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Abstract

The Spherical Sliced Wasserstein (SSW) distance
has emerged as a fundamental tool for com-
paring probability measures on the hypersphere,
with broad applications spanning geology, medi-
cal imaging, computer vision, and representation
learning. However, its reliance on uniformly sam-
pling a large number of projection directions from
the unit hypersphere can lead to suboptimal per-
formance, as many directions are weakly informa-
tive and fail to capture salient differences between
distributions. We address this limitation through
Fusion Stereographic Spherical Sliced Wasserstein
(FS3W), a data-adaptive divergence that incorpo-
rates distribution-dependent information into pro-
jection selection. FS3W uses a neural slicing fu-
sion mechanism to refine prior directions, steering
them toward projections aligned with discrimina-
tive geometric structures in the data. This adaptive
approach produces more expressive and accurate
characterizations of distributional discrepancies on
the hypersphere. We evaluate FS3W across five
diverse tasks, including gradient flows, Earth den-
sity estimation, and self-supervised representation
learning. Empirical results consistently demon-
strate that FS3W outperforms existing spherical op-
timal transport—based methods.

1 Introduction

In many real-world applications, data often resides on hy-
persphere, highlighting the critical role of spherical geome-
try across a wide range of tasks. Typical examples include
geophysical and meteorological modeling [Di Marzio et al.,
2014; Besombes er al., 2021], magnetic brain imaging in
medical analysis [Vrba and Robinson, 2001; Hu et al., 2023;
Hu et al., 2025], and texture mapping in computer graph-
ics [Dominitz and Tannenbaum, 2009]. In such settings, la-
tent representations are usually constrained to bounded do-
mains that are well-approximated by unit spheres [Wang and
Isola, 2020; Chen er al., 2020]. These settings call for learn-
ing methods designed specifically for spherical manifolds.

'*Corresponding Author.

Traditional analysis on the hypersphere falls within spher-
ical statistics [Jammalamadaka and Sengupta, 20011, which
studies directional data such as orientations and rotations.
Recently, Optimal Transport (OT) theory has gained atten-
tion for comparing distributions on the hypersphere [Cui et
al., 2019], due to its strong statistical and geometric prop-
erties [Peyré et al., 2019]. However, OT often suffer from
high computational complexity and the curse of dimension-
ality [Peyré and Cuturi, 2019], which has motivated the de-
velopment of scalable solvers [Cuturi, 2013] and computa-
tionally efficient alternative distance metrics [Kolouri et al.,
2019al. Among them, the Sliced-Wasserstein (SW) [Nguyen
et al., 2021; Ohana et al., 2023] distance preserves the topo-
logical properties of the Wasserstein distance [Nadjahi et al.,
20201, while being more efficient and immune to the curse of
dimensionality [Nietert ef al., 2022].

The SW distance has recently been extended to spheri-
cal domains for distribution comparison, which has led to
several spherical sliced OT approaches [Bonet et al., 2023;
Quellmalz et al., 2023; Tran et al., 2024]. A key challenge
is to generalize the classical Radon transform to the sphere.
[Quellmalz et al., 2023] introduced two such extensions, the
vertical slice transform [Rubin, 2018] and the normalized
semicircle transform [Groemer, 1998]. Bonet et al. [Bonet
et al., 2023] proposed a new spherical Radon transform and
used the closed-form 1D Wasserstein distance on the circle
to define Spherical Sliced-Wasserstein (SSW). Although both
works [Bonet et al., 2023; Quellmalz et al., 2023] project
spherical distributions onto circular marginals, computing OT
on the circle remains relatively expensive. To reduce the com-
putation cost, Tran et al. [Tran et al., 2024] mapped the hyper-
sphere to a hyperplane via stereographic projection and then
applied the classical Radon transform to define Stereographic
Sliced-Wasserstein (S3W). Tran et al. [Tran et al., 2025] fur-
ther proposed the Spherical Tree-Sliced Wasserstein (STSW)
distance, which improves scalability by combining the spher-
ical Radon transform with tree-based metrics.

Most existing spherical sliced Wasserstein methods sample
projection directions uniformly, implicitly treating all direc-
tions as equally informative. However, in high-dimensional
spherical spaces, discriminative information is often con-
centrated in only a few directions, making many random
projections weakly informative. Recent adaptive methods
such as EBSW [Nguyen and Ho, 2024] and DSSW [Zhang
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et al., 2025] reweight projections according to their one-
dimensional discrepancies, but still rely on fixed sampled di-
rections and cannot correct poorly aligned projections. Max-
SW [Deshpande er al., 2019] selects the most discriminative
projection, but sacrifices the averaging structure of sliced dis-
tances and may lead to unstable optimization.

To address these limitations, we propose Fusion Stereo-
graphic Sliced Wasserstein (FS3W). Rather than reweighting
or selecting fixed projections, FS3W learns to refine projec-
tion directions themselves. Starting from uniformly sampled-
directions, a neural slicing fusion mechanism generates data-
dependent directions jointly from the two measures, better
capturing their geometric structure while preserving the inte-
gral form of sliced Wasserstein distances. Thus, FS3W re-
tains the stability and interpretability of averaging-based for-
mulations while improving expressiveness through principled
data adaptivity. Our contributions are as follows:

* We propose a neural slicing approach that adaptively re-
fines projection directions for more informative and dis-
criminative hyperspherical comparisons.

* We provide comprehensive theoretical analysis to guar-
antee the topological and statistical properties of FS3W.

¢ We validate the effectiveness of FS3W on several classi-
cal machine learning tasks, showing that it consistently
achieves superior accuracy compared to SSW, S3W,
STSW, SW, and the Wasserstein distance.

2 Background

This section reviews the Wasserstein distance, sliced Wasser-
stein (SW), and stereographic spherical sliced Wasserstein
(S3W), which form the foundation of our proposed FS3W
on the hypersphere S? = {s € Rt | ||s]|y = 1}.

Wasserstein Distance. Let M be a Riemannian manifold
with distance ¢(-,-). For p > 1, denote by P,(M) the
set of probability measures with finite p-th moment. The
p-Wasserstein distance between p,v € P,(M) is defined
as [Peyré and Cuturi, 2019]

/ (c(z, )" dy(z,y), (D)
M x M

where TI(p, v) denotes the set of couplings between u and
v. While Wasserstein distance has strong theoretical proper-
ties, its computation is costly for empirical measures, which
motivates more efficient alternatives.

WP(u,v) = inf
p(ﬂ ) yEIL(,v)

Sliced Wasserstein Distance. For one dimensional mea-
sures p, Vv € Pp(Rd), the Wasserstein distance between u
and v admits the closed form as:

v>—/01!Ff

where F/! and F,;"! are quantile functions. This leads to the
sliced Wasserstein (SW) distance [Bonneel et al., 2015],

SWlisv) = [ WERE,(-0)RE(.0) doal6). (3

where o4 is the uniform distribution on the unit sphere
S9=1. The Radon Transform [Helgason and others, 2011]

SL)]F dt, )

R : L1 (Rd) — L' (R x S%71) is defined as: Rf (t,0) =
Jga [ (x) -6 (t — (x,0)) dx, where L' is the set of absolutely
1ntegrable functlons on R? and § denotes the Dirac delta func-
tion. Since the expectation in Eq. (3) is intractable, it is ap-
proximated via Monte Carlo estimation with computational
complexity O (Ln (d + logn)), where n and d denote the
sample size and data dimensionality, respectively:

L

W ) = 1 DS WE RS

9@)?Rfu('79€))7 (4)

where the directions {05} v are sampled independently and
uniformly from 2/(S¢~1), and L is the number of projections.
Stereographic Projection. Stereographic projection is an

explicit map that transforms points on a sphere onto a plane.
The stereographic projection ¢ = S? \ {s,} — RY maps a

point s € S¢ (excluding the “North Pole,” s, = [0, ...,0,1])
to a point x € R? as [Tran et al., 2024]:
2 K
ol = — 2 i 10 )
1= [s]a+1

This projection s smooth and bijective between S%\ {s,, } and
R?, corresponding to the hyperplane tangent to the sphere at
the south pole (s4+1 = —1) and commonly used to visualize
spherical geometry in Euclidean space.

Stereographic Spherical Radon Transform. Let p €
M(S?) be a Radon measure defined on S that does not as-
sign mass to the North Pole, i.e., u({s,}) = 0. Consider
the stereographic projection ¢ : S?\ {s,} — R?, which
is bijection, so that ¢4/ defines a Radon measure on R,
Based on this mapping, the stereographic spherical Radon
transform [Tran et al., 2024] is defined as:

Sr (k) = R(¢gn) € MR x ST1), 6)
where R(¢4p)o := (o) 4 (P4 p) with mg(z) = (z,0).
Stereographic Spherical Sliced Wasserstein. Let p, v €

P,(S?) denote two probability measures on the unit sphere
in R%*1, Based on the stereographic spherical Radon trans-

form, the stereographic spherical sliced Wasserstein (S3W)
distance [Tran et al., 2024] is defined as:

S3W7’£7p(u, I/) = S W;(SR(,LL)Q, SR(V)Q) ddd(e) @)

To maintain the maintain rotational symmetry of spherical
OT, Tran et al. [Tran et al., 2024] introduce two rotationally
invariant extensions of S3W, termed RI-S3W and ARI-S3W.
RI-S3W attains invariance by integrating over the sphere’s ro-
tation group, while ARI-S3W offers a more efficient approx-
imation via sampling a finite set of rotations.

3 Method

The Spherical Sliced Wasserstein distance compares hyper-
spherical distributions by averaging one-dimensional Wasser-
stein distances over uniformly sampled projection directions.
However, uniformly sampled directions may differ in their
discriminative power, especially in high-dimensional spaces.
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To address this, we propose a neural slicing fusion mecha-
nism that injects data-driven information into projection se-
lection. Rather than using fixed directions, our method adapts
projections to the input distributions and aligns them with dis-
criminative geometric structures. This yields FS3W, which
preserves the integral form of Sliced Wasserstein distances
while offering a more expressive and adaptive metric for hy-
perspherical probability measures.

Definition 1 (Neural Slicing Fusion Mechanism). Let
p,v € Pp(S?) denote two probability measures on the unit
sphere in RYTY, given a neural network hy, : REn+Dxd
R4, a neural slicing fusion mechanism Qqp R7*d x R™*d x
R — R js defined as:

Ay (1, v, 00) = % (hw ([Ma v, 0Z]) + hy ([V’ Ky 94])) - )

The neural network h,, can be implemented with a standard
nonlinear architecture or a linear self-attention mechanism
with learnable parameters ¢/. This mechanism generates data-
dependent projection directions, which are used to compare
the distributions. Further details on the architecture of h,, are
provided in Supplementary Material Section B.1.

Definition 2 (FS3W). Forp > 1, let u,v € P,(S?) denote
two probability measures on the unit sphere in R*1, and let

ay (u, v, 0) be the neural slicing fusion mechanism. We define
the FS3W distance as:

FS3WZ , (1,v5ay) =

» )
s W2 (SR (1) ay (11,0,0) SR (V) ay (u0)) doa(8),

where o is the uniform distribution on S¢1, W;’ is the p-
Wasserstein distance, and Sg(+)g denotes the stereographic
spherical Radon transform. For simplicity, we use F'S3W5 to
denote F'S3Wx 2 in the subsequent experiments.

Monte Carlo Estimation. Similar to the S3W distance, we
adopt Monte-Carlo estimation to approximate FS3W. We ran-
domly sample projection directions 6#1,...,0r, i
U(S1). The estimator of FS3W'is then given by:

oq €

m%,p(ﬂv V3 a‘ﬂ’) =

1 (10)

L
Z Wg (SR(/’L)aw(M7V,0z)? SR(V)aw(p,V,Gg)) .
=1

il

To ensure projections capture the most discriminative geo-
metric structures, we maximize the discrepancy between pro-
jected measures. Specifically, the training objective (Max-
FS3W) for mechanism a,, is:

1
P

L
cc@—mfx{ZW,?(st)W,U,W),&a(u)aw,y,e@)} )
£=1

where L is the number of projection directions.

We employ AdamW with a learning rate of 1.0e-3 and 50
iterations for all tasks. The implementation pseudocode of
our FS3W variant, RI-FS3W variant, and ARI-FS3W variant

is presented in Algorithms 1, 2, and 3 (Supplementary Mate-
rial Section B.2), respectively. During training, h,, learns to
integrate data-specific distribution information into prior pro-
jection directions, improving the ability of FS3W to measure
distributional discrepancies more accurately.

To implement the fusion mechanism a,,, we employ a non-
linear neural network and linear self-attention [Nguyen et al.,
2023], yielding two FS3W variants: A’'FS3W and LAFS3W.
Extending RI-S3W and ARI-S3W with these architectures
produces four rotationally invariant variants: RI-A/FS3W, RI-
LAFS3W, ARI-AVFS3W, and ARI-LAFS3W.

Proposition 1 (Topological properties). Let p > 1 and let
ay(u,v,0) be a neural slicing fusion mechanism satisfying
ay(p,v,0) = ay(v, p, ). Then the functional FS3Wxg , is
non-negative and symmetric.

Proposition 1 shows that FS3W preserves the basic topo-
logical properties: non-negativity and symmetry. These prop-
erties come directly from the corresponding properties of the
underlying S3W distance and the symmetry of the fusion
mechanism. All proofs for the propositions and theories in
this paper are detailed in Supplementary Material Section A.

Proposition 2 (Convergence property). For any p > 1 and
the neural slicing fusion mechanism a,(p, v, 0), assume that
the stereographic projection is well-defined on the support
of w and that a.,;, is continuous with respect to (yi,v, ). Let
ties 11 € Pp(ST). If e = p and supy, [ ||s||P dpus(s) < oo,
then limy,_ o0 FSSW%p(,uk, w; ay) = 0.

Proposition 2 establishes the convergence of FS3W under
weak convergence of probability measures with bounded mo-
ments. This result ensures that FS3W is consistent with stan-
dard notions of convergence used in optimal transport and
defines a valid discrepancy between probability measures.

Proposition 3 (Sample complexity). For any p > 1 and
the neural slicing fusion mechanism ay(p,v,0), assumed
iid.

to be Lipschitz continuous in 0, let x1,...,x, ~ u and

Yls-- -y YUn Y be observed samples, where u,v € P(S?)
are supported on a compact set. Let [i, and U, be the cor-
responding empirical measures.Let R be the diameter of the
Jjoint support. Then there exists a constant Cp, g > 0 depend-
ing only on (p, R) such that

E HFsswgp(ﬂn, Pniay) — FS3WE_(1,v; a¢)H

<20, (\/(d+ 1)12g(n+ 1)) . (12)

Proposition 3 characterizes the statistical behavior of
FS3W estimated from finite samples. The bound reveals that
the estimation error decreases with sample size and depends
on the problem dimension, consistent with classical sliced
distances. This indicates that the neural fusion mechanism
does not increase the sample complexity.

Proposition 4 (Projection Complexity). Let ji,v € P,(S%),
and let a(p,v,0) be the neural slicing fusion mechanism,
assumed to be Ly-Lipschitz with respect to § € ST~1. As-
sume that the stereographic Wasserstein functional W]f(-, )
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is Ly -Lipschitz with respect to its projection parameter. Let

01,...,01 b 04—1 be sampled uniformly from the unit

sphere SY=1. Define the Monte Carlo estimator

_—— p
FS3 W, 1 (1 viay) =

1< (13)
E Z WZ]; (SR(M)GU,(#,V,65)7 SR(V)aq/,(u,u,Og)) .
(=1

Then there exists a constant Cy > 0, depending only on the
geometry of S, such that

P
E “FS?)WR%L(;L, Vi Gy) — FS3W7%7P(,LL, Vs Gy) ”
_ LwLyCa (14)
— /Ld Y
Proposition 4 analyzes the error of Monte Carlo approxi-
mation for projection directions. The bound shows the con-
vergence rate depends on the number of projections, problem
dimension, and the Lipschitz regularity of the fusion network.

This matches existing results for sliced-based methods, con-
firming FS3W retains their favorable projection complexity.

Proposition 5 (Neural Fusion Deviation Error). Let a,, be
a trained neural slicing fusion mechanism and a* denote an
ideal mapping that produces optimal discriminative projec-
tion directions. We define the network-induced error as:

€net := | FS3W (u,v;ay) — FS3W (u,v5a)|. (15)

Under mild regularity conditions on the fusion network and
stereographic Wasserstein, we have the bound:

€net < Lw Ly [[Y — 7. (16)

Proposition 5 relates the accuracy of FS3W to the quality
of the learned fusion mechanism. The bound shows that er-
rors in the learned projection mapping translate linearly into
errors in the resulting distance. This result highlights the im-
portance of effective training and provides theoretical support
for learning data-adaptive projection directions.

4 Implementation Details

In this section, we present the implementation details and a
computational complexity analysis of FS3W, together with a
runtime comparison against existing distance metrics.

We follow the standard SW procedure and use two empir-
ical spherical distributions with the same sample size, u =
LS g, andv = L3 5, where each consists of n
samples. First, we apply stereographic projection operator ¢
to map the points into the hyperplane, as defined in Eq. (5),
then we randomly sample L projections {04}521 from the
uniform distribution ¢ on the unit sphere S@-1 " thereafter,
we adopt the neural slicing fusion mechanism ay(u, v, 0)
to obtain the improved projection directions as in Eq. (10).
Next, we project the transformed samples onto each projec-
tion direction to form the slicing process. Together, the stere-
ographic projection and the slicing process give the stereo-
graphic spherical Radon transform in Eq. (6). Finally, we ap-
proximate FS3W by Monte Carlo estimation as in Eq. (10).

Computation Complexity. As discussed in S3W [Tran
et al., 2024], the stereographic projection serves as a cru-
cial preprocessing step to map samples from the unit hy-
persphere S? to the Euclidean space R?. Performing the
stereographic projection for all samples requires a com-
plexity of O (nd), where n is the total number of sam-
ples from the source and target distribution and (d + 1) is
the dimensionality of the data. The slicing process, which
projects the transformed samples onto L projection direc-
tions, incurs a cost of O (Lnd). Sorting the data pro-
jections takes O (Lnlogn), and the final distance calcula-
tion requires O (Ln). In our FS3W formulation, the neu-
ral slicing fusion mechanism introduces an additional cost
of O (LnTyaz), where T4, is the maximum iterations for
training the nonlinear neural network or linear self-attention
mechanism used to generate the enhanced projection direc-
tions. Therefore, the overall time complexity of our FS3W
is O (Ln (d+logn + Tyaey))- For the RI-FS3W variant,
which incorporates Ng rotations, the total complexity be-
comes O (NgrLn (d + logm + Tinaz)). In addition, generat-
ing N random rotation matrices requires O (N Rd3) , and ap-

plying these rotations to the data incurs a cost of O (N Rnd2) .
Consequently, the overall time complexity of RI-FS3W is
@ (NR (d3 +nd? +Ln (d+ logn + Tmam))).

=0O~Wasserstein SSW,, Unif =&+ STSW,

-l Sinkhorn - S3W> = NFS3W>
Sw, €3 RI-S3W;  -@=RI-NFS3W,
-k SSW>, BS ARI-S3W3  =0= ARI-NFS3W,

Seconds

Q*:‘:/_-——:i.—,-—-ﬂ»-t---——-———-——fa-i

102 103 104
Number of samples

Figure 1: Runtime comparison for different distance metrics, aver-
aged over 50 runs. N'FSWa, RI-N'FS3W2, and ARI-N FS3W-
denote our FS3W variants.

Runtime Comparison. Following the S3W protocol [Tran
et al., 2024], we compare the runtime of different distance
metrics by computing distances between a uniform distribu-
tion and a von Mises—Fisher distribution on S!%°. Results in
Fig. 1 are averaged over 50 runs across sample sizes. For all
sliced-based methods, we use L = 200 projections. RI-S3W
and ARI-S3W use Nr = 10 rotations, with an additional
pool size of 100 for ARI-S3W. As shown in Fig. 1, FS3W
variants are slower than their S3W counterparts due to the
extra training cost of neural slicing fusion, yet remain much
faster than Wasserstein and comparable to Sinkhorn. More-
over, their runtime grows smoothly with sample size, showing
that fusion learning adds only modest overhead while pre-
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serving the scalability of sliced-based methods. We further
study the effects of dimension, projections, and rotations in
Section. C.1, with detailed runtime analysis in Section. C.2.

5 Experiments

In this section, we present experimental results on four core
tasks: Gradient Flow, Self-Supervised Learning, Earth Den-
sity Estimation, and Sliced-Wasserstein Auto-Encoder. For
each task, we report quantitative metrics, qualitative visu-
alizations, and comparisons with a range of state-of-the-art
baseline methods. Together, these results show the effective-
ness and versatility of our FS3W across different machine
learning scenarios. Additional details and results are provided
in Supplementary Material Section C.3-C.6. All experiments
are implemented in PyTorch [Paszke et al., 2019] on Ubuntu
20.04 using a single NVIDIA A100 GPU with 40GB RAM.

5.1 Gradient Flows on The Sphere

Similarly to S3W [Tran et al., 2024] and STSW [Tran et al.,
2025], we use FS3W to learn a target distribution v from a
source distribution y, initialized as a uniform distribution on
the hypersphere, by minimizing F'S3W5 (u, v). We also em-
ploy the Projected Gradient Descent (PGD) algorithm [Madry
et al., 2018] to solve this optimization problem. We compare
our approach with SW [Bonneel ez al., 2015], SSW [Bonet et
al., 2023], S3W variants [Tran et al., 2024], DSSW [Zhang
et al., 2025] and STSW [Tran et al., 2025].

Following S3W and STSW, we set the target distribution v
as a mixture of 12 vMFs with x = 50, using 2400 samples
evenly allocated across components.

The projected gradient descent [Bonet et al., 2023] can be
formulated as follows:

{ D) = o) — 4V _ oy FS3W (fig, v) ,

L(EH1) — (B (17)
B
Setup. We set L = 200 trees and k = 5 lines for STSW,
and use L = 1000 projections for the other methods. ARI-
S3W (30) uses 30 rotations from a pool of 1000, while RI-
S3W (1) and RI-S3W (5) use 1 and 5 rotations, respectively.
Batch sizes are 200 and 2400 for mini- and full-batch settings,
respectively. We train FS3W variants and other baselines with
Adam using I = 0.01 for full-batch and Ir = 0.001 for
mini-batch over 500 epochs and 10 runs. Following S3W and
STSW, we use log 2-Wasserstein distance and negative log-
likelihood (NLL) as evaluation metrics.
Results. The mini=batch results for all methods are reported
in Table 1, showing that our FS3W variants outperform the
baselines across all metrics. Furthermore, the Molleweide
projections of the mini-batch are demonstrated in Fig. 2. We
also report the full-batch results in Table Al and provide the
visualization of the Mollweide projections for full-batch pro-
jected gradient descent in Fig. C8 (Supplementary Material
Section C.3). The full-batch results validate the same con-
clusion that our FS3W variants achieve better performance in
approximating the target distribution than other distances.

The additional sliced-Wasserstein variational inference ex-
periment shows that our FS3W variants consistently outper-
form or match other state-of-the-art baselines, with full re-
sults provided in Supplementary Material Section C.6.

Distance NLL | logWa |

SW -282.48 +17.42 -2.77+£0.10
SSW -287.11 £6.22 -2.78 £0.08
S3W -181.38 £8.72 -2.61 £0.07
RI-S3W (1) -213.63 £ 19.24 -2.68 £0.09
RI-S3W (5) -256.23 +10.72 -2.77+0.13
RI-S3W (10) -285.20+13.22 277+0.11
ARI-S3W (30) -291.38 + 16.48 -2.82+0.12
DSSW (nonlinear) -319.96 £ 6.65 -2.97 £0.15
DSSW (attention) -320.16 £5.58 -2.93+£0.10
NFS3W -242.04 £ 13.11 -2.62 +£0.28
LAFS3W -252.06 + 16.64 -2.70 £0.10
RI-NVFS3W (1) -286.53 £+ 11.74 -2.87+0.07
RI-LAFS3W (1) -272.65 £ 12.69 -2.84+£0.15
ARI-N'FS3W (30) -351.82 £5.23 -3.04 £ 0.17
ARI-LAFS3W (30) -353.66 + 5.93 -2.96 £0.21

Table 1: Mini-batch results of learning a mixture of 12 vMFs. We
use 1, 5, 10, and 30 rotations for RI-S3W (1), RI-S3W (5), RI-S3W
(10), and ARI-S3W (30) with the extra pool size of 1000.

5.2 Earth Density Estimation

We apply FS3W to the density estimation on S? using an ex-
ponential map normalizing flow model [Mathieu and Nickel,
2020]. ~This model defines an invertible transformation T
trained by minimizing miny F'S3Wa (T p, pz), where p is
the empirical distribution, and p, is a prior distribution on S2.
In this task, we use a uniform prior, following the setup of
the earth dataset [Mathieu and Nickel, 2020], which contains
Earthquake [NOAA, 2022], Flood [Brakenridge, 2017] and
Fire [EOSDIS, 2020]1. The density at any point = € S? is es-
timated asc f, (x) = pz (T (z)) |detJr (z)|, where Jp (x)
is the Jacobian matrix of T at x.

Following prior work [Bonet et al., 2023; Tran et al., 2024;

Tran et al., 2025], we adopt an exponential mapping normal-
izing flows model with 48 radial blocks and 100 components
each, totaling 24000 parameters. The model is then trained
with full batch gradient descent using the Adam optimizer.
Setup. We fix L = 1000 projection directions for SW, SSW,
S3W, RI-S3W and ARI-S3W, while our FS3W variants only
use L = 100 projection directions. We set the learning rate
to Ir = 0.05 for STSW, S3W, RI-S3W, ARI-S3W and our
methods and {7 = 0.1 for SW and SSW. We train other sliced
dsitances for 20000 epochs, while our methods and STSW
are only trained for 10000 epochs.
Results. We compare our method with SW, SSW, S3W vari-
ants, DSSW, and STSW, using NLL as the metric. Table 2
shows that ARI-FS3W achieves the best performance, in-
dicating that FS3W models spherical data more effectively
than the baselines. Our FS3W variants also require only 100
projection directions, which is fewer than the other methods.
Density visualizations for FS3W on test data are provided in
Figs. C9-C15 (Supplementary Section C.4) to give a clear
view of the model behavior across datasets.

5.3 Sliced-Wasserstein Autoencoder

Similar to S3W [Tran et al., 2024] and STSW [Tran et al.,
2025], we integrate FS3W into the Sliced-Wasserstein Auto-
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() RI-S3W (1) (g) RI-S3W (10)

(h) ARI-S3W (30)

(i) ARI-NFS3W (30)

(j) ARI-LAFS3W (30)

Figure 2: The Mollweide projections for mini-batch projected gradient descent. We use 1, and 30 rotations for RI-S3W (1), and RI-S3W
(10), respectively. We also use 10 rotations with a pool size of 1000 for ARI-S3W (30).

Method Quake | Flood | Fire | Method A log W5 | NLL | BCE |
Stereo 204+£0.19 1.85+£0.03 134+0.11 Supervised AE 1 -0.5132 0.0060 0.6319
SW 1.12+£0.07 1.58+0.02 0.55+0.18 SW 0.001 -3.3229 -0.0007  0.6348
SSw 0.84+0.05 126+0.03 0.24+0.18 SSw 10 -2.1949 0.0052 0.6323
S3w 0.88+0.09 133+£0.05 0.36=+0.04 S3w 0.001 -3.3381 0.0025 0.6318
RI-S3W (1) 0.79+£0.07 125+£0.02 0.15+£0.06 RI-S3W (5) 0.001 -3.1424 -0.0043 0.6376
ARI-S3W (50) 0.78+0.06 1.24+£0.04 0.10+0.04 ARI-S3W (5) 0.001 -3.3853 0.0028 0.6341
DSSW (exp) 0.70£0.09 1.22+£0.04 0.05+0.08 STSW 10 -3.4191 -0.0051 0.6341
DSSW (nonlinear) 0.71+0.06 1.20+£0.03 0.05+0.05 DSSW (identity) 10 3.4203 00011 0.6318
STSW 0.68 +£0.04 1.23+0.03 -0.07+£0.05 DSSW (attention) 10 -3.4242 -0.0002  0.6324
NFS3W 0.73+£0.02 1.27+£0.03 0.37+£0.22 NFS3W 0.01 -3.3453 -0.0014  0.6312
LAFS3W 0.71£0.03 1.28+£0.03 0.34+0.20 LAFS3W 0.01 -3.3874 -0.0015 0.6312
RI-NVFS3W (1) 0.75+£0.02 1.24+£0.02 0.23+0.07 RI-NVFS3W (5) 0.01 -3.4146 -0.0070  0.6306
RI-LAFS3W (1) 0.76£0.05 1.22+£0.03 0.25+0.12 RI-LAFS3W (5) 0.01 -3.3658 -0.0046  0.6303
ARI-N'FS3W (50) 0.58+0.04 1.11+0.02 -0.08+0.01 ARI-NFS3W (5) 0.01 -3.4342 -0.0064  0.6304
ARI-LAFS3W (50) 0.60+0.04 1.12+0.02 -0.08+0.01 ARI-LAFS3W (5) 0.01 -3.4189 0.0019 0.6307

Table 2: NLL on test data averaged over 5 runs with random data
split. We use 1 rotation for RI-S3W (1). We also use 50 rotations
with a pool size of 1000 for ARI-S3W (50).

Encoder (SWAE) [Kolouri et al., 2019b] framework to evalu-
ate the performance of generative modeling, which forces the
latent space distribution to follow a prior distribution v. let
E:X — S%and D : S — X be the parametric encoder and
decoder. The training objective of the revised SWAE is

in ., (O, D(P()))] + A FS3Wa(Bypi, ), (18)

where p is the source distribution, C (-, -) is the reconstruc-
tion loss implemented as the standard Binary Cross Entropy
(BCE) loss, A means the regularization coefficient.

Setup. Following prior works [Bonet et al., 2023; Tran et
al., 2025; Zhang et al., 2025], We train with Adam optimizer
with a learning rate of 10~ and a batch size of 500 over 100
epochs using BCE loss as our reconstruction loss. We fix L =
200 trees and s = 10 lines for STSW [Tran et al., 2025], we
set L = 100 projection directions for all other methods. We
use Nr = 5 rotations for RI-S3W and ARI-S3W, with ARI-
S3W using a pool size of 100 random rotations. For CIFAR-

Table 3: SWAE results on CIFAR-10 test data with a mixture of 10
vMFs as the prior on S2. RI-S3W (5) uses 5 rotations, and ARI-S3W
(5) uses 5 rotations with a pool size of 1000.

10, use a mixture of 10 vMFs as the prior, setting A = 1 for
STSW, A = 10 for SSW, A = 0.01 for our FS3W variants,
and A = 0.001 for SW and S3W variants. In addition, we use
the same model architecture from [Tran et al., 2024].
Results. We evaluate FS3W against SW, SSW, S3W vari-
ants, DSSW, and STSW on MNIST [LeCun et al., 1998]
and CIFAR-10 [Krizhevsky and Hinton, 2009] over S2. For
CIFAR-10, we use a mixture of 10 vMFs as the prior and
report log 2-Wasserstein distance, NLL, and BCE loss. As
shown in Table 3, FS3W variants achieve the best results
across all metrics. Detailed configurations and MNIST re-
sults, including FID scores in Table B3 and generated images
in Fig. C16, are provided in Supplementary Material Sec. C.5,
further confirming the performance gains of FS3W.

5.4 Self-Supervised Representation Learning

Normalizing feature vectors onto the unit hypersphere im-
proves representation quality and helps prevent feature col-
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lapse [Wang and Isola, 2020]. As shown in [Wang and
Isola, 20201, contrastive learning decomposes into alignment,
which pulls positive pairs together, and uniformity, which
spreads features across the hypersphere. Following S3W and
STSW, we replace the Gaussian kernel uniformity loss with
FS3W, resulting in the objective

1 — A
EZHZ;“ . |\§4§ (FS3Wa (e, V+FS3W (22, v), (19)

i=1 Alignment loss

Uniformity loss
where 24, 2B € R"*(@+1) are embeddings of two augmented
views of the same input, projected onto the unit hypersphere
S9. The factor A > 0 balances alignment and uniformity, and
v=U (Sd) denotes the uniform hyperspherical prior.

Method Acc. E(%) 1T Acc. P(%) 1
Supervised 92.38 91.77
hypersphere 79.76 74.57
SimCLR 79.69 72.78
SW-SSL (A=1, L=200) 74.45 68.35
SSW-SSL (A=20, L=200) 70.46 64.52
S3W-SSL (A=0.5, L=200) 78.54 73.84
RI-S3W(5)-SSL (A=0.5, L=200) 79.97 74.27
ARI-S3W(5)-SSL (A=0.5, L=200) 79.92 75.07
DSSW-SSL (exp, A=100, L=200) 80.10 76.30
DSSW-SSL (linear, A=100, L=200) 80.15 76.87
STSW-SSL (A=10.0, L=200, k£ = 20) 80.53 76.78
NFS3W (A=0.2, L=200) 80.41 78.37
LAFS3W (A=0.4, L=200) 79.67 76.60
RI-NFS3W (5) (A=0.3, L=200) 80.50 77.03
RI-LAFS3W (5) (A=0.4, L=200) 80.27 77.01
ARI-NFS3W (5) (A=0.3, L=200) 80.81 77.37
ARI-LAFS3W (5) (A\=0.4, L=200) 81.00 76.77

Table 4: CIFAR-10 linear evaluation precision for encoded features
(E) and projected (P) features on S°. RI-S3W (5) uses 5 rotations,
and ARI-S3W (5) uses 5 rotations with a pool size of 1000.

Setup. Similar to [Tran e al., 2025], we train a ResNetl8
on CIFAR-10 for 200 epochs with batch size 512, using SGD
with Ir = 0.05, momentum 0.9, and weight decay 10~3. Pos-
itive pairs are generated by standard augmentations, includ-
ing resizing/cropping, flipping, color jittering, and grayscale
conversion [Zhanger al., 2025]. We then train a linear classi-
fier on the learned features for 100 epochs using Adam with
Ir = 1073 and decay 0.2 at epochs 60 and 80, following
SSW. For STSW, we set L = 200 trees and £ = 20 lines;
other sliced distances use L = 200 projections. Follow-
ing [Tran et al., 2024], RI-S3W and ARI-S3W use N = 5
rotations from a pool of 100 random rotations.

Results. Table 4 shows that ARI-LAFS3W achieves the
best linear evaluation accuracy on encoded features, while
NFS3W reaches the highest accuracy on projected features
on SY. Compared with the original S3W variants, FS3W
performs better on both encoded and projected features on
CIFAR-10, demonstrating clear gains across settings. The vi-
sualizations in Fig. 3 shows that FS3W produces uniform and

well-clustered embeddings on S?, highlighting its strength in
spherical representation learning.

(a) Supervised (b) SSW

(c) STSW (d) S3W

(e) RI-S3W (5)

(f) ARI-S3W (5)

(h) ARI-VFS3W (5)

(2) RLNFS3W (5)
® airplane ® bird ® deer frog ship
automobile ® cat ® dog ® horse ® truck

Figure 3: Projected features on S? for CIFAR10

6 Conclusion

This work introduces FS3W, a new approach for comparing
probability distributions on the hypersphere. FS3W adapts
a neural slicing fusion mechanism to refine directions adap-
tively using data-dependent information. By aligning direc-
tions with the discriminative geometric structures in the data
distributions, FS3W provides a more expressive and reliable
measure of distributional discrepancy, demonstrating strong
performance in tasks like gradient flow, Earth density esti-
mation, and self-supervised learning. Future work will focus
on reducing the additional computational cost introduced by
neural training and improving the efficiency of the method.
The fusion mechanism is both general and modular, and it
can be extended to the sliced Wasserstein distance in Eu-
clidean spaces and other non-Euclidean settings, including
hyperbolic spaces and manifolds. These extensions promise
broader applications of data-adaptive sliced optimal transport
and offer potential for further advancements in the field.
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