throughout the paper, for all a < b, we write [a..b] := {i €
Z | a < i < b} to denote the interval of integers between a
and b.

3.1 Multi-Objective Optimization

This paper considers multi-objective optimization problems
defined on the search space [0..r — 1]™, where r > 2. Such
a problem is given by f : [0..r — 1]™ — R™. Our goal is to
maximize the objectives. For two solutions z,y € [0..r —1]™,
we say that x weakly dominates y if f;(x) > f;(y) holds for
all i € [1..m], denoted as = > y. If, in addition, there exists at
least one objective j such that f;(z) > f;(y), then « is said to
dominate y, denoted as = > y. A solution is called Pareto op-
timal if it is not dominated by any other solution in the search
space. The set of all Pareto-optimal solutions is referred to as
the Pareto set. The Pareto front consists of the objective vec-
tors corresponding to these solutions. As common in the evo-
lutionary computation theory community [Zhou et al., 2019;
Doerr and Neumann, 20201, we measure the runtime by the
number of function evaluations for the population to cover the
entire Pareto front. We often use asymptotic notation (big-Oh
notation, Landau symbols). If so, then the underlying variable
is the problem size n. We allow other quantities to be func-
tionally dependent on n, for example, the number r of differ-
ent values taken by the decision variables. This is natural, for
example, in rooted tree problems in graphs on n vertices, we
have n — 1 decision variables (describing the predecessor of
a non-root node on the path to the source), and each of them
can take any other node as value (so there are n — 1 different
values).

3.2 The Multi-Valued Algorithm

The simple evolutionary multi-objective optimizer (SEMO)
was the algorithm first used in a mathematical runtime
analysis of an MOEA [Laumanns et al., 2002]. Tt is still the al-
gorithm best understood from a theoretical perspective. Start-
ing from a single random solution, the algorithm repeatedly
selects a random parent from the population, generates an off-
spring via mutation, and keeps as next population a largest
pair-wise non-dominated subset of the old population and the
offspring, giving preference to the offspring in case of ties.
In the classic binary setting, the SEMO employs one-bit
mutation, which flips a single bit chosen uniformly at ran-
dom from the n bit positions. In the multi-valued setting con-
sidered in this work, we employ a unit-strength local muta-
tion operator, which has, to the best of our knowledge, first
been proposed and argued for in the single-objective work
[Doerr et al., 2018]. This operator, as one of several alterna-
tives, was also studied in the recent work on multi-objective
optimization for unbounded integer-valued problems [Doerr
et al., 2025b]. When applying this mutation operator to an
individual z € [0..r — 1]™, one position ¢ € [1..n] is cho-
sen uniformly at random, and the value x; of this position is
increased or decreased by 1 with equal probability. A muta-
tion that would lead to a value outside the allowed interval
[0..r — 1] is considered infeasible and discarded (that is, the
parent of the mutation operation is returned as offspring). The
pseudocode of the algorithm is given in Algorithm 1.

Algorithm 1: The r-valued SEMO with unit-strength
local mutation to maximize f : [0..r — 1] — R™.

1 Initialize = € [0..r — 1]™ uniformly at random and set

Py + {LIJ},
2 fort=20,1,2,... do
3 Select one individual x uniformly at random from
Py
4 Generate y via choosing one entry of x uniformly
at random and modifying it by +1 with equal
probability;

5 if there is no z € P; such that z > y then
6 | P {z€P|y#tzyUiyh

7 else

8 Lpt_;,_l %Pt;

3.3 The Multi-Valued Benchmark

The ONEMINMAX problem is the best studied benchmark
in the theory of MOEAs. Its two objectives are the number
of zeros in the bit string and the number of ones. This is
equivalent to saying that the objectives are the sum of the
bit values and the sum of the inverses of the bit values. We
therefore extend the binary ONEMINMAX benchmark to the
multi-valued search space [0..r —1]™ by letting the first objec-
tive be the sum of the values of the entries of = and the second
objective be the sum of the inverses. This choice of the objec-
tive order makes the definition closer to the COCZ bench-
mark, but has no effect on the theoretical results. Moreover,
the same objective order was used in [Zheng, 2026], where
the corresponding binary problem was called ONEMAXMIN.
Since in the single-objective multi-valued setting, Adak and
Witt [2024] called this first objective G-ONEMAX, we refer
to our multi-valued extension of the ONEMINMAX bench-
mark as the generalized ONEMAXMIN problem, denoted by
G-ONEMAXMIN.

Definition 1. Letn € Nandr € N>j. The G-ONEMAXMIN
function f(x) = (fi(z), fo(x)) : [0.r — 1]" — R? is defined
by

n

fo(z) = Z(r —1—um).

i=1

file) = a,
=1

The following lemma characterizes the Pareto set and the
Pareto front of G-ONEMAXMIN. As in the binary case, ev-
ery solution in the search space is Pareto optimal, but the size
of the Pareto front also increases with . Due to space limita-
tions, all proofs are omitted. A complete version is available
on arXiv [Li et al., 2026].

Lemma 2. The Pareto set of G-ONEMAXMIN is
S* =[0.r —1]".
The Pareto front is
F*={(a,nr —n —a) | a € [0..nr —n]},

whose size is nr — n + 1.
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As a second benchmark in the experimental section, we
use a multi-valued analogue of the classic LOTZ bench-
mark. With very few solutions Pareto-optimal, it can be seen
as a problem complementary to G-ONEMAXMIN. The first
objective follows the idea of the r-valued LEADINGONES
benchmark [Ben Jedidia et al., 2024], but refines it by also
giving value-progress credit to the first position after the cer-
tified prefix. Hence a complete prefix of entries equal to  — 1
contributes fully, the first subsequent position contributes its
current value, and all later positions contribute nothing. Sym-
metrically, the second objective measures the same progress
from the right towards value 0. Values lying strictly between
the active leading position and the active trailing position
are deliberately ignored: they are neither part of the prefix
of r» — 1 values nor part of the suffix of 0 values. This con-
struction leaves only a narrow set of Pareto-optimal solutions,
while preserving a Pareto front of size n(r — 1) + 1, as in G-
ONEMAXMIN.

Definition 3. Let n € N and r € N>o. The G-LOTZ func-

tion f(r) = (G-LO(z),G-TZ(x)) : [0.r — 1]* — R2 s
defined by
G-LO(zx Z Hl;rj r—1] | a4,
=1
G-TZ(x):Z H 1z, = (r—1-—ux;).

i=1 \ j=i+1

For r = 2, this definition coincides with the usual binary
LOTZ benchmark. The following lemma characterizes the
Pareto-optimal solutions and Pareto front of this benchmark.

Lemma 4. Foreachk € [0.n(r—1)], writeq = |k/(r—1)]
and a =k — q(r — 1). Let

(r—1,...,r=1,a,0,...,0), dfqg<n,
I(k)_ N——
- q n—qg—1
(r—1,...,r=1), if ¢ = n.

The Pareto set of G-LOTZ is the set of solutions
Se-Lorz = (&™) | k €[0an(r — 1))}
and its Pareto front is
Férorz = {(k,n(r—1) —k) | k € [0.n(r — 1)]}.
Hence both have size n(r — 1) + 1.

4 Runtime Analysis

4.1 Mathematical Tools

Before presenting the mathematical runtime analyses, we first
introduce several tools that will be used later. To bound the
objective value of the initial solution, we employ the follow-
ing Chernoff bound.

Theorem 5 ([Chernoff, 1952]). Let X1,...,X, be inde-
pendent random variables taking values in [0,7 — 1]. Let
X =>" X, Let 6 € [0,1]. Then

Pr[X < (1-8E[X]] < eXp(— B[] )

2(r—1)

The following tail bound for sums of independent geomet-

ric random variables provides strong guarantees for analyzing
population dynamics in our lower-bound analysis.
Theorem 6 ([Witt, 2014]). Let k € N1, and let {D;};c[i)
be independent geometric random variables with respective
positive success probabilities (p;)ic(x). Let T* := Zie[k] D,
5= Zze[k] el and pin := min{p; | i € [k]}. Then for all
A € Rxq, we have

2
Pr[T* > E[T*] 4+ A] < exp (—le min{);, )\pmin})a

Pr[T* < E[T*] — A] < exp (-22)

Drift analysis is a fundamental tool in the runtime analysis
of randomized search heuristics-[He and Yao, 2001]. The
multiplicative drift theorem [Doerr et al., 2012] applies when
the expected progress is proportional to the current distance
to the target.

Theorem 7 ([Doerr et al., 2012]). Let X, XM . bea
random process taking values in S := {0} U [$min, 00) C R.
Assume that X9 = sy with probability one. Assume that
there is a & > 0 such that for all t > 0 and all s € S with
Pr[X® =] > 0 we have
EXEHD | X® = 5] < (1 - )s.
Then T := min{t > 0 | X = 0} satisfies

ln(s()/smin) + 1

4.2 Upper Bound for the Runtime of the SEMO on
G-ONEMAXMIN

E[T] <

We first bound the size of a pair-wise non-dominated set
w.r.t. G-ONEMAXMIN.

Lemma 8. Let P C [0..r — 1]™ be any set of solutions
that none weakly dominates the other w.r.t. G-ONEMAXMIN.
Then |P| < nr —n+ 1.

The following theorem provides an upper bound on the
expected number of iterations until Algorithm 1 covers the
whole Pareto front of G-ONEMAXMIN. In contrast to the bi-
nary ONEMINMAX problem, where the objective value di-
rectly determines the number of flippable bits, solutions with
the same objective value in our setting have a much more di-
verse structure. Hence a key part of the proof is to estimate the
number of entries of a solution that can be mutated to derive
an improvement in one objective. More precisely, once the
population contains an objective value, a neighboring value
can be created by selecting a corresponding individual and
mutating one suitable non-boundary coordinate in the correct
direction. Summing the resulting waiting times over all miss-
ing front values yields the upper bound.

Theorem 9. Consider Algorithm 1 optimizing G-
ONEMAXMIN. Then the expected number of iterations
until the population covers the whole Pareto front is
O(n?r?logn).
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4.3 Lower Bound for the SEMO Algorithm

To derive a lower bound on the expected runtime of the
SEMO, a technical difficulty is controlling the population size
before the Pareto front is fully covered. Following the proof
strategy introduced in [Doerr ef al., 2025al, we consider a de-
layed SEMO that simplifies the analysis in this phase. The de-
layed SEMO is identical to the original SEMO (Algorithm 1)
except for the parent selection in line 3, where it proceeds
as follows. In each iteration, a value ¢ € [0..nr — n] is cho-
sen uniformly at random. If there is no individual z € P
with f1(z) = 1, the iteration is skipped; otherwise, the unique
individual x with fi(z) = i is selected and the algorithm
proceeds exactly as in line 4 of Algorithm 1. This modifi-
cation may introduce iterations that do not change the state
of the algorithm, but it has no influence otherwise. Hence it
can only slow down the process. In particular, structural state-
ments like the shape of the population at a particular stopping
time are not affected. The advantage of working with the de-
layed SEMO is the more regular way parents are selected: In
each iteration, the probability to choose a parent with some
existing objective value is exactly the reciprocal of the size
of the Pareto front. Since we will introduce another variant of
the SEMO algorithm later on, we present the pseudocode of
the delayed SEMO algorithm here to clearly distinguish and
refer to the different algorithms. See Algorithm 2.

Algorithm 2: The delayed r-valued SEMO with unit-
strength local mutation to maximize f : [0..r —1]" —
R™.

1 Initialize z € [0..r — 1]™ uniformly at random and set

PO < {I},
2 fort=0,1,2,... do
3 Choose i € [0..nr — n] uniformly at random;

4 if there is no x € P, such that f;(z) = i then
5 L Continue;

6 else

7 | Select one individual 2 such that f; (z) = i;

8 Generate y via choosing one entry of = uniformly
at random and modifying it by =1 with equal
probability;

9 if there is no z € P, such that z > y then
10 | P {zePly¥# =1 U{yh

1 else
12 L Pt+1 — Pt;

We use Algorithm 2 for analysis until the size of the popu-
lation has grown to linear order ©(n(r — 1)) and then switch
back to the original SEMO to then analyze the time required
to cover the Pareto front. In Lemma 10, we show that the size
of the population grows to ©(n(r — 1)) within O(n?(r —1)?)
iterations with high probability. The key idea of the proof is
that as long as the population is still small, there always ex-
ists a missing neighboring objective value, which can be gen-
erated with a constant probability conditioned on selecting a
suitable individual. Repeatedly filling such gaps, the size of
the population increases steadily until it reaches the desired

order. This result provides a lower bound on the population
size that will be crucial in the final lower-bound analysis.

Lemma 10. Consider Algorithm 2 optimizing G-
ONEMAXMIN. Then with probability 1 — exp(—0©(n)), the
population contains at least n(r — 1)/130 individuals after
at most 8n?(r — 1)2 /129 iterations.

For a population P, we call the two extreme objective vec-
tors (0,n(r — 1)) and (n(r — 1), 0) the Pareto borders. We
measure the distance of P to these borders by

dpr(P) := min { rzréigfl(z)vggng(z)}'

Hence dpp(P) = 0 is necessary for covering the full Pareto
front. The following lemma shows that, with high probabil-
ity, the distance of the population to the Pareto borders is still
considerable within n?(r — 1)?/16 iterations. The proof idea
is as follows. By a Chernoff bound, the random initial indi-
vidual lies in a central region of the objective space with high
probability, and is therefore far from both Pareto borders. Af-
terwards, unit-strength local mutation can move the popula-
tion towards a fixed Pareto border only gradually, since each
mutation can change the relevant objective value by at most
one. Moreover, such progress requires selecting an individ-
ual with the minimum value in the corresponding objective.
Combining these with a concentration argument for the re-
sulting waiting times shows that the population cannot ap-
proach either Pareto border too quickly.

Lemma 11. Consider Algorithm 2 optimizing G-
ONEMAXMIN. Then with  probability at least
L~ exp(—0O(n)), in all iterations t € [0..n%(r —1)2/16), the
distance of the population to the Pareto borders is at least
n(r —1)/8.

As mentioned above, we switch back to the analysis of
the original SEMO algorithm. Conditioning on a sufficiently
large population but a considerable distance to the Pareto
borders, we analyze the expected time required to reach the
Pareto borders. Since reaching one of the borders is neces-
sary for covering the full Pareto front, it suffices to analyze
the time needed to reach one fixed border, say the border with
first objective value 0; the other case is symmetric. The proof
splits this progress into a far-from-border phase and a close-
to-border phase. In both phases, we upper-bound the prob-
ability of decreasing the remaining distance by one, which
yields lower bounds on the required waiting times.

Lemma 12. Consider Algorithm 1 optimizing G-
ONEMAXMIN, starting with a population size of at
least "(lr?jol) and the distance to the Pareto borders of
at least n(r — 1)/8. Then, the expected number of itera-
tions until the population covers the whole Pareto front is

Q(n2r(r +logn)).

Combining the above three lemmas, we derive the follow-
ing theorem.

Theorem 13. Consider Algorithm 1 optimizing G-
ONEMAXMIN. Then the expected number of iterations
until the population covers the whole Pareto front is
Q(n2r(r +logn)).
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4.4 A Tighter Bound for a Variant of the SEMO
Algorithm

We note that the two bounds proven so far are not absolutely
tight, but differ by a factor of O(logn). Due to the compli-
cated population dynamics in a run of an MOEA, tight run-
time bounds are generally hard to obtain, and in fact, the only
ones in this field we are aware of are those in [Laumanns et
al., 2002; Doerr and Zheng, 2021; Bossek and Sudholt, 2024;
Doerr and Qu, 2023a; Doerr et al., 2025a; Opris, 2026b]. To
try to shed more light on the true runtime of the multi-valued
SEMO, we now consider a mild modification of the SEMO.
This variant is not introduced as an artificial algorithmic im-
provement. It differs from the original algorithm only in the
tie-breaking rule in line 5 of Algorithm 1, where now we ac-
cept only offspring that are not even weakly dominated. In
other words, if a solution with some objective value is already
present in the population, then it is not replaced by a later so-
lution with equal objective value. Since equal objective vec-
tors represent the same point on the Pareto front, this mod-
ification affects only the representative solution stored for a
front point, but not which objective vectors are already cov-
ered. We note that this is exactly the algorithm proposed in the
original work introducing the SEMO [Laumanns et al., 2002],
and only later the research community gradually adopted the
version presented in Algorithm 1. To avoid any ambiguity, the
pseudocode of the algorithm regarded in this subsection can
be found in Algorithm 3.

Algorithm 3: The variant of the r-valued SEMO that
does not accept solutions which are weakly domi-
nated. As before, we use unit-strength local mutation
and maximize f : [0..r — 1] — R™.

1 Initialize = € [0..r — 1]™ uniformly at random and set

Py + {.’L‘ };
2 fort=0,1,2,... do
3 Select one individual  uniformly at random from
P
4 Generate y via choosing one entry of = uniformly
at random and modifying it by 1 with equal
probability;

5 if there is no z € P, such that z > y then
6 | P {z€P|ly#t 2y Uiyl

7 else

8 L Pt+1 < Pt;

For Algorithm 3, we can prove an upper bound that agrees
with the previously shown lower bound (which is valid here
as well). The proof builds on an idea from [Doerr et al.,
20181, where a potential function was used to analyze how
randomized local search optimizes a variant of the r-valued
single-objective ONEMAX problem. In our setting, the mod-
ified tie-breaking rule removes neutral replacements. Once a
front point is covered by the population, its representative can
no longer be changed by another solution with the same ob-
jective value. The analysis does not have to track neutral re-
placements among the many solutions with the same objec-

tive value. This is in sharp contrast to Algorithm 1, where
such replacements may change the internal structure of a
front point without changing its objective value. These neutral
changes appear harmless algorithmically, but they obscure the
drift of natural potential functions. For Algorithm 3, we can
therefore define a potential function that decreases only when
real progress towards one of the two extreme Pareto-optimal
solutions, 0™ and (r — 1)", is made. A multiplicative-drift ar-
gument then gives the desired upper bound. Since we do not
believe that the small difference of accepting or not solutions
with equal objective value changes the asymptotic runtime
(which will be supported by our experiments), we see this re-
sult as a strong indication for the true runtime of the r-valued
SEMO.

Theorem 14. Consider optimizing G=ONEMAXMIN via Al-
gorithm 1 with the modification that it accepts only strictly
better solutions. Then the expected number of iterations until
the population covers the whole Pareto front is ©(n?r(r +

logn)).

5 Experiments

Above, we used Algorithm 3 as a model for the SEMO which
we could analyze well enough to obtain asymptotically tight
bounds for the runtime. Our strong belief was that the small
difference in the selection procedure has little influence on the
performance. We now support this belief with experiments on
both G-ONEMAXMIN and G-LOTZ. The reason for includ-
ing G-LOTZ is that G-ONEMAXMIN has the special prop-
erty that every solution is Pareto optimal. Consequently, neu-
tral replacements are particularly frequent and may appear
more harmless than in problems with dominated regions. G-
LOTZ removes this special feature while keeping the same
Pareto-front size, and therefore provides a check for our com-
parison of the two tie-breaking rules.

For G-ONEMAXMIN, we conduct two sets of experi-
ments. In the first set, we fix » = 4 and consider the prob-
lem sizes n € {20,40,60,80,100}; in the second, we fix
n = 100 and consider the r-values r € {2,3,4,5}. For each
setting, we conduct 100 independent runs of both algorithms
and record the first iteration after which the population covers
the full Pareto front. We repeat the same experimental setup
for G-LOTZ, which has the same front size n(r — 1) + 1
but only one Pareto-optimal solution for each objective vec-
tor. This allows us to test whether our empirical conclusions
are robust beyond the special G-ONEMAXMIN case, where
all solutions are Pareto optimal.

Figures 1 and 2 display the observed runtimes (averages
and standard deviations). The results indicate not greater dif-
ferences between the original SEMO algorithm (Algorithm 1)
and its variant Algorithm 3; possibly the original SEMO per-
forms slightly better. Figures 3 and 4 show the correspond-
ing G-LOTZ results. Again Algorithm 3 behaves similarly to
the original SEMO algorithm. Across both benchmarks and
both parameter regimes, we observe no systematic effect of
accepting or rejecting neutral replacements. Hence our ex-
periments support our belief that the small variation in the
selection does not drastically change the algorithm behavior,
and more specifically, that our improved upper bound on the
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runtime shown for Algorithm 3 is likely to hold also for the
SEMO.

Runtime for solving G-OneMaxMin with r = 4
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Figure 1: The mean (with standard deviations) number of itera-

tions of Algorithms 1 and 3 for solving G-ONEMAXMIN with
n € {20, 40, 60, 80,100} and r = 4 in 100 independent runs.

Runtime for solving G-OneMaxMin with n = 100
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Figure 2: The mean (with standard deviations) number of iterations

of Algorithms 1 and 3 for solving G-ONEMAXMIN with n = 100
and r € [2..5] in 100 independent runs.

Runtime for solving G-LOTZ withr = 4
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Figure 3: The mean (with standard deviations) number of iter-
ations of Algorithms 1 and 3 for solving G-LOTZ with n €
{20, 40, 60, 80, 100} and = 4 in 100 independent runs.

Runtime for solving G-LOTZ with n = 100

107
8 x 106
w
s
26x10°
o
]
T ax10°
2 %108 Algorithm 1
Algorithm 3
2 3 4 5

r

Figure 4: The mean (with standard deviations) number of iterations
of Algorithms 1 and 3 for solving G-LOTZ with n = 100 and
r € [2..5] in 100 independent runs.

6 Conclusion

This paper conducted the first mathematical runtime analyses
of MOEAs for multi-valued decision variables. We extended
the classic ONEMINMAX problem and the SEMO multi-
objective algorithm from the binary setting to finite multi-
valued domains. We proved an upper bound of O(n?7? logn)
on the expected number of iterations required to compute the
entire Pareto front. We also proved a near-tight lower bound
of Q(n*r(r+logn)). Both agree with the known ©(n? logn)
runtime for the binary case.

These results suggest that existing MOEAs, when
equipped with natural extensions of the mutation operator to
multi-valued domains, perform well on r-valued problems.
The moderate increase in runtime as r grows is to be ex-
pected, among others, because the size of the Pareto front of
our optimization problem grows linearly with 7.

In contrast, the current mathematical analysis techniques
appear insufficient to completely understand such multi-
valued optimization processes. At present, we can determine
the true asymptotic order of magnitude of the runtime only
for the variant of the SEMO that accepts only strictly dom-
inating solutions. Here we prove a runtime of ©(n?r(r +
logn)), showing a linear increase of the runtime with r when
r is at most logarithmic in n. Both from our understand-
ing of the two algorithms and our experiments, we conjec-
ture that both algorithms have the same asymptotic runtime
on the G-ONEMAXMIN benchmarks, which then would be
O(n?r(r + logn)). Proving such a result formally, however,
appears to be challenging and might need considerably new
analysis methods.
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